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Abstract : The purpose of this paper is to investigate the problem of finding
the common element of the set of common fixed points of an infinite family of
nonexpansive mappings, the set of solutions of a system of equilibrium problems
and the set of solutions of the variational inequality problem for a monotone and
(-Lipschitz continuous mapping in Hilbert spaces. Then, we prove that the strong
convergence of the proposed iterative algorithm to the unique solutions of varia-
tional inequality, which is the optimality condition for a minimization problem.
Our results extend and improve the corresponding results of Colao, Marino and
Xu [V. Colao, G. Marino and H.K. Xu b, An iterative method for finding common
solutions of equilibrium and fixed point problems, J. Math. Anal. Appl. 344
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1 Introduction

Let H be a real Hilbert space and let C' be a nonempty closed convex subset of
H. In addition, Let B : C'— H be a nonlinear mapping. The classical variational
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inequality problem is to find z € C' such that
(Bx,y—z) >0, VyeC. (1.1)
The set of solutions of (L.1)) is denoted by VI(C, B), that is,
VIC,B)={xe€C:(Bx,y—x)>0, VyeC }. (1.2)

Let F be an bifunction of C' x C into R, where R is the set of real numbers.
The equilibrium problem for F: C x C — R is to find x € C such that

F(z,y) >0, YyeC. (1.3)
The set of solutions of (1.3)) is denoted by EP(F'), that is,
EP(F)={ze€C:F(z,y) 20, VyeC }. (1.4)

Given a mapping T : C — H, let F(z,y) = (Tz,y — ) for all z,y € C. Then
z € EP(F) if and only if (Tz,y — 2) > 0 for all y € C, i.e., z is a solution of
the variational inequality problems. Numerous problems in physics, optimization,
saddle point problems, complementarity problems, mechanics and economics re-
duce to find a solution of (1.3). In 1997, Combettes and Hirstoaga [3] introduced
an iterative scheme of finding the best approximation to initial data when EP(F')
is nonempty and proved a strong convergence theorem.

Let & = {Fk}rea be a family of bifunctions from C x C into R, where R is
the set of real numbers. The system of equilibrium problems for & = {Fj }ren is
to determine common equilibrium points for & = {F}; }rea such that

Fo(z,y) >0, VkeA WyeC. (1.5)

where A is an arbitrary index set. The set of solutions of (L.5)) is denoted by
SEP(S), that is,

SEP(S)={z€C: Fy(z,y) >0, VkeA VyeC }. (1.6)

If A is a singleton, then the problem (1.5)) is reduced to the problem (I.3)). The
problem (L.5) is very general in the sense that it includes, as special case, some
optimization , variational inequalities, minimax problems, the Nash equilibrium
problem in noncooperative games, economics and others (see, for instance, |1} 3|

4).
Recall that the (nearest point) projection P from H onto C assigns to each
x € H the unique point in Pox € C satisfying the property

T — Poz|| = min ||z — y||.
|z ~ Peal| = min 2 - y|

The following characterizes the projection Pc.
In order to prove our main results, we need the following lemmas.
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Lemma 1.1. For a given z € H, u € C,
u=Poze (u—zv—u) >0, Yvel.

It is well known that Po is a firmly nonerpansive mapping of H onto C and
satisfies

||PC'$7PC'y||2§ <chfpcyax7y>a Vx,yGH. (17)

Moreover, Pox is characterized by the following properties: Pox € C and for all
r€e€HyeC,
(x — Pox,y — Pexz) <0. (1.8)

1t is easy to see that (1.8) is equivalent to the following inequality:
lz = ylI* > lz — Peal|® + |ly — Pea|. (1.9)

Using Lemma[I.1, one can see that the variational inequality (1.1)) is equivalent
to a fixed point problem.
It is easy to see that the following is true:

u € VI(C,B) & u= Po(u— ABu), X>0. (1.10)

The variational inequality has been extensively studied in the literature; see, for
instance [5} 6], [8, 10, 22]. This alternative equivalent formulation has played a sig-
nificant role in the studies of the variational inequalities and related optimization
problems.

Recall the following definitions:

(1) A mapping B of C into H is called monotone if

(Bx — By,x —y) >0, Vx,yeC.

(2) B is called B-strongly monotone (see |2, [14]) if there exists a constant 5 > 0
such that
<B$—By,$—y> Z6||x_y||27 Vﬂ?ayeo-

(3) B is called ¢-Lipschitz continuous if there exists a positive real number
such that
Bz — By|| < (llz —yll, Vr,yeC.

(4) Bis called B-inverse-strongly monotone (see [2,[14]) if there exists a constant
B > 0 such that

<B(E - By,x _y> > ﬂ”B.’E - ByH27 V%y eC.

Remark 1.2. It is obvious that any [-inverse-strongly monotone mapping
B is monotone and %—Lz’pschz’tz continuous.
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(5) A mapping T of C into itself is called nonezpansive (see [23]) if
[Tz =Tyl <z —yl, Va,yeC.
We denote F(T) = {x € C : Tx = x} be the set of fixed points of T

(6) Let f: C — C is said to be a a-contraction if there exists a coefficient «
(0 < a < 1) such that

If(z)— f(yl < allx—vyl|, Vz,yeCl.

(7) An operator A is strongly positive on H if there exists a constant ¥ > 0 with
the property
(Az,z) > 7||z||?, Vz € H.
(8) A set-valued mapping T : H — 2 is called monotone if for all x,y € H,
f €Tz and g € Ty imply (x —y, f —g) > 0.
(9) A monotone mapping T : H — 2 is mazimal if the graph of G(T) of T is
not properly contained in the graph of any other monotone mapping.

It is known that a monotone mapping 7' is maximal if and only if for (x, f) €
Hx H, (x—y,f—g) >0 for every (y,g) € G(T) implies f € Tx.

Let B be a monotone map of C' into H and let Nov be the normal cone to
C at v € C, that is,

Nev={we H: (u—v,w) >0,YueC}

and define
| Bv+ Ncgv, vedC;
Tv = { 0, v¢C.
Then T is the maximal monotone and 0 € T if and only if v € VI(C, B);
see [20].

In 1976, Korpelevich [13] introduced the following so-called extragradient method:

o= € C,
Yn = Po(xn — ABxy,), (1.11)

LTn+1 = PC(:ETL - >\Byn)a

for all n > 0, where A € (0, %),C is a closed convex subset of R" and B is a
monotone and (-Lipschitz continuous mapping of C into R™. He proved that if
VI(C, B) is nonempty, then the sequences {x,} and {y,}, generated by (1.11)),
converge to the same point z € VI(C, B). For finding a common element of the
set of fixed points of a nonexpansive mapping and the set of solution of varia-
tional inequalities for an S-inverse-strongly monotone, Takahashi and Toyoda [24]
introduced the following iterative scheme:

{ o € C chosen arbitrary, (1.12)

Tpt1 = nZpn + (1 — apn)SPo(x, — \yBxzy), Vn >0,
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where B is (-inverse-strongly monotone, {a,, } is a sequence in (0,1) and {\,} is a
sequence in (0,23). They showed that if F'(S) NVI(C, B) is nonempty, then the
sequence {x,} generated by (1.12) converges weakly to some z € F(S)NVI(C, B).
Recently, Iiduka and Takahashi [12] proposed a new iterative scheme as following

{ zo = x € C chosen arbitrary, (1.13)

Tnt1 = apz + (1 — o) SPo(xy, — A\yBxy,), ¥Yn >0,

where B is (-inverse-strongly monotone, {a,} is a sequence in (0, 1), and {\,,} is
a sequence in (0,23). They showed that if F/(S)NVI(C, B) is nonempty, then the
sequence {x, } generated by (1.13]) converges strongly to some z € F(S)NVI(C, B).

Iterative methods for nonexpansive mappings have recently been applied to
solve convex minimization problems; see e.g., [11} 29, 30} [31] and the references
therein. Convex minimization problems have a great impact and influence in the
development of almost all branches of pure and applied sciences. A typical problem
is to minimize a quadratic function over the set of the fixed points a nonexpansive
mapping on a real Hilbert space H:

1
min §<Ax, x) — (x,b), (1.14)
where A is a linear bounded operator, C' is the fixed point set of a nonexpansive
mapping S on H and b is a given point in H. Moreover, it is shown in [I5] that
the sequence {z,} defined by the scheme

Tnt1 = envf(zn) + (1 — €, A)Sx, (1.15)

converges strongly to z = Pp(g)(I —A+7f)(2). Recently, Plubtieng and Punpaeng
[17] proposed the following iterative algorithm:
Tny1 = eV f(xn) + (I — €,4)Suy,. '

They proved that if the sequence {e,} and {r,} of parameters satisfy appropriate
condition, then the sequences {z,} and {u,} both converge to the unique solution
z of the variational inequality

<(A )z — z> >0, Vo e F(S)N EP(F), (1.17)
which is the optimality condition for the minimization problem

1
meF(g)lri]IJ{JP(F) §<Ax, x) — h(z), (1.18)
where h is a potential function for vf (i.e., A'(z) = vf(z) for z € H).

In 2009, Peng and Yao [16] introduced an iterative scheme for finding a com-
mon element of the set of solutions of the system equilibrium problems (1.5)), the set
of solutions to the variational inequality for a monotone and Lipschitz continuous
mapping and the set of common fixed points of a countable family of nonexpansive
mappings in a Hilbert spaces and proved a strong convergence theorem.
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Definition 1.1. [27]. Let {T,}32, be a sequence of nonexpansive mappings of C
into itself and let {1, }22 1 be a sequence of nonnegative numbers in [0,1]. For any
n > 1, define a mapping W,, of C into itself as follows:

Un,n-i—l = I
Un,n - NnTnUn,nJrl + (1 - /j,n)I,

Un,n—l == ,LLn—lTn—lUn,n + (1 - ,un—l)Ia

: (1.19)

Un = mTuUnps1r + (1 — pp)l,

Uni—1 = ph—1Tr—1Unp + (1 — pr—1)I,
Un2 = whhlU,3+ (1 — )i,

Wp=Un1 = mTiU,2+ (1— )l

Such a mappings W,, is nonexpansive from C to C' and it is called the W -mapping
generated by T1,To, ..., T, and pi1, b2, ..., hn -

On the other hand, Colao et al. [7] introduced and considered an iterative
scheme for finding a common element of the set of solutions of the equilibrium
problem (1.3) and the set of common fixed points of a finite family of nonexpansive
mappings on C. Starting with an arbitrary initial zg € C' and defining a sequence
{z,} recursively by

F n L _n7n_n>07v H7
{ (tnsy) + 70y = s un — ) 20, Vy € (120

Tnt1 = enVf(Tn) + Bz, + ((1 —B)I - enA)Wnun,

where {e,} be a sequences in (0,1). It is proved [7] that under certain appro-
priate conditions imposed on {e,} and {r,}, the sequence {x,} generated by
(L.20) converges strongly to z € NS, F(T,,) N EP(F), where z is an equilib-
rium point for F' and the unique solution of the variational inequality (L.17), i.e.,
z= Pre pr)neprE) I — (A—=7f))z.

In 2009, Colao et al. [9] introduced and considered an implicit iterative scheme
for finding a common element of the set of solutions of the system equilibrium prob-
lems (1.5) and the set of common fixed points of an infinite family of nonexpansive
mappings on C. Starting with an arbitrary initial ¢ € C and defining a sequence
{zn} recursively by

zn = e€nYf(2n) + (1 — enA)WnJFM JEv—1 gFu-2 o gF B (1.21)

T™Mn TM—-1,n TM-2n T2,n Tin

where {e,} be a sequences in (0,1). It is proved [9] that under certain appropriate
conditions imposed on {e,} and {r,}, the sequence {z,} generated by (1.21)
converges strongly to z € NS, F(T,,) N (ML, SEP(F},)), where z is the unique
solution of the variational inequality (1.17) and which is the optimality condition
for the minimization problem (1.18]).
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In this paper, motivated by Colao et al. [7], Colao et al. [9] and Peng and
Yao [16], we introduce a new iterative scheme in a Hilbert space H which is mixed
the iterative schemes of (1.20) and (1.21). We prove that the sequence converges
strongly to a common element of the set of solutions of the system equilibrium
problems (1.5), the set of common fixed points of an infinite family of nonexpansive
mappings and the set of solutions of variational inequality (1.1) for be a monotone
and (-Lipschitz continuous mapping in Hilbert spaces by using the extragradient
approximation method. The results obtained in this paper improve and extend
the recent ones announced by Colao, Marino and Xu [7], Colao, Acedo and Marino
[9] and Peng and Yao [16] and many others.

2 Preliminaries

Let H be a real Hilbert space with norm || - || and inner product (-, -) and let C
be a closed convex subset of H. When {z,,} is a sequence in H, we denote strong
convergence of {z,} to z € H by x,, — x and weak convergence by =, — z. In a
real Hilbert space H, it is well known that

1Az 4+ (1= Nyll* = Azl + (1 = X)[lylI* = 21 = Nlz - y]]%,
for all z,y € H and X € [0, 1].

Lemma 2.1. [19] Let (C,(.,.)) be an inner product space. Then for all z,y,z € C
and a, 8,7 € [0,1] with o + 5+ v =1, we have

law+ By +721* = allz]* + Bllyll* + ]| 2l* — aBllz — yl* — ayllz = 2I1* = Bylly — 2>

Lemma 2.2. [18]|. Each Hilbert space H satisfies Opial’s condition, i.e., for any
sequence {x,} C H with x, — z, the inequality

liminf ||z, — z|| < liminf ||z, — y|,
hold for each y € H with y # x.
Lemma 2.3. [I5]. Let C be a nonempty closed convex subset of H and let f be

a contraction of H into itself with a € (0,1), and A be a strongly positive linear
bounded operator on H with coefficient ¥ > 0. Then , for 0 <~y < I,

<w —y (A=7f)lz—(A- vf)y> > —ay)llz —yl?, zyeH.
That is, A —~f is strongly monotone with coefficient ¥ — yc.

Lemma 2.4. [15]. Assume A be a strongly positive linear bounded operator on H
with coefficient ¥ > 0 and 0 < p < ||A||7L. Then ||I — pA| <1 — p7.
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For solving the equilibrium problem for a bifunction F' : C' x C' — R, let us
assume that F' satisfies the following conditions:
Al) F(z,z) =0 for all x € C;

F is monotone, i.e., F(z,y) + F(y,z) <0 for all x,y € C;

(

(A2
(A3) for each z,y,z € C, limy o F(tz + (1 — t)x,y) < F(z,y);
(

)
)
)
A4) for each z € C,y — F(x,y) is convex and lower semicontinuous.

The following lemma appears implicitly in [I].

Lemma 2.5. [1]. Let C be a nonempty closed convexr subset of H and let F be
a bifunction of C x C into R satisfying (A1)-(A4). Let r > 0 and x € H. Then,
there exists z € C' such that

1
F(z,y)—l—;(y—z,z—x)zo, Yy € C.

The following lemma was also given in [4].

Lemma 2.6. [4]. Assume that F : C x C — R satisfies (A1)-(A4). Forr >0
and x € H, define a mapping J¥' : H — C as follows:

1
JE(x) = { ZGC:F(z,y)—F;(y—z,z—x) >0, YyeC }
for all z € H. Then, the following hold:

(1) JE is single- valued;

(2) JE is firmly nonexpansive, i.c., for any z,y € H,
1752 = 7Fy* < <Jf$ ~J g~ y>;

(3) F(JF)=EP(F); and
(4) EP(F) is closed and conver.

For each n,k € N, let the mapping U, 1, be defined by (1.19). Then we have
the following crucial conclusions concerning W,,. You can find them in [28]. Now
we only need the following similar version in Hilbert spaces.

Lemma 2.7. [28]. Let C be a nonempty closed convex subset of a real Hilbert space
H. Let Th, Ty, ... be nonexpansive mappings of C into itself such that NS>, F(T,)
is nonempty, let i, ua, ... be real numbers such that 0 < p, < b < 1 for every
n > 1. Then, for every x € C' and k € N, the limit lim,,_.o, U, rx exists.
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Using Lemma 2.7, one can define a mapping W of C into itself as follows:

Wz = lim W,z = lim U, 1z, (2.1)

n—oo n—oo

for every x € C. Such a W is called the W-mapping generated by 77,75, ... and
141, f2, .... Throughout this paper, we will assume that 0 < p,, < b < 1 for every
n > 1. Then, we have the following results.

Lemma 2.8. [28]. Let C be a nonempty closed convex subset of a real Hilbert space
H. Let T1,Ts, ... be nonexpansive mappings of C into itself such that NS F(T),)
is nonempty, let p1, po, ... be real numbers such that 0 < p, < b < 1 for every
n>1. Then, F(W) =N, F(T,).

Lemma 2.9. [26]. If {x,} is a bounded sequence in C, then lim, o |[Wz, —
Wyay| = 0.

Lemma 2.10. [21] . Let {x,} and {z,} be bounded sequences in a Banach space X
and let {Bn} be a sequence in [0, 1] with 0 < liminf, . B, <limsup,,_ . Gn < 1.
Suppose xp11 = (1= Bn)zn + Bnxn for all integers n > 0 and limsup,, _, (|| zn+1 —
Znll = [[nt1 — xnl]) < 0. Then, lim, o [|2n — 24| = 0.

Lemma 2.11. [25]. Assume {a,} is a sequence of nonnegative real numbers such
that

ant1 < (1 —1,)an +0p, n>0,
where {l,,} is a sequence in (0,1) and {o,} is a sequence in R such that
(1) Yoniyln =00,
(2) limsup,, .. 7 <0 or 3277 | o] < o0
Then lim,,_, o a, = 0.
Lemma 2.12. . Let H be a real Hilbert space. Then for all x,y € H,
(1) llz+yl* < lll* +2{y, = + v),

(2) llz+ylI* = l=lI* + 2(y, ).

3 Main Results

In this section, we deal with the strong convergence of extragradient approx-
imation method (3.1) for finding a common element of the set of solutions of the
system equilibrium problems (I1.5]), the set of common fixed points of infinite family
of nonexpansive mappings and the set of solutions of variational inequality (1.1)
for be a monotone and (-Lipschitz continuous mapping in Hilbert spaces.
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Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space
H, let Fp,k € {1,2,3,..., M} be a bifunction from C x C to R satisfying (A1)-
(A4), let {T,,} be an infinite family of nonexpansive mappings of C into itself and
let B be a monotone and (-Lipschitz continuous mapping of C' into H such that

O =ML F(T,) N (ML, SEP(Fy,)) NVI(C, B) # 0.

Let f be a contraction of H into itself with o € (0,1) and let A be a strongly
positive linear bounded operator on H with coefficient 7 > 0 and 0 < v < 2. Let
{zn}, {yn} and {u,} be sequences generated by

x1 = x € C chosen arbitrary,
wp = JEM JENC RN TR TR @,
Yn = Po(un — AnBuy),
Tni1 = eV (Waan) + Bpan + (1 = Bu)I — g A)Wy, Po(un — Ay Byy), Vn > 1,
(3.1)
where {W,,} is the sequence generated by (1.19) and {e,}, {Bn} are two sequences
n (0,1), {\,} C[a,b] C(0,2) and {rin}. k € {1,2,3,..., M} are a real sequence

¢

in (0,00) satisfy the following conditions:
(C1) lim,, oo €, =0 and Y, | €, = 00,
(C2) 0 < liminf,,_, B, <limsup, . Bn <1,
(C3) liminf, o rg, > 0 andlim, . |7k nt1—"kn| = 0 for each k € {1,2,3,..., M},
(C4) limy_o0 An = 0.
Then, {x,} and {u,} converge strongly to a point z € © which is the unique
solution of the variational inequality

<(A—fyf)z,x—z> >0, Vo e 0. (3.2)
Equivalently, we have z = Po(I — A+ ~vf)(z2).

Proof. Note that from the condition (C1), we may assume, without loss of gener-
ality, that €, < (1 — 8,)||A]|~! for all n € N. From Lemma 2.4, we know that if
0 < p < ||A||7Y, then ||[I — pA]| <1 — py. We will assume that ||[I — Al <1 —74.
Since A is a strongly positive bounded linear operator on H, we have

Al = sup{|(Az, )| € B, la]| = 1}.
Observe that

<((1 — B — enA)z,a:> = 1-0,— e, (Az,x)

1—06n— 6n”A”
0,

v v
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this show that (1 — 3,)I — €, A is positive. It follows that

(1= B — en Al = sup{‘<((1—ﬂn)I—EnA)x,x> xeH, ||x||=1}
= sup{lfﬂn76n<A$,x> cx € H, ||z :1}
S 1_671 _€n’7~

Let Q = Po, where © := N0, F(T,,) N (N2, SEP(F,)) N VI(C, B) # (. Note
that f is a contraction of H into itself with o € (0,1). Then, we have

QU —A+7f)(z) = QU - A+ = [[Po(Il —A+~vf)(z) = Po(I = A+~vf)y)ll
(I = A+~f)(x) = (T - A+~7 )W)

1T = Allllz =yl + [ f (=) = fF)ll

(I =Mz —yll +valz -yl

(1 =7 +ya)llz -yl

= (1-(=-na)llz—yll, Vo,yecH.

Since 0 < 1— (5 —ya) < 1, it follows that Q(I — A+~ f) is a contraction of H into
itself. Therefore by the Banach Contraction Mapping Principle, which implies
that there exists a unique element z € H such that z = QI — A+ vf)(z) =
Po(I — A+~f)(2).

We will divide the proof of Theorem [3.1] into seven steps.

Step 1. We claim that {z,} is bounded.
Indeed, pick any p € ©. Moreover, by taking S* = Jrikn J,i’:fn Ji"jn e Jf;’fn Ji{nxn
for k € {1,2,3,...,M} and SY = I for all n. From the definition of Jrik,n is non-
expansive for each k = 1,2,3,..., M, then S* also and p = $%p, we note that
Uy = %fyxn If follows that

IAIACIA

[un = pll = 197 20 — 33Dl < [l — pll-
Put v,, = Po(un — A\ Byy,). Then, from (1.9) and the monotonicity of B, we have

[vn — 10”2 < lun — A Byn *pH2 — |lun — AnByn — Un||2

= |lun = pl* = lun = vall* + 220 (Byn, p — va)

= lun = plI* = lun — vnlf?
+2X, ((Byn — Bp,p = yn) + (Bp,p = Yn) + (BYn, Yn — vn))

< un _pH2 — flun — vn||2 + 22 (BYn, Yn — Un)

= |un _pH2 = |lun — ynH2 = 2(un = YnsYn — Vn) = [[Yn — UnH2
+2X, (BYn, Yn — Un)

= lun =2l = lun = ynll* = llyn — vall?

+2{tup, — AnBYn — Yn, Un — Yn)-
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Moreover, since y,, = Po(un, — A Buy,) and (1.8)), we have
(U, — A BUp, — Yn, U — Yn) < 0. (3.3)

Since A is ¢-Lipschitz continuous, from (3.3) we obtain that

<un - )\nByn — Yn,Un — yn>
<un — A\ Bu, — Yn, Un — yn> + <>‘nBun - )\nBynavn - yn>
</\nBun — A By, vp — yn>
AnllBuy = By llllvn — yall
Al llun = yullllvn — yal|-

IA A CIA

Thus, we have

lon =l < Nlun =2l = llun = yall® = llyn = vall® + 2AaCllun = yalllvn =yl

< ”un _p”2 - ”un - yn||2 - ”yn - 'Un”2 + A?LC2”un - yn||2 =+ ”Un - yn||2
= lun _pH2 + ()\igz = Dlun — yn||2 (3.4)
S ||un _p||27
and hence
on =l < [Jun —pll < 20 — pl|. (3.5)

Thus, we can calculate

Hxn—i-l - p|| = €n ('Vf(ann) - Ap) + ﬂn(xn *p) + ((1 - ﬂn)l - an) (ann - p)H
< (1= Bu —enMllvn = pll + Bullen — pll + enllvf (Whzn) — Apl|
< (1 — Bn — En'_Y)”zn *pH + ﬂn”xn *pH + €n||7f(ann) - ApH
= (I=eY)zn —pll + e[ f(Whnzn) — fF(0)|| + enllvf(p) — Apl|
< (I =enMlzn = pll + envallzn, — pll + eallvf(p) — Ap||
_ _ |vf(p) — Apl|
= (1= —va)en)||zn —p|l| + ( — ya)e ————. 3.6
(1 - —ya)e)ll pll+ (¥ —ya) Ea— (3.6)
By induction that
—A
e -l < maX{llm ol Wp”} nenN. (3.7)
5 — o

Hence, {z,} is bounded, so are {u,, }, {vn}, {Buy}, {Bvn}, {Wyvn} and { f(Wyzy) }.
Step 2. We claim that, if w,, be a bounded sequence in C. Then

lim ||S%w, — 3% w,| =0, (3.8)

for every k € {1,2,3,...,M}. From Step 2 of the proof Theorem 3.1 in [7], we
have that for k € {1,2,3,..., M},

lim ||JFF  w, — JE w,|| = 0. (3.9)

n
oo 1 Tkn+1 Tk,n
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Note that for every k € {1,2,3,..., M}, we obtain

R Y SR Fil e Y iR Y N W
So, we have
1S5wn — Shi1wnl (3.10)
L R A e 1
< IR S o = T S | (15 S e — R S wnl|
< A ST on = IR S |+ 1S5 wn ("ﬁﬁwnll
< IR ST on = T ST ol + 15 S Rw, — R S,
+||(\k *w Wn C\fijn”
< ||J£}n<‘k Yo = I8 SE ||+ T S e, — IR S |
152 Spwn = Ji2 L Snwnll + 15 wn = L wall-

Now, apply (3.9) to conclude (3.8]).
Step 3. We claim that lim,_,o [|[Tn+1 — 2| = 0.
On the other hand, from u, = SMz, and u,1 = %%1$n+1, by the triangular
inequality, we also have
[un+1 —unl = ||%r]\b/[+1xn+1 - %nMan

= ||S%_1xn+1 - %%Flwn” + ”%Q{Hxn - %q]yan

A

< ot — |l + ||C\\§’£\L4-i-1xn - gvymn” (3.11)
Indeed, we observe that for any z,y € C,
I(I = XaB)z = (I =\Byl* = |l(z —y) — Au(Bx — By)|]®

= o —yll> = 2\ (x — y, Bz — By) + A} || Bz — By|*
lz = ylI* + Aa¢? Nz — yl?
L+l =yl (3.12)

IN

which implies that
1 = AaA)a = (L= XAyl < (14 AOlle — yll. (3.13)
Note that

lvngr —onll = [[Po(tunyr — Anp1BYns1) — Po(un — AnByn) ||

||un+1 — A1 BYny1 — (U'n - )‘nByn)”

[[(Uns1 = Ang1Bunt1) — (n — Apy1 Buy)

+Ant1(Bunt1 — Bynt1 — Bug) + A\ By,

[[(unt+1 = Ang1Bunt1) = (un — An1Buy)||

+ A1 ([[Bunsr || + [ BYnll + [|Bunll) + Anl| By

(1 4+ A1) tng1 — tnll + Anga (HBun+1H + | Byl + HBunH)
+An || Bynl- (3.14)

IN

IN

IN
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Substituting (3.11) into (3.14), we have

lnsr —vnll < (L4 Ans1Q)lltnss — vnll + Ansr ([ Bunsall + 1 Bynsa | + [ Bunll) + Anl| Bya |
< (U AiOllents = zall + (14 A1 Q1S3 20 — S|
+ At 1 (| Bungall + 1Bynsill + | Bunll) + Xl Bynl- (3.15)
Setting

_ Tn+1 — ﬁnxn _ en’Yf(ann) + ((]— - /677,)[ - EnA)ann
- 1- ﬂn B 1- ﬂn ’

we have x,11 = (1 — 8,)zn + Bnan, n > 1. Tt follows that
6n+17f(Wn+1xn+1) + ((1 - 5n+1)1 - €n+1A)Wn+lvn+1

Zn+l1 — Rn =

1- ﬁnJrl
_ Gn’}/f(ann) + ((1 - 671)] - 67114)‘/‘/71'Un
1- ﬁn
€En+1 €n
= 177f(Wn+193n+1) - Yf(Wnn) + Wat1vni1 — Waoy,
- ﬁnJrl ]- - ﬁn
€n €n+1
714 ntn — 714 n n
g, A g Ao
€n €n
= = (Vf(Wn+1xn+1) - AWnJrlUnJrl) + (AWnUn - ’Yf(ann))
1= Bnt1 1-5,

4+ Wit1Vn4+1 — Wip10n + Whi1v, — Who,. (3.16)
It follows from (3.15) and (3.16) that
€n+1
1= fns
7 (AW | 4 [ (W) )
+ [[Whs1vnt1 = Wagrvn|
+Was1vn = Wavn| = [J@ns1 — |

€n+1
— (I f Whga2ns) | + 1AW 410011 )
1 ﬁn—&-l

€n
+1_5n

+ Wat1vn = Wavn|| = l[2ns1 — @4l

€n+1
L (f (Wasrzne)| + [AWns100 1)
1 ﬂn-&-l

€n
+ 1-3 (”AWnUnH + ”'Vf(ann)”) + )‘n-&-lCHxn-i-l - an

+ (1 + )‘n-ﬁ-loHSrﬁlxn - %%l‘n”

+ A1 (| Bl + [ Bynia]| + | Bunll)
+ Al BYn |l + [[Wat1vn — Wovn|. (3.17)

2nt1 = 2nll = [|Tn41 — znll < (||7f(Wn+lxn+1)|| + HAWn-&-lvn-‘rl”)

IN

(”AWnUnH + ||’7f(ann)||) + lvn+1 — vall

IN
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Since T; and U, ; are nonexpansive, we have

||Wn+lvn - ann” = ||/L1T1Un+1,2vn - NlTlUn,?UnH

IN

HlHUn-&-l,QUn - n,2vn||
p || peToUpi1 305 — poToUny 30, ||

S /141,U12||Un+1,30n - n,SUn”

S ‘LLLU,Q Tt ,un”Un+l,n+1vn - n,n+1vn||
n

< ML me (3.18)
i=1

where M; > 0 is a constant such that ||Upt1,n+19n — Un i1l < My, Vn >0.
Combining (3.17) and (3.18), we have

€n+1
[2n+1 = 2nll = |21 — 2| < 1_7;H(||7f(wn+lxn+l)” + ||AWn+1”n+1H)
€n
+ (”AannH + ||’Yf(Wn33n)H) + )\n+14||xn+1 - an

1- /Bn
+ 1+ A1 OlISnL 20 — 3 |
+ Mgt (1B | + [ Byasa | + | Bunll)

+Anl|Bynl| + My [ ] s
i=1

which implies that (noting that (C1), (C2), (C4) and 0 < p; <b <1, Vi>1)
limsuP(Hzn-‘rl = 2Zpl = |Zn41 — xn”) <0.

Hence, by Lemma 2.10, we obtain

lim |z, — 2,] = 0.
It follows that
lim ||@p1 — 2p] = lim (1 — Bn)|lzn — za|| = 0. (3.19)

Applying (3.8), (3.19) and (C4) to (3.11) and (3.14), we obtain that

Hm ||Jupi1 — upl = lim |Jupe1 — sl = 0. (3.20)

Step 4. We claim that lim,, o ||z, — W,v,| = 0.
Since 41 = €V f(Woxn) + Bnxn + (1 — Bp)I — €, A) Wy, we have
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|20 = Whvall < [lon — gl + [ Tat1 — Waos||

6n7f(ann) + Bnn + ((1 - ﬁn) — €n )ann — Who,

€n (’Yf(ann) - Aann) + ﬁn(xn - ann)

|Zn — Tngr]l +

|Zn — Tna| +

< #n = ol + Cn(”'yf(W Tl + ||AWnUnH) + Bnllzn — Wyvsl,
that is
1
[0 = Whon|| < WH% Tt + 1 (||7f(W zp)|| + AW, )).
y (C1), (C2) and (3.19) it follows that
lim ||Whv, — 2,] = 0. (3.21)
n—oo
Step 5. We claim that the following statements hold:
L limy oo [|[tn — ynll = 0
2. limy o0 ||t — vnll = 0;

3. limpy—oo [Wayn — ynll = 0.
For any p € © := N2, F(T,,) N (N2, SEP(Fy)) NVI(C, B) and (3.1), we have

s —plI? = (0= B)T — €0 d) W — ) + Bularn —p) + €0 (1 (W) — 4p) |
= (- 5n) — enA) (Wnvn — p) + Bu(zn — D)1 + €57 f (Wyay) — Apl|®
+ 2Bnen(zn — 0,7 f (Whan) — Ap)
+ 260 ( (1= Bu)T = en ) (Worv — ), 7 (Wan) — Ap)
< (1= B — e IWavn = pll + Buallwn — pll])> + ElIvf (Wazn) — Ap|®
+26nen(tn — p,7f(Whn) — Ap)
+26,(((1 = Bu)] = enA) Wt =), 7f (Waaa) = Ap)

< (1= B —en)llon =l + Bullwn —pl]* +cn
< (1= Bu— ) llvn — pl? + B2z — ]2

+2(1 = By — €n9)Bullvn — pllllzn — pll + cn
< (1= Bo—en?)llvn — pl* + B2z — pl?

+ (1= B — en)Ba(llvn — 01 + |20 — pl1?) + cn

= [(1 =€) = 2(1 = aV) B + B2 lon — plI* + Billzn — plI®
+((1 = e)Bn = B7) (Ilon = ol + |z = pl?) + cn

= (1- Gnﬁ)2‘|un _pH2 = (1= €7)Bnllvn — p”2 + (1 = €7)Bnllzn — p”2 tcn
(1= e = B = eaMNlvn — 0> + (1 = a7)Ballzn —plI* +cny  (3.22)
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where
e = enlVf(Woan) = Apl® + 26nen(xn — p,7f (Whzn) — Ap)
260 (1= Bl = enA) (Worv = p). 7 f (W) — Ap).
It follows from condition (C1) that

lim ¢, = 0. (3.23)

n—oo

Substituting (3.4) into (3.22), and using (C4), we have

1 Zn+1 —p||2 < (=)L = Bn — ) llvn _pH2 + (1 = €.9)Bnllzn — pH2 +Cn
< (=€)l =00 — ew){llun —pl*+ N = 1)|un — yn||2}
+ (1= €%9)Bnll@n — plI* + cn
< A== = )]l ol + 0263 = Dllwn —
+ (1 - 6n’7)ﬁn||xn - PH2 + Cn
= (1- 5n'7)2||$n - p||2 + (1 —eny)(1 = Bn — @ﬁ)(/\%@ = Dflun — yn”2 +cn
< Hxn*p||2+(/\i<2*1)”un*yn”2+cn-

It follows that

(1- AELCQ)H/U/“ - ynHZ < lzn —p||2 — zns1 —p||2 +Cn
= ([lzn = pll = llZn+1 — D20 — Pl + 2041 — pl) + cn
< @n = zngal(lzn — pll + |21 — pll) + cn.

Since lim,, . ¢, = 0 and from (3.19), we obtain
lim |lu, — yn|| = 0. (3.24)
n—oo

By the same argument as in (3.4), we obtain

o =plI* <l =2l = llun = yall* = llyn = vall* + 2X0Cllun — yallllvn =yl
< un _p||2 — Jun — yn||2 = lyn — Un||2 + [lun — yn||2 + )\ELCQHUWI - yn||2
= lun =2l + (A% = D)llyn — vall?

2 = plI* + (ARC% = Dllyn — vall*. (3.25)

Substituting (3.25) into (3.22), and using (C4), we have

IN

n%H—MZS(wam—m—%w“m—m%uﬁe—mm—%w}

+ (1= en¥)Bnllzn — plI* + cn
(1 - 6n7)2||$n - p”2 + (1 - enﬁ)(l = Bn — enW)O‘?LC2 - 1)Hyn - ’UnH2 +cn
lzn = plI* + (A2¢% = Dllyn — vall® + cn.

IN
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It follows that

< lan = pl? = llznsr = pl* +cn
< #n = znpall(lzn = pll + 120 = pl) + cn.

(1 =X lyn — val?
Since lim,, . ¢, = 0 and from (3.19), we obtain
lim |y, —vn| = 0. (3.26)
On the other hand, we observe that
Hun - Un” < ”un - yn” + Hyn - 'UnH

Applying (3.24)and (3.26), we have

lim |lu, — v,] = 0. (3.27)

n—oo

For any p € O, note that J* is firmly nonexpansive (Lemma 2.6) for k €
{1,2,3,..., M}, then we have

IShan —pl> = [IJ5E SE e, — JE pl?
< <J::fnsiz o =I5 0 Sk — )
= <%an - D, Sﬁilxn 7p>
1
= 5 (I8hen —pl? + 195 20 = pI? - IS5z, — S5 1?)
and hence
||\S Tn — pH2 < ||(\k ! p||2 - ”‘S Tn — \(\yi_lxn|‘27 k = 172737"'7M

which implies that for each k € {1,2,3,..., M},

IShzn —plIP < IS0@n —plI* = Shan — S 2,12
_H%Z_lmn_sﬁ anHQ_ H\y T, — S xn”Q_ ||\f N
< lan —pl? = [1Shan — %571%”2
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Together with (3.22) gives

|zn+1 — Pl
< (=M= Bn—eaMNlvn —pI* + (1 = &7)Bllzn —plI* + cn
< (1= e = et = Bu){llun = bl + A2¢2 = Dljun — yal*}
+ (1 — €.9)Bnllzn _pH2 tcn
= (1= =7 = Bu)llun = pl? + (1 = ea?) (1 = €27 = Bu) ARC? = Dllun — yn
+(1 = €n)Bnllzn — pl* + cn
= (=N =7 = B)lIShen =l + (1 = eV (1 = ¥ = Ba) A = D)llun — yn
+(1 — €:7)Bnllzn _pH tcn
< (e =¥ = Ba){llen — pll* = 1820 — S5~ anl?}
(1= &)1 = en¥ = B) (ARC? = Dllun = yall* + (1 = €a7)Bnllzn — pl* + cn
= (1= =7 = Ba)lzn —pl* = (1 - €n7)(1 — a7 = Bn)|Shan — S5
(I —enV)(1 — €y — ﬁn)()‘2 ¢® - Dfun — H2 + (1 = €.7)Bnllzn _pH2 +Cn
= (=) ?zn =l = (1 = V)1 — ey — ﬁn)lld e
(1 =&)L = en¥ = B)(AnC? = Dllun — yull* +cn
= [1 — 2,7+ (€n7)2] |Zn — p”2 (1 —ey)(1 — ey — ﬁn)”\s Tn — %5_1@%”2
+(1 - 7)1 — ey — 611)(/\%(2 = Dlun — yn||2 +cn
< lzn = p||2 + (6n7)2Hxn - p||2 — (-1 — €y — ﬁn)H%an - %Z_lanZ
+ (1= &)1 = en¥ = B)(AnC? = Dllun — yull* + cp-
So, we obtain
(1 =€) (1 = €07 = Bn) ISh 20 — S ||
< lzn = pl* = #ns1 = pl* + (27)* 20 — pII®
+ (1 —eny)(1 — €y — 5n)(>\iC2 = Dllun — ynH2 +cn
< len = zanl(lzn = pll + lzntr = pl) + (€7)* 20 — pII®
+(1—ey)(1 — ey — ﬁn)()‘ZCQ = Dljuy — ynH2 + cn.
Using ¢, — 0, ¢, — 0 as n — oo, (3.19) and (3.24), we obtain
nILm 1S* 2, — SE 1, || = 0. (3.28)
Observe that
Wayn = ynll < [Wayn = Wavn|l + [[Wavn — @l + [|2n — unll + [[un — ynl|
< lyn = vall + IWavn = zall + lzn = Spanll + [un — yal
< lyn = vall + [Wavn — 2a| + ||\S Ln — 71an|| + H%:zxn - %ixn”

T+ H(\M ! Tn — 8 nxn”""Hun_yn”

95

anQ

I

I?
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Applying (3.21), (3.24), (3.26) and (3.28)) to the last inequality, we obtain

lim ||Wpyn — ynl = 0. (3.29)

Let W be the mapping defined by (2.1). Since {y,} is bounded, Applying Lemma
2.9 and (3.29), we have

IWyn — ynll < [Wyn — Wainll + [|Wntn — ynl] — 0 as n — oo. (3.30)

Step 6. We claim that limsupn_,oo«A —vf)z,z — J:n> < 0, which z is the
unique solution of the variational inequality <(A —vf)z,x — z> >0, Vx € O.

Since z = Pg(I — A+~ f)(#) is a unique solution of the variational inequality
(3:2)). To show this inequality, we choose a subsequence {x,,} of {z,} such that

lim (A —~f)z,2 — zn,) = limsup((A — 7f)z,2 — an).

Since {zn, } is bounded, there exists a subsequence {zy, } of {#y, } which converges
weakly to w € C. Without loss of generality, we can assume that {x,,} — w. Since
limy, oo |52y, — S5 712, || = 0 for k = 1,2,3,..., M, we have S¥ z,, — w for
k=1,2,3,..., M.

From ||uy, — yn| — 0 and ||u, — v,|| — 0, we obtain y,, — w and v,, — w.
Since {uy,} C C and C' is closed and convex, we obtain w € C.

Next, we show that w € ©, where © = N3, F(T,) N (N}, SEP(Fy)) N
VI(C,B).

First, we show that w € N} SEP(F}). Since u,, = S¥x,, fork =1,2,3,..., M,
we also have

1
Fk(%ﬁxnuy) + 7<y - %ﬁxna %I:an - %ﬁ_lxn> > 07 Vy cC.
n

If follows from (A2) that,

k k k—1 k k
T—(y — &, Sy — Sy x> —Fr(Shen, y) > Fi(y, Sran)
n
and hence
ok gglx"z — %ﬁjlxnz ok
Y =S50 Tngs ZFk(y7‘sn1xn¢)
T,
. Sk x, —QF g, k .
Since ————"—= — 0 and 3, z,,, — w, it follows by (A4) that

Fk(yaw) SO VyECa

for each £ =1,2,3,..., M.
Fortwith0<t<1landy € H,let y; =ty+ (1 —t)w. Since y € C and w € C,
we have y; € C and hence F(y;, w) < 0. So, from (A1) and (A4) we have

0 = Filye,ye) <tFr(ye,y) + (1 =) Fr(ye, w) < tEFL(ye,y)
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and hence Fj(y:,y) > 0. From (A3), we have Fj(w,y) > 0 for all y € C and hence
w € EP(Fy) for k=1,2,3,..., M, that is, w € N} SEP(Fy,).

Next, we show that w € N2, F(T,). By Lemma 2.8, we have F(W) =
N, F(Ty,). Assume w ¢ F(W). Since u,, — w and w # Wuw, it follows by
the Opial’s condition (Lemma [2.2) that

liminf ||y,, —w| < liminf|y,, — Ww||
11— 00 11— 00

IN

lim inf {{|yn, — Wy, || + [Wyn, — Wwl|}

IN

liminf [|yn, — w||
11— 00

which derives a contradiction. Thus, we have w € F(W) = N5, F(T},).
Finally, we show that w € VI(C, B). Define

To — Bv+ Nov, veC,
0, v ¢ C.

Then, T is maximal monotone. Let (v,w;) € G(T). Since w; — Bv € Ngv and
v, € C, we have (v —wv,,w; — Bv) > 0. On the other hand, v,, = Pc(u, — A, Byy),
we have

(v =V, Uy — (Up, — Ay Byn)) >0,

and hence

<v—vmvn>\_u” +Byn> > 0.

Therefore, we have
(v=op,,w) > (v—2oy,,Bv)

> (v—ovy,,Bv) — <v—vm7

Un

= Up,
—— + By,
/\m + yn1>

V

VU, — Up,
= v — Up,, Bv — By,, — —— >
An;

= (v — vy, Bv— Buy,) + (v — vy, Bun, — Byn,)

Un,i - uni
— (VU — Uny, 7)\
Mg

Up,s — Un,
> (v—vni,ani—Byni>—<v—vni,M>.

An;
Since limy, o0 [|[Un — Un|| = limy—oo [|vn — ynll = 0, un, — w and B is Lip-
schitz continuous, we obtain that lim,_, ||Bv, — By,|| = 0 and v,, — p. From
liminf, e A > 0 and lim,, o ||vn, — un| = 0, we obtain

(v —w,wy) > 0.

Since T is maximal monotone, we have w € T~!0 and hence w € VI(C, B).
Hence w € ©, where © := N2, F(T,,) N (ML, SEP(Fy)) NVI(C, B).
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Since z = Po(I — A+ ~vf)(z), it follows that

limsup((A — yf)z,z —zn) = limsup((A—~f)z, 2 —2y)
= hm <(A—7f)z,z—xm>
= ((A=9f)z,z—w) <0. (3.31)
It follows from the last inequality and (3.21) that
limsup(vf(z) — Az, Wyv,, — z) < 0. (3.32)

Step 7. Finally, we claim that {z,} converges strongly to
z=Po(l —A+7f)(2).
Indeed, from (3.1)) , we have

lznt1 — 212 (3.33)
= |learf Waan) + Buzy + (1 = Bu)] — €n )ann—z||2
= (1= Bu)] = enA)(Wivn — 2) + Bu(@n — 2) + & (v (Waay) — Az) |12
= ”((1 - ﬁn) — €n )(ann - Z) + /Bn(zn - Z)||2 + €i||7f(ann) - AZH2

+2ﬂnen<mn —z,vf(Whaxy,) — Az>

+ 26n<((1 —Bn) — €, )(ann —2),7f(Wyxn) — Az>

IN

(1= B0 — a1 Wt = 2l 4+ Bullzn = ] + S (W) - Az

+ 2/8n€n7<xn -z, f(Wnl'n) - f(Z)> + 2ﬂn6n<xn -z, ’Yf(z) - AZ>

+2(1 - ﬁn)’yen<ann —z, f(Whxy,) — f(z)> +2(1 - Bn)en<ann —z,7f(z) — Az>
— 26%<A(ann —2),7f(z) — Az>

IN

2
(1= B = DW= 2l + Bullan = 21|+ €2l f (W xn> - Az|?

+2(1 = Ba)ven | Wavn — 2|l f (Waan) — F(2)]| + 2( 6n>en< ntn = 27f(2) — Az)
— 26%<A(ann - Z)7’Yf(z) - AZ>

IN

(1= B0 — ez — 2l + Bulea — 2l + RIS W) — Az
+ 2Bnenyal|z, — 2||? + Qﬁnen<xn —z,7f(z) — Az>
+2(1 = Burenalln — 2l + 201 Bu)en(Watn — 2,7f(2) — Az)
— 26%<A(ann —2),7f(z) — Az)
= [0 = D) + 2Buenra + 21 = Bayena] an — 22 + 7 f (Waza) - Az
+ 2ﬂnen<xn —z,7f(z) — Az> +2(1 - ﬁn)en<ann —z,vf(z) — Az>
- 26,21<A(ann — 2),7f(2) — Az)
(3.34)
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< 1207 — anen]llan = 2l + 3P llwn — 2I° + €17 f (Wnwn) — Az|f?
+2ﬁnen<xn —z,vf(z) — Az> +2(1 - ﬁn)€n<ann —z,vf(z) — Az>
+26, | A(Wnvn — 2)|ll|7£(2) — Az|

- [1 -2(y - O"V)En] I — 2]|* + en{en {72”xn — 2|2+ v f (Woa,) — Az|f?
+ 2| AW = 2l (2) = A2ll] + 260 (w0 — 2,71(2) = A2)
+2(1 = Bp){Wyvp — 2,7f(2) — Az>}

Since {x,}, {f(Whxn)} and {W,v,} are bounded, we can take a constant K > 0
such that

PV len = 217 + IV f (Wazn) — Az))? + 2| AWy — 2)|ll17f(2) — A2 < K,
for all n > 0. It then follows that
lnss — 2l < [1 = 207 — an)en] 2 — 2[2 + €noms (3.35)
where
op = 2ﬂn<xn —2z,vf(z) — Az> +2(1 - ﬂn)<ann —z,7f(z) — Az> +e, K.

Using (C1), (3.31) and (3.32), we get limsup,, ,., 0 < 0. Applying Lemma 2.11
to (3.35)), we conclude that z,, — z in norm. This completes the proof. O

Corollary 3.1. Let C be a nonempty closed convex subset of a real Hilbert space
H, let F,k € {1,2,3,..., M} be a bifunction from C x C to R satisfying (A1)-
(A4) and let B be a monotone and (-Lipschitz continuous mapping of C' into H
such that

© := (ML, SEP(F},)) NVI(C, B) # 0.

Let f be a contraction of H into itself with a € (0,1) and let A be a strongly
positive linear bounded operator on H with coefficient ¥ > 0 and 0 <y < L. Let
{zn}, {yn} and {u,} be sequences generated by

x1 = x € C chosen arbitrary,

wp = JEM NS RN TR TR

Yn = Po(un — A\nBuy,),

Tn41 = €n7f<xn) + BnTn + ((1 - 571)] - 6nA)PC'(un - )\nByn)7 Vn > 1,
where {e,}, {Bn} are two sequences in (0,1), {\,} C [a,b] C (0, %) and {ri,},k €
{1,2,3,..., M} are real sequence in (0,00) satisfy the following conditions:

(C1) lim, oo €, =0 and Y 7 | €, = 00,

(C2) 0 < liminf,,_,o B, <limsup, . Bn <1,
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(C8) Uiminf, oo Tkrn > 0 and lim, o |7k nt1 — Tkn| = 0,
(C4) limy—.oo A = 0.
Then, {z,} and {u,} converge strongly to a point z € © which is the unique
solution of the variational inequality
<(A —vf)z,x — z> >0, Vx € O.
Equivalently, we have z = Po(I — A+ ~f)(2).

Proof. Put T,, = I for all n € N and for all x € E. Then W,, = I for all z € FE.
The conclusion follows from Theorem [3.1. This completes the proof. O

IfA=1,v=1and~, =1-—¢, — B, in Theorem 3.1, then we can obtain the
following result immediately.

Corollary 3.2. Let C be a nonempty closed conver subset of a real Hilbert space

H, let Fp,k € {1,2,3,..., M} be a bifunction from C x C to R satisfying (A1)-

(A4), let {T,,} be an infinite family of nonexpansive mappings of C into itself and

let B be a monotone and (-Lipschitz continuous mapping of C' into H such that
O := M2 F(T,) N (ML, SEP(Fy,)) NVI(C, B) # 0.

Let f be a contraction of H into itself with o € (0,1). Let {z,,}, {yn} and {u,}

be sequences generated by

x1 = a € C chosen arbitrary,

= JEM JEMC IR TR TR

Yn = PC(un - )\nBun)a

Tn41 = an(ann) + ﬂnxn + ’YanPC(un - AnByn)a vn Z 17
where {W,} is the sequence generated by (1.19)and {e,}, {Bn}, {yn} are sequences
n (0,1), {\n} C [a,b] C (O, %) and {rr..},k €{1,2,3,..., M} are a real sequence
in (0,00) satisfy the following conditions:

(C1) €+ Bn+vm =1,

(C2) lim, oo €, =0 and Y o0 | €, = 00,

(C3) 0 < liminf, o By < limsup,,_, On < 1,

(C4) Uminf, o 7k, > 0 andlim, .o [k nt1—7kn| = 0 for each k € {1,2,3,..., M},
(C5) limy— o An = 0.

Then, {x,} and {u,} converge strongly to a point z € © which is the unique
solution of the variational inequality

<z—f(z),x—z> >0, Vzx € 0.

Equivalently, we have z = Pg f(2).
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