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Abstract A set D of vertices in a graph G is a paired dominating set of G if every vertex of G is
adjacent to some vertex in D and the subgraph of GG induced by D contains a perfect matching. The
maximum cardinality of a minimal paired dominating set of G is called the upper paired domination
number, denoted by I'pr(G). A minimal paired dominating set with cardinality I'p,(G) is a I'p.(G)-set.
The I'-paired dominating graph PDrp(G) of G is the graph whose vertices are I'p,.(G)-sets and any two
I'pr(G)-sets are adjacent in PDp(G) if they differ by exactly one vertex. In this paper, we first correct
some results on the I'-paired dominating graphs of some paths that appeared in [P. Eakawinrujee, N.
Trakultraipruk, I-paired dominating graphs of some paths, MATEC Web Conf. 189 (2018) 03029] and

then we determine the I'-paired dominating graphs of some cycles.
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1. INTRODUCTION

Let G be a graph with vertex set V(G) and edge set E(G). A set D C V(G) is a
dominating set of G if every vertex in V(G) \ D is adjacent to at least one vertex in D.
The domination number v(G) of G is the minimum cardinality of a dominating set of G.
A v(G)-set is a dominating set of G with cardinality v(G). For detailed surveys on
domination parameters, see [11, 12].

The gamma graph - G of G is the graph with V(v -G) as the set of all v(G)-sets, and
two vertices D1 and Do of v - G are adjacent if they satisfy the condition as follows:

Dy = (D1 \ {u}) U{v} for some u € Dy and v ¢ D;. (1.1)

The gamma graph -G was introduced by Subramanian and Sridharan [1%]. For additional
results on v - G, see [2, 13, 16, 17]
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The gamma graph G(vy) of G is the graph with V(G(v)) = V(v-G), and two vertices of
G(v) are adjacent if they satisfy the condition (1.1) and wv € E(G). The gamma graph
G(v) was defined by Fricke et al. [9], and was further studied in [3].

The concept of a gamma graph -G using other types of domination has been studied by
several authors. For example, the v-total dominating graph, the y-independent dominating
graph, the v-induced-paired dominating graph, and the vy-paired dominating graph were

defined by Wongsriya and Trakultraipruk [19], Samanmoo et al. [11], Sanguanpong and
Trakultraipruk [15], and Eakawinrujee and Trakultraipruk [0, 7], respectively.
A paired dominating set of G, introduced by Haynes and Slater [10], is a dominating

set whose induced subgraph has a perfect matching. A paired dominating set D of G is
minimal if no proper subset of D is a paired dominating set of G. The upper paired dom-
ination number I',,(G) of G is the maximum cardinality of a minimal paired dominating
set of G. A minimal paired dominating set D is called a I',,(G)-set if |D| =I',(G). The
upper paired domination was introduced by Dorbec et al. [5], and was further studied
in [1, 4, 20].

In [¢], we defined the I'-paired dominating graph PDr(G) of G to be the graph with
V(PDr(G)) as the set of all I'),.(G)-sets, and two vertices Dy and Dy of PDp(G) are
adjacent if they satisfy the condition (1.1). We presented the I'-paired dominating graph
of a path P,, where n € {2,3,...,13}. Unfortunately, there are some mistakes in these
results when n € {8,10,11,12,13}. In this paper, we correct these mistakes and then
determine the I'-paired dominating graphs of some cycles.

2. PRELIMINARY RESULTS

In this section, we provide some definitions and known results. We denote a path, a
cycle, and a complete graph with n vertices by P,, C,, and K,,, respectively.

The paired domination number ~,,(G) of G' is the minimum cardinality of a paired
dominating set of G. Haynes and Slater [10] provided the paired domination numbers of
paths and cycles.

Lemma 2.1 ([10]). For any integer n > 3, vpr(Pn) = vpr(Cn) = 2[ % 1.

Dorbec et al. [5] established the upper paired domination numbers of paths.
. n n mod
Lemma 2.2 ([%]). For any integer n > 2, T, (P,) = 8| %L | + QLMJ

Ulatowski [20] gave the upper paired domination numbers of cycles together with two
additional results.

Lemma 2.3 ([20]). For any integer n > 3, T, (Cy) = 8[1%] + 2{%]
Proposition 2.4 ([20]). If n € {2,3,4,5,6,7,9}, then I'y (Py) = vpr (Pn)-
Proposition 2.5 ([20]). Ifn € {3,4,5,6,7,8,9,10, 13}, then I'p.(Cy) = vpr (Cy).

The Cartesian product GOH of graphs G and H is the graph with V(GOH) = V(G) x
V(H) and two vertices (u1,v1) and (ug,vq) are adjacent if either u; = up and vyive €
E(H), or v1 = v2 and ujus € E(G).

Let P, : 1,2,3,...,p and P, : 1,2,3,...,q be two paths, where p and ¢ are positive
integers. A stepgrid SG,, 4, defined by Fricke et al. [9], is the subgraph of P,0P, induced
by {(z,y) : 1 <2 <p,1 <y <gqg,z—y <1}. For example, the stepgrids SG;,1, SG2.2,
and SG3 3 are shown in Figure 1.
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FIGURE 1. The stepgrids SG1 1 (left), SGa2 (center), and SGs g (right)

Let P, :1,2,3,...,p, P, :1,2,3,...,q,and P : 1,2,3,...,r be three paths, where p, g,
and r are positive integers. In [7], we defined a stepgrid SGp. 4 to be the graph with

V(SGpqr) ={(z,y,2) e V(P,OP,OP,) 12—y <0,z —2<1,y—2z>0}
and
E(SGP#LT) = E(PPDPQDPT) U{([L’,x,l’)(fﬁ—f— 1,£IZ+ 1,.%') 1 S xr Sp_ 1}

For example, the stepgrids SG2 2,1 and SG3 32 are shown in Figure 2.
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FIGURE 2. The stepgrids SG2 2 1(left) and SGs 32 (right)

The ~-paired dominating graph PD.(G) of G, defined in [7], is the graph whose vertices
are minimum paired dominating sets, and two vertices D and D, of PD,(G) are adjacent
if they satisfy the condition (1.1).

We determined the ~v-paired dominating graphs of paths. These results are revealed in
the following theorem.

Theorem 2.6 ([7]). For any integer n > 2,

K, if n=0 (mod 4);
Pnis if n =3 (mod 4);
PDy(Fn) = SG:lnTJrzynTJrz if n =2 (mod 4);
SGnTJrS,nTJrS?% ianl (mod 4).

Let G1 :1,2,3,...,2k—1and G5 : 1,2,3,...,3k — 1 be two paths, where k is a positive
integer. In [0], we defined a loopgrid LG}, of size k to be the graph with
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V(LGy) ={(z,y) e V(G10G32) : 0 <y —z < k}
and
E(LGy) = E(G1O0G2) U{(1,y)(2k — L,y +2k —1): 1 <y < k}.
Figure 3 illustrates the loopgrid of size 3.

(1,1) (1,2) (1,3) (1,4)
¢ \ 4

(2,2) (2,3) ‘(2,4) ,(2,5)

(3,3) ‘(3,4) ‘(3»5) ,(3a6)

‘(4,4) ‘(4,5) ‘(4,6) (4,7)

‘(5,5) ‘(5,6) (5,7 (5,8)

C,(l’l) (1,2) (1,3) O(1,4)

F1cURE 3. The loopgrid of size 3

Let G; : 1,2,3,...,2k, Go : 1,2,3,...,2k, and G3 : 1,2,3,...,2k + 1 be the paths,
where k is a positive integer. We defined a loopbox LBy, of size k in [6] to be the graph
with
V(LBg) ={(z,y,2) € V(G1OG20G3) : 0<y—ax <k, —-1<y—2<k—-1,0<z—z <k}
and

E(LBy) = E(G:0G0G3) U{(z,z+ k- 1L,z)(x,z+ k,xz+1):1 <z <k}
U{(z,z,z+1)(z+l,z+1l,z+1):1<x<2k—1}
U{(z,z+k,z+k)(e+Lz+kax+k+1):1<z<k}
U{(1,y,2)(z+k2ky+k+1): 1<y z<k,-1<y—z<k-—1}
U{(L,1,)(k+1,2k,k+ 1)} U{(1, k, k+ 1)(2k, 2k, 2k + 1)}.

The loopboxes of size 1, 2, and 3 are shown in Figure 4.
We determined the ~-paired dominating graphs of cycles, which are shown in the
following theorem.

Theorem 2.7 ([6]). For any integer n > 3,

C30C5  if n = 6;

4K, ifn=0 (mod 4) and n # 4;
PD,(C,) =< C, ifn=3 (mod 4) orn=4;

LG ns2 ifn=2 (mod 4) and n # 6;

LBn-1 ifn=1 (mod 4).
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FIGURE 4. The loopboxes of size 1 (top), of size 2 (middle), and of size 3 (bottom)

3. -PAIRED DOMINATING GRAPHS OF SOME PATHS

In this section, we recall the I'-paired dominating graphs of some paths that appear
in [8]. For n € {2,3,4,5,6,7,9}, we get the I-paired dominating graph of P, as follows.

Theorem 3.1 ([8]). The I'-paired dominating graph of P, is
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K ifn=4;
Pnis ifne{3,7}
PDp(P) =~ 5
o(Fn) SG"THv”T“ if n€{2,6};

SGnT%S’nTH’anl an€{5,9}.

Next, we correct the results on the I'-paired dominating graph of P, for n € {8,10,11,12, 13},
which are appeared in [¢]. By Theorem 2.2, we get that I',.(Ps) = 6, I'p.(Pio) =
Lpr(Pr1) = Tpr(Pr2) = 8, and 'y (P13) = 10. Again, we let P, : 1,2,3,...,n be the
path with n vertices.

Theorem 3.2. The I'-paired dominating graph of Ps is the graph shown in Figure 5, where
Dy ={1,2,3,4,6,7}, D, ={1,2,3,4,7,8}, D3 = {1,2,4,5,6,7}, Dy = {1,2,4,5,7,8},
Ds ={1,2,5,6,7,8}, Dg = {2,3,4,5,7,8}, D ={2,3,5,6,7,8}.

Theorem 3.3. The I'-paired dominating graph of Pig is the graph shown in Figure 5,
where D1 ={1,2,3,4,6,7,8,9}, Do ={1,2,3,4,6,7,9,10}, D3 = {1,2,3,4,7,8,9,10},
Dy =1{1,2,4,5,6,7,9,10}, D5 = {1,2,4,5,7,8,9,10}, Dg = {2,3,4,5,7,8,9,10}.

‘ﬂ - N
Ds D

FIGURE 5. The I'-paired dominating graphs of Py (left) and Pjo (right)

Theorem 3.4. The I'-paired dominating graph of Pi1 is the graph shown in Figure 6,
where Dy ={1,2,3,4,6,7,9,10}, Dy ={1,2,3,4,6,7,10,11}, D3 ={1,2,3,4,7,8,9,10},
Dy =1{1,2,3,4,7,8,10,11}, D5 = {1,2,4,5,6,7,9,10}, Dg = {1,2,4,5,6,7,10,11},

D7 ={1,2,4,5,7,8,9,10}, Ds = {1,2,4,5,7,8,10,11}, Dy = {1,2,4,5,8,9,10,11},

Dy =11,2,5,6,7,8,10,11}, D1; = {1,2,5,6,8,9,10,11}, D12 ={2,3,4,5,7,8,9,10},
Dy3 ={2,3,4,5,7,8,10,11}, D14 = {2,3,4,5,8,9,10,11}, D5 = {2,3,5,6,7,8,10, 11},
Dy ={2,3,5,6,8,9,10,11}.

Theorem 3.5. The I'-paired dominating graph of Pis is the graph shown in Figure 7,
where D1 ={1,2,3,4,6,7,10,11}, Dy = {1,2,3,4,7,8,10,11}, D3 = {1,2,3,4,7,8,11,12},

Dy ={1,2,4,5,6,7,10,11}, D5 = {1,2,4,5,7,8,10,11}, Dg = {1,2,4,5,7,8,11, 12},

D7 ={1,2,4,5,8,9,10,11}, Ds = {1,2,4,5,8,9,11,12}, Dy = {1,2,5,6,7,8,10, 11},

Dyo = {1,2,5,6,7,8,11,12}, Dy, = {1,2,5,6,8,9,10,11}, Dy, = {1,2,5,6,8,9,11, 12},
D13 ={1,2,5,6,9,10,11,12}, D14 = {2,3,4,5,7,8,10,11}, D5 = {2,3,4,5,7,8,11,12},
Dig = {2,3,4,5,8,9,10,11}, Dy7 = {2,3,4,5,8,9,11,12}, D15 = {2,3,5,6,7,8,10, 11},
Dyo = {2,3,5,6,7,8,11,12}, Doy = {2,3,5,6,8,9,10,11}, Dy = {2,3,5,6,8,9, 11, 12},
Doy = {2,3,5,6,9,10,11,12}, D3 = {2,3,6,7,8,9,11,12}, Doy = {2,3,6,7,9,10, 11, 12}.
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F1GURE 7. The I'-paired dominating graph of Pio

Theorem 3.6. The I'-paired dominating graph of P13 is the graph shown in Figure 8,
where D1 ={1,2,3,4,6,7,8,9,11,12}, Dy = {1,2,3,4,6,7,8,9,12,13},

D3 ={1,2,3,4,6,7,9,10,11,12}, Dy = {1,2,3,4,6,7,9,10,12,13},

D5 ={1,2,3,4,6,7,10,11,12,13}, Dg = {1,2,3,4,7,8,9,10,12,13},

D7 ={1,2,3,4,7,8,10,11,12,13}, Ds = {1,2,4,5,6,7,9,10, 11,12},

Dy = {1,2,4,5,6,7,9,10,12,13}, D1y = {1,2,4,5,6,7,10,11,12, 13},

Dy =4{1,2,4,5,7,8,9,10,12,13}, D12 = {1,2,4,5,7,8,10,11,12,13},

Dys ={1,2,5,6,7,8,10,11,12,13}, D14 = {2,3,4,5,7,8,9,10,12, 13},

D5 ={2,3,4,5,7,8,10,11,12,13}, D¢ = {2,3,5,6,7,8,10,11,12,13}.

4. '-PAIRED DOMINATING GRAPHS OF SOME CYCLES

This secction shows the I'-paired dominating graph of C,, for n € {3,4,...,13}. We
let Cp, :1,2,...,n,1 be the cycle with n vertices.

Note that if G is a graph with I'p.(G) = 7,-(G), then PDr(G) = PD.(G). By
Proposition 2.5 and Theorem 2.7, we get the I'-paired dominating graph of C, for n €
{3,4,5,6,7,8,9,10,13} as follows.
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F1GURE 8. The I'-paired dominating graph of Pi3

Theorem 4.1. The I'-paired dominating graph of C,, is
(Cs0C5  if n = 6;

4K, ifn=2_§;
PDr(C,) =< Cy if n€{3,4,7};
LGnTJrZ if n = 10;
LB% if n € {5,9,13}.

By Theorem 2.3, we have I',,.(C11) = I'p(C12) = 8. Then we get the I'-paired domi-
nating graphs of C';; and (45 as follows.

Theorem 4.2. The I'-paired dominating graph of Ci1 is the graph shown in Figure 9,
where D1 ={1,2,3,4,6,7,8,9}, Do ={1,2,3,4,6,7,9,10}, D3 = {1,2,3,4,7,8,9,10},
Dy =1{1,2,4,5,6,7,9,10}, D5 = {1,2,4,5,6,7,10,11}, Dg = {1,2,4,5,7,8,9, 10},

D7 =1{1,2,4,5,7,8,10,11}, Dg = {1,2,5,6,7,8,10,11}, Dg = {2,3,4,5,7,8,9, 10},
Dyo = {2,3,4,5,7,8,10,11}, Dy, = {2,3,4,5,8,9,10,11}, D1, = {2,3,5,6,7,8,10, 11},
Dys = {2,3,5,6,7,8,11,1}, D14 = {2,3,5,6,8,9,10,11}, D5 = {2,3,5,6,8,9,11, 1},
Dig = {2,3,6,7,8,9,11,1}, Dy7 = {3,4,5,6,8,9,10,11}, D15 = {3,4,5,6,8,9,11,1},
Dig = {3,4,5,6,9,10,11,1}, Doy = {3,4,6,7,8,9,11,1}, Doy = {3,4,6,7,9,10, 11,1},
Doy = {4,5,6,7,9,10,11,1}.

Theorem 4.3. The I'-paired dominating graph of Ci2 is the graph shown in Figure 10,
where D1 ={1,2,3,4,6,7,9,10}, Dy = {1,2,3,4,6,7,10,11}, D3 = {1,2,3,4,7,8,9,10},
Dy =1{1,2,3,4,7,8,10,11}, D5 = {1,2,4,5,6,7,9,10}, Dg = {1,2,4,5,6,7,10,11},
D7 =1{1,2,4,5,7,8,9,10}, Ds = {1,2,4,5,7,8,10,11}, Dg = {1,2,4,5,7,8,11,12},
Dy = {1, , 10,11}, D1y ={1,2,4,5,8,9,11,12}, D15 = {1,2,5,6,

2,4,5,8,9,1 2,4,5,8 5,6,7,8 ,
Dys ={1,2,5,6,7,8,11,12}, Dy, = {1,2,5,6,8,9,10,11}, D15 = {1,2,5,6,8,9, 11, 12},
Dig = {2,3,4,5,7,8,10,11}, D17 = {2,3,4,5,7,8,11,12}, D15 = {2,3,4,5,8,9,10, 11},
Dig = {2,3,4,5,8,9,11,12}, Doy = {2,3,5,6,7,8,10,11}, Doy = {2,3,5,6,7,8,11,12},
Doy = {2,3,5,6,8,9,10,11}, Doy = {2,3,5,6,8,9,11,12}, Doy = {2,3,5,6,8,9,12, 1},
Dos = {2,3,5,6,9,10, 11,12}, Dog = {2,3,5,6,9,10,12,1}, Doy = {2,3,6,7,8,9,11,12},
Dos = {2,3,6,7,8,9,12, 1} Doy = {2,3,6,7,9,10,11,12}, D3y = {2,3,6,7,9,10,12,1},
D31—{345,6,8,9 11,12}, D32_{345 6,8,9,12,1}, D33 = {3,4,5,6,9,10,11,12},
Dy = {3,4,5,6,9,10,12,1}, D35 = {3,4,6,7,8,9,11,12}, Dss = {3,4,6,7,8,9,12,1},
Ds7 = {3,4,6,7,9,10,11,12}, D3s = {3,4,6,7,9,10,12,1}, D39 = {3,4,6,7,10,11,12, 1},
Dyo = {3,4,7,8,9,10,12,1}, D4y = {3,4,7,8,10,11,12,1}, Dy = {4,5,6,7,9, 10, 19, 1}
Dys = {4,5,6,7,10,11,12,1}, Dyy = {4,5,7,8,9,10,12,1}, Dy5 = {4,5,7,8, 10,11,12,1}.
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D11

D

Do
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FIGURE 9. The I'-paired dominating graph of C1;

5. OPEN PROBLEM

In this paper, we have obtained the I'-paired dominating graphs of P, and C,, for
n < 13. It seems that finding the I'-paired dominating graphs of P, and C,, is much more
complicated when n > 14; this leads an open problem.
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