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1. INTRODUCTION

Fixed point theory takes a large amount of literature, since it provides useful tools to
solve many problems that have applications in different fields like engineering, economics,
chemistry and game theory etc. Iterative methods are popular tools to approximate fixed
points of nonlinear mappings.

Structural properties of the underlying space, such as strict convexity and uniform
convexity, are very much needed for the development of iterative fixed point theory in it.
Hyperbolic spaces are general in nature and inherit rich geometrical structure suitable to
obtain new results in topology, graph theory, multi-valued analysis and metric fixed point
theory.

Beside the nonlinear mappings involved in the study of fixed point theory, the role
played by the spaces involved is also very important. Several fixed point results and
iterative algorithms for approximating the fixed points of nonlinear mappings in Hilbert
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and Banach spaces have been obtained in literature, for example, see [4—7, 12, 13, 18, 19,

, 28, 42-46]. Tt is easier working with Banach space due to its convex structures.
However, metric space do not naturally enjoy this structure. Therefore the need to
introduce convex structures to it arises. The concept of convex metric space was first
introduced by Takahashi [17] who studied the fixed points for nonexpansive mappings
in the setting of convex metric spaces. Since then, several attempts have been made to
introduce different convex structures on metric spaces. An example of a metric space
with a convex structure is the hyperbolic space. Different convex structures have been
introduced on hyperbolic spaces resulting to different definitions of hyperbolic spaces
(see [15, 22, 31]). Although the class of hyperbolic spaces defined by Kohlenbach [22] is
slightly restrictive than the class of hyperbolic spaces introduced in [15], it is however,
more general than the class of hyperbolic spaces introduced in [31]. Moreover, it is
well-known that Banach spaces and CAT(0) spaces are examples of hyperbolic spaces
introduced in [22]. Some discussion of fixed point approximation in CAT(0) spaces and
their essential roles are given in [10, 41]. Some other examples of this class of hyperbolic
spaces includes Hadamard manifords, Hilbert ball with the hyperbolic metric, Catesian
products of Hilbert balls and R-trees, see [8, 11, 15, 16, 22, 31].

Goebel and Kirk [14], in 1972, introduced the class of asymptotically nonexpansive
self-mappings, which is an important generalization of the class of nonexpansive self-
mappings. In the last few decades investigations of fixed points by some iterative schemes
for asymptotically nonexpansive mappings have attracted many mathematicians.

In 1991, Schu [36] introduced the following modified Mann iteration process

Tnt1 = (1 = Bp)xn + BT "xn, n>1, (1.1)

to approximate fixed points of asymptotically nonexpansive self-mappings in a Hilbert
space. Since then, Schu’s iteration process (1.1) has been widely used to approximate
fixed points of asymptotically nonexpansive self-mappings in Hilbert spaces or Banach
Spa’ces ([ ) ) K ) ) ) ])'

In 2003, Chidume, Ofoedu, and Zegeye [10] introduced the concept of asymptotically
nonexpansive nonself-mappings. Also, they studied the following iterative sequence

Tn+1 = P((l - ﬂn)xn + BHT(PT)H_lxn): (12)

to approximate some fixed point of 7 under suitable conditions.

If 7 is a self-mapping, then P becomes the identity mapping so that (1.2) reduces to
(1.1).

In 2006, Wang [50] considered the following iteration process which is a generalization
of (1.2),

Yn = P((]- - an)xn + anE(PTQ)n_lxn)a
Tn+1 = P((l - /Gn)xn + Bn,rl(,PTl)nilyn% n 2 1a (13)

where 71,73 : K — X are asymptotically nonexpansive nonself-mappings and {«,} and
{Bn} are real sequences in [0,1). Meanwhile, the results of [50] generalized the results of
[10].

The projection type Ishikawa iteration process for approximating common fixed points
of two asymptotically nonexpansive nonself-mappings was defined and constructed by
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Thianwan [19] in a uniformly convex Banach space as follows:
Yn = P((1 — an)zn + O‘n’TQ(,PT2)n71$n),
Tnt+1 = P((l - Bn)yn + Bn’]—l(lpTl)n_lyn)? n Z 17 (14)

where {a,, } and {8, } are appropriate real sequences in [0,1). Note that Thianwan process
(1.4) and Wang process (1.3) are independent neither reduces to the other.
In 2012, Guo, Cho and Guo [17] studied the following iteration scheme:

Yn =P((1 = ) S + anT2(PT2)" an),
Tpy1 = P((1 = Bo)Stap + BuTL(PT )™ Yyn), n > 1, (1.5)

where 81, Ss : K — K are asymptotically nonexpansive self-mappings, 71,72 : K — X are
asymptotically nonexpansive nonself-mappings and {«,, }, {8, } are two sequences in [0,1)
to approximate common fixed points of 81, Sa, 71 and 7> under proper conditions.

The class of hyperbolic spaces, nonlinear in nature, is a general abstract theoretic set-
ting with rich geometrical structure for metric fixed point theory. The study of hyperbolic
spaces has been largely motivated and dominated by questions about hyperbolic groups,
one of the main objects of study in geometric group theory. Fixed point theory and hence
approximation techniques have been extended to hyperbolic spaces (see [1-3, 33-35] and
references therein).

Recently, Jayashree and Eldred [20] introduced and studied the following mixed type
iteration scheme in a uniformly convex hyperbolic space and prove some strong conver-
gence theorems for mixed type asymptotically nonexpansive mappings:

Yn = P(H(Sgﬁﬂm 7—2(7372)”711'71; an))a
nt1 = P(H(S] 20, TH(PT1)" " Yns Bn)), 2 1, (1.6)
where 81,8, : K — K be two asymptotically nonexpansive self-mappings, 71,72 : K — X

be two asymptotically nonexpansive nonself-mappings and {a, }, {f.} are two sequences
in [0,1).

2. BESIC DEFINITIONS AND RELEVANT RESULTS

Throughout this paper, our study is in hyperbolic space introduced by Kohlenbach

[22].

Definition 2.1. A hyperbolic space (X,d,H) is metric space X,d together with H :
X x X x [0,1] — X satisfying

() dlu, H(z,y,0)) < (1 — a)d(u, ) + ad(u, ),

(11) d(H(xvyv a),?—l(m,y, ﬂ)) = |a - ﬁ|d({£,y)7

(iii) H(z,y, ) = H(y, 2,1 — ),

(iv) d(H(z, z,a), H(y,w,a)) < (1 — a)d(z,y) + ad(z,w)
for all w,x,y,z € X and a, 8 € [0, 1].

Example 2.2. [39] Let X be a real Banach space which is equipped with norm || - ||
Define the function d : X x X’ x [0,00) by
d(z,y) = ||z = yl|.

Then, we have that (X, d, H) is a hyperbolic space with mapping H : X x X x [0,1] = X
defined by H(z,y, o) = (1 — o)z + ay.
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A subset K of a hyperbolic space X is convex if H(z,y,«) € K for all z,y € K and
a€[0,1].

Definition 2.3. [47] A hyperbolic space (X, d, H) is said to be strictly convex if for any
z,y € X and « € [0, 1], there exists a unique element z € X such that d(z,z) = ad(z,y)
and d(zay) = (1 - Ck)d(l',y)

Definition 2.4. [38] A hyperbolic space (X,d, H) is said to be uniformly convex if for
any w,z,y € X, r > 0 and € € (0, 2], there exists 6 € (0, 1] such that

A(H(z,y, ). ) < (1= 6)r

whenever d(x,w) < r,d(y,w) <r and d(x,y) > er.

A mapping 7 : (0,00) x (0,2] — (0,1] providing such & = n(r,€) for given r > 0 and
€ € (0,2] is called modulus of uniform convexity. We call 7 monotone if it decreases with
r (for a fixed €). A uniformly convex hyperbolic space is strictly convex (see [24]).

In the sequel, let (X,d) be a metric space, and let K be a nonempty subset of X.
We shall denote the fixed point set of a mapping 7 by F(7T) = {x € K: Tax = a2} and
d(z, F(T)) =inf{d(z,2): z € F(T)}.

A self-mapping 7 is said to be nonexpansive if d(7z,Ty) < d(z,y) for all z,y € K.
T : K — K is called asymptotically nonexpansive if there exists a sequence {k,} C [1,c0)
with k,, — 1 such that

d(T"z, T"y) < kyd(z,y) (2.1)

for all z,y € Kandn > 1. T : K — K is said to be uniformly L-Lipschitzian if there
exists a constant £ > 0 such that d(7"z, T"y) < Ld(z,y) for all z,y € K and n > 1.

It follows that each nonexpansive mapping is an asymptotically nonexpansive mapping
with k, = 1,Vn > 1. Moreover, each asymptotically nonexpansive mapping is a uniformly

L -Lipschitzian mapping with £ = sup {k,, } . However, the converse of these statements
neN
is not true, in general.

Note that, a subset K of X is said to be a retract if there exists a continuous mapping
P : X — K such that Pz = z for all x € K. For more information on nonexpansive
retracts and retractions, we refer the reader to ([16, 23]).

For any nonempty subset K of a real metric space (X,d), let P : X — K be a non-
expansive retraction of X onto K. Then, 7 : K — X is said to be an asymptotically

nonexpansive nonself-mapping (see [10]) if there exists a sequence {k,} C [1,00) with
k, — 1 as n — oo such that
d(T (PT)" &, T (PT)" " y) < knd (z,y) (2.2)

for all z,y € K and n > 1.

We denote by (PT)O the identity map from K onto itself. We see that if 7 is a
self-mapping, then P becomes the identity mapping, so that (2.2) reduces to (2.1).

In addition, if 7 : K — X is asymtotically nonexpansive in light of (2.2) and P : X — K
is a nonexpansive retraction, then PT : K — K is asymtotically nonexpansive in light of
(2.1) (see also (2.3)) . Indeed, for all z,y € K and n > 1, by (2.2), it follows that

d(PT)"z, (PT)"y) = d(PT(PT)" 'z, PT(PT)" 'y)
<dA(TPT)" o, T(PT)" 'y
< kpd(z,y).
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Therefore, we now introduce the following definition.

Definition 2.5. For any nonempty subset K of a real metric space (X,d), let P : X —
K be a nonexpansive retraction of X onto K. Then, 7 : K — X is said to be an
asymptotically nonexpansive nonself-mapping if there exists a sequence {k,} C [1,00)
with k,, — 1 as n — oo such that

d((PT)"x,(PT)"y) < knd(z,y), (2.3)
for all z,y € K and n > 1.

Lemma 2.6. [18] Assume {sn}, {bn} and {c,} be sequences non-negative real numbers
such that
Sna1 < (14by)spn + ¢, Vn > 1.

oo oo
If Z b, < 00 and Z cp < 00, then nh_}n;o Sy, exists.

n=1 n=1
Lemma 2.7. [21] Assume that {x,,} and {y,} be two sequence of a uniformly convex hy-
perbolic space (X,d, H) such that, for R € [0,00), lim supd(x,,a) < R, lim supd(yn,a)
n—oQ n— oo
< R and
lim d(H(xnv Yn, Nn)v a) =R,

n— oo

where p, € [a,b] with 0 < a < b < 1, then we have, llm d(xpn,yn) = 0.

3. MAIN RESULTS

In this section, we suggest a modified SP-iteration for mixed type asypmtotically non-
expansive mappings and establish the strong convergence theorem in a uniformly convex
hyperbolic space.

Let IC be a nonempty closed convex subset of a uniformly convex hyperbolic space
(X,d,H) and P : X — K be a nonexpansive retraction of X onto K. Let §1,82,83 : K —
K be three asymptotically nonexpansive self-mappings and 71, 72,73 : K — X be three
asymptotically nonexpansive nonself-mappings. We will denote the set of common fixed
point of S1,82,83, 71,72 and T3 by §, that is, Q = F(S1) N F(S2) N F(S3) N F(71) N
F(T2)NF(T3). The following iteration process is a translation of the SP-iteration scheme
introduced in [29] from Banach spaces to hyperbolic spaces. The SP-iteration is equivalent
to Mann, Ishikawa, Noor iterations and converges faster than the others for the class of
continuous and non-decreasing functions (see [29]).

T € IC,

Zn = H(Sglxm (PT3)"xn, an),

Yn = H(SYzn, (PT2)"2n, Bn)s

Tpy1 = H(STYn, (PT1)" Y, Yn), n <1,

where {a, }, {B8n} and {7, } are real sequences in [0, 1).
The following lemmas are needed.

Lemma 3.1. Let (X,d,H) be a uniformly convex hyperbolic space and K a nonempty
closed convex subset of X. Let S§1,82,83 : K — K be three asymptotically nonexpan-

sive self-mappings with {kf«bl)},{kg)},{kf)} C [1,00) and T1,72,T3 : K — X be three
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asymptotically nonezpansive nonself-mappings with {lg)}, {153)}, {17(13)} C [1,00) such that
Zzozl(k,(f) —1) < 00 and fo:l(lff) —1) < oo fori = 1,2,3, respectively and Q # 0.
Assume that {ap},{Bn} and {v.} are real sequence in [0,1). From x1 € K, define the
sequence {x,} using (3.1). Then nl;rgo d(xn, z) exists for any z € QL.

Proof. Let z €  and setting h,, = max{k,(f), k,(lg), ks’), lg), 153), lf{o’)}. From (3.1), we have
d(Zn,Z) d(H(Sngna (PT3)n$naan)’Z)

(1 — ap)d(S3an, 2) + and((PT3)" " Tn, 2)

(1 — ap)hnd(zy, 2) + anh,d(z,2)

IN A

and

d(Yn, 2)

d(H(S3 2n, (PT2)" 20, Bn) 2)

(1 = B8n)d(S5 zn, 2) + Brd((PT2)"2p, 2)

(1 = Bu)hnd(zn, 2) + Brhnd(zn, 2)

hnd(zn, 2)

hd(xn, ). (3.3)

I IAIA

IN

Using (3.3), we have
d(x’ﬂ+17 Z) = d(/H(SILyTH (PTl)nyn7 ’Y’ﬂ)v Z)

< (1= m)d(S1Yns 2) + md(PT1)"Yn, 2)

< (1 =7)had(Yn, 2) + Ynhnd(Yn, 2)

= hnd(yn, 2)

< hid(w,,2)

= (1+(hy = 1)d(za, 2). (3.4)
Since 22 (k) —1) < 0o and -, (I —1) < oo for i = 1,2, 3, we have 3°°° | (h{¥ —1) <
oo. Using Lemma 2.6, nhﬂn;(} d(xy, z) exists. ]

Lemma 3.2. Let (X,d,H) be a uniformly convex hyperbolic space and K a nonempty
closed convex subset of X. Let 81,852,583 : K — K be three asymptotically nonexpan-
sive self-mappings with {kg)},{kg)},{kg)} C [1,00) and T1,72,T3 : K — X be three
asymptotically nonezpansive nonself-mappings with {l,(ll)}7 {17(12)}, {ZS’)} C [1,00) such that
Zzozl(ks) —1) < o0 and ij’:l(lﬁf) —1) < oo for i = 1,2,3, respectively and Q # 0.
Assume {x,} be a sequence defined by (3.1) and the following conditions hold:

(i) {an}, {Bn} and {yn} are real sequences in [e,1 — €] for some € € (0,1),

(i) d(z, Tiy) < d(Siz, Tiy) for all z,y € K and i = 1,2, 3.
Then nh_>ngo d(xy, Sizy) = nll)n;o d(xp, (PT)xn) =0 fori=1,2,3.

Proof. Let z € Q and setting h,, = mam{kg), kg), kfl?’), lfml), lf),lg’)}. From Lemma 3.1,
we have li_>m d(x,, z) exists. Suppose that li_>m d(xn,z) = ¢, letting n — oo in the

inequality (3.4), we have
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In addition, using (3.3), we obtain d(S'yy, 2z) < h3d(x,,z). Taking the lim sup on both
sides in this inequality, we have

lim sup d(STyn, 2) < c. (3.6)
n—oQ
Taking the lim sup in (3.3), we get lim supd(yn,z) < ¢. Thus
n—oo
le sup d((PT1)"Yn, 2) < lim suph,d(yn,z) = c. (3.7)
n o0 n—oo
By (3.5),(3.6),(3.7) and Lemma 2.7, we obtain
Tim_d(STyn, (PT1)"yn) = 0. (3:8)
By the condition (ii), we have
nhﬁn;o A(Yn, (PT1)"yn) < nhHH;O A(STYn, (PT1)"yn). (3.9)
Using (3.9), we have
lim d(yn, (PT1)"yn) = 0. (3.10)
n—oQ

From (3.4), we obtain

d(Tpi1,2) < dAH(STYn, (PT1)"Yn, ) 2)
< (L= )d(S1'Yn 2) + 1 d(S1'Yn, (PT1)"yn) + 1md(S{'yn, 2)
= d(81Yn,2) + 1 d(STYn, (PT1)"yn)
< had(Yn, 2) + d(STYn, (PT1)"Yn)- (3.11)

Taking the lim inf on both sides in the inequality (3.11), using (3.8), >-°7 , (h, —1) < 00
and lim d(z,41,2) = ¢, we have
n— 00

lim infd(yy,,z) > c. (3.12)
n—oo
Since lim supd(yn, 2) < ¢, by (3.12), we have
n—oo
nh_}rrgo d(yn,z) = c.
Again, letting n — oo in the inequality (3.3), we have
le d(H (83 20, (PT2)"2n, Bn), 2) = c. (3.13)

In addition, using (3.2), we obtain d(S¥z,,2) < h2d(z,, z). Taking the lim sup on both
sides in this inequality, we have

nh—{%o supd(83'zn, 2) < c. (3.14)
Taking the lim sup in (3.2), we get nl;rrgo sup d(zn, z) < ¢. Thus

nh_}n;o supd((PT2)"zp,2) < nh_)n;o sup hpd(zn, 2) = c. (3.15)
By (3.13), (3.14), (3.15) and Lemma 2.7, we obtain

nlin;o d(83zn, (PT2)"2,) = 0. (3.16)
By the condition (ii), we have

nhHH;O d(zn, (PT2)"2n) < HILH;O d(85'zn, (PT2)"2n),
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and thus
lim d(zy, (PT2)"2,) =0. (3.17)

n—oo

From (3.3), we obtain
d(85 2, 2) + Bnd(85 2, (PT2)"21)
hnd(2n, 2) + Brnd(S5 zn, (PT2)"2p). (3.18)

Taking the lim inf on both sides in this inequality (3.18), using (3.16), >_>° , (h, —1) < 00
and lim d(y,,z) = ¢, we have
n—oo

IN

lim infd(z,,z) > c. (3.19)

n—roo

Since lim supd(z,,z) < lim sup h,d(z,,2) < ¢, by (3.19), we have
n— 00 n—oo

nh_{r;o d(zn,2) = c.

Letting n — oo in the inequality (3.2), we have
c= lim d(z,,2) < 1i_>m d(H(S3n, (PT3)"Tn, an), 2)
n—oo n o0
< lim d(z,,2) =c,
n—oo
and so

lim d(H(S3zn, (PT3)"xn, an),2) =c. (3.20)

n—oo

Moreover, we obtain

le sup d(S5xy, z) < le sup hpd(z,, 2) = ¢, (3.21)
and
le supd((PT3)"xn, z) < ILm sup hypd(z,, 2) = c. (3.22)

Following (3.20), (3.21), (3.22) and Lemma 2.7, we get

le d(S5zy, (PT3)"x,) = 0. (3.23)
Next, we show that

nh_)rrgo d(xn, (PT1)Tn) = nh_)rr;o d(zpn, (PT2)zn) = nlgrgo d(zy, (PT3)z,) =0.

Indeed, by the condition (ii), we have

By (3.23) and (3.24), which implies that
le d(zy, (PT3)"z,) = 0. (3.25)

Using (3.1), we have
(2, S520) < (1= an)d(S) 0, Sn) + and(S)n, (PTs)"2y)
Oénd(Sf?xna (PT3)n$n).
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Following from (3.23),
nhﬁ\rr;o d(zn, S5zy) = 0.

In addition, we have

d(zp, Tn) < d(2n, S§xn) + d(SEn, (PT3)"xn) + d(PT3)" Tn, Tn)-

It follows from (3.23), (3.25), (3.26) and (3.27) that
lim d(zn,z,) = 0.

n—roo

Furthermore,

d(85 2n, 2n) < d(S85 2n, (PT2)"2n) + d((PT2)" 2n, 2n),
by using (3.16) and (3.17), we have

lim d(S8%zp,2,) = 0.

n—oo

It follows from (3.1), (3.17) and (3.29) that

d(yn, Z’ﬂ) = d('H(S;Zn, (7)7-2)7127“ ﬁn)ﬂ Zn)
< (1= Bn)d(S3 2, 2n) + Bud((PT2)" 2n, 2n)
— 0 (as n— ).

And then, from (3.28) and (3.30), we have
d(

Yn:Tn) < d(Yn,2n) + d(2n, Tn)
— 0 (as n— ).

By the condition (ii), we know that
d(@n, (PT1)"zn) < d(ST@n, (PT1)"2y).
Since

d(87xn, (PT1)"xy)

IN

—&-d((’PTl)"yn, (PTl)"xn)
+hnd(Yn, Tn).

Using (3.8) and (3.31) in (3.33), we obtain
lim d(Stzn, (PT1)"z,) = 0.
n—oQ

IN

It follows from (3.32) and (3.34) that
1i_>m d(xpn, (PT1)"x,) = 0.

From (3.17) and (3.28), we have

d(8?$m S?yn) + d(S?ym (PTl)nyn)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

< d(wp, 2n) + d(2n, (PT2)"2n) + hnd(2n, )
= 0 (as n— 00).

(3.36)
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Using (3.16), (3.17) and (3.28), we have
d(S3xp,xn) < d(SYxn,SYzn) + d(S5zn, (PT2)"2)
+d((PT2)"2n, 2n) + d(2n, Tn)
< hpd(zy, 2n) + d(S5 20, (PT2)" 2n)
+d((PT2)"2n, 2n) + d(2zn, Tn)
— 0 (as n— 00). (3.37)
It follows from (3.36) and (3.37) that
d(83xy, (PT2)"xy) < d(SFwn,xn) + d(Tn, (PT2)"s)
— 0 (as n— ). (3.38)
Using (3.8), we have
A(@nt1,87Yn) = dAH(STYn, (PT1)" Yns¥n), S1'Yn)
< (1= )d(S1Yn: STYn) + 1md((PT1)"Yn, S1'yn)
= d((PT1)"yn, Si'yn)
— 0 (as n— 00). (3.39)
By (3.8) and (3.39), we have
d(@ni1, (PT1)"yn) < d(@ng1, S1Yn) + d(STYn, (PT1)"Yn)
— 0 (as n— o0). (3.40)
Using (3.30) and (3.40), we have
d(@pt1, PT1)"2n) < d@nt1, (PT1)"yn) +d(PT1)" Yn, (PT1)"2n)
< d(@nt1, (PT1)"Yn) + hnd(Yn, 2n)
— 0 (as n— oc0). (3.41)
Moreover, from (3.34) and (3.35), we have
d(STxn,zn) < d(S{an, (PT1)"wn) +d(PT1)"Tn, )
— 0 (as n— ). (3.42)
Using (3.36) and (3.42), we have
d(87xn, (PT2)"xy) < d(STxpn,xn) + d(zp, (PT2)"zy)
— 0 (as n— ). (3.43)
It follows from (3.31) and (3.43) that
d(S1'yn, (PT2)"zn) < d(S{'yn,ST'wn) + d(S1'Tn, (PT2)"xn)
< had(Yn, 2n) + d(ST @0, (PT2)" @)
— 0 (as n— ). (3.44)
Using (3.28), (3.39) and (3.44), we have
d(@n+1, (PT2)"2n) < d(Tng1,81'Yn) + d(S'Yn, (PT2)"z5)
+d((PT2)"xn, (PT2)"2n)
< d(@ps1,S7Yn) + A(STYn, (PT2)"x0) + hnd(Tn, 2n)
— 0 (as n— 00). (3.45)
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In addition, using (3.25), (3.28), (3.31), (3.39) and (3.42), we have
d(@ny1, (PT3)"2n) < d(Tnt1, S1Yn) + A(STYn, STTn) + d(S{'Tn, T5)
+d(n, (PT3)"xn) + d(PT3)" T, (PT3)"2n)
< d@ps1,STyn) + hnd(Yn, o) + d(S7 T, T0)
+d(zp, (PT3)"xy) + hpd(xn, 2)
— 0 (as n— ). (3.46)

Since (PT;)(PT:)" ‘2, 1,2, € K fori = 1,2,3, and Ty, T2, T3 are three asymptotically
nonexpansive nonselt-mappings, we have

d(PT) " 2n-1, PTi)xn) = d(PT)PT)"  2n_1,(PTi)zn)
< maz{l{", 17 1 Yd(PT )" 2, 20). (3.47)
For i = 1,2,3, using (3.41), (3.45), (3.46) and (3.47), we obtain
nlL)Holo d((PT3)" zn-1,(PT:)xyn) = 0. (3.48)
Using (3.17) and (3.45), we have
d(Tns1,2n) < d(@pg1, (PT2)"2n) +d((PT2)" 2, 2n)

— 0 (as n— 00). (3.49)
Moreover, for i = 1,2, 3, we have
d(@pn, (PTi)zn) < d(xn, (PT:)"x,) +d(PT:)"@n, (PT:)" 2n-1)
+d((PT )" 2n-1,(PT;)xn)

d(xp, (PT;)"xy) + maz{sup lg), sup lgz), sup lz(),?’)}d(zn_l, Zn)
n>1 n>1 n>1

IN

+d((PT3)" zn—1, (PT:)n).
Therefore, it follows from (3.25), (3.35), (3.36), (3.48) and (3.49) that
Jim d(en, (PT 1)) = T dlan, (PT2)ea) = i d(en, (PTo)e0) =0,
Lastly, we prove that

lim d(z,,S12,) = lim d(z,,Ssx,) = lim d(x,,Ssz,) = 0.
n—oo n— o0 n— 00

In fact, for ¢ = 1,2, 3, we have

)
> )" @) + d((PT3)" p, Si'n).
So, it follows from (3.23), (3.25), (3.34), (3.35), (3.36) and (3.38) that
)

lim d(x,,S12,) = lim d(x,,Sx,) = lim d(x,,Ssx,) = 0.
n—o0 n—oo

n—oo
This completes the proof. ]
Example 3.3. [25] Let X’ be a real line with metric d(z,y) = |z — y| and K = [-1,1].

Define H : X x X x [0,1] = X by H(z,y,a) = ax + (1 — a)y for all z,y € X and
a € [0,1]. Then (X,d,H) is complete uniformly hyperbolic space with a monotone
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modulus of uniform convexity and K is a nonempty closed convex subset of X. Define
two mappings S, 7T : K — K by
—2sin~, ifzel01],
T.’I/' = x 2

2sin§, it x € [-1,0)

and
oz, ifxzel0,1],
ST = { —z, ifxze[-1,0).
Clearly, F(T) = {0} and F(S) = {# € K;0 < z < 1}. Now, we show that 7 is
nonexpansive. In fact, if x,y € [0,1] or z,y € [—1,0), then

d(Tz, Ty) =Tz —Ty| =2| sing — sin%\ < |z —y| =d(z,y).
If x €[0,1) and y € [-1,0) or z € [-1,0) and y € [0, 1], then
ATz, Ty) = |Tx—Ty|
z
2

x+ycosm_y|
4

= 2sin +sing|

4|sin
|z +y|
[z -yl
d(z,y).
That is, 7 is nonexpansive. It follows that 7 is an asymptotically nonexpansive mapping
with k, = 1 for each n > 1. Similarly, we can show that S is an asymptotically nonex-
pansive mapping with [, = 1 for each n > 1. Next, to show that S and T satisfy the

condition (ii) in Lemma 3.2, we have to consider the following cases:
Case 1. Let z,y € [0, 1]. It follows that

VANVAN

d(z,Ty) = |x — Ty| = |z + 2sin %| = Sz — Ty| = d(Sz, Ty).
Case 2. Let z,y € [—1,0). It follows that
d(z, Ty) =z — Ty| = |x—2sin%\ <] —w—2sin%\ = |Sz — Ty| =d(Sz, Ty).
Case 3. Let z € [-1,0) and y € [0, 1]. It follows that
d(z, Ty) =z — Ty| = |x+251n%\ <] —x+2sing\ =|Sz — Ty| = d(Sz, Ty).
Case 4. Let z € [0,1] and y € [—1,0]. It follows that
d(z, Ty) = |z — Ty| = |z — 2sin g| = Sz — Ty| = d(Sz, Ty).
n

2n+1’
Vn > 1. Therefore, the conditions of Lemma 3.2 are

Hence the condition (ii) in Lemma 3.2 is satisfied. In addition, we take v, =

n n
o =g dm =
fulfilled. Thus, the convergence of the sequence {z,} generated by (3.1) to a point
0 € F(T)N F(S) can be received. m
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Now, we provide some numerical examples to illustrate the convergence behavior of
iteration (1.6) comparing with iteration (3.1). All program computation are performed
on an Hp Laptop Intel(R) Core(TM) i7-1165G7, 16.00 GB RAM. We choose the starting
point at z; = 1 and the stop criterion is defined by ||z, — 0|| < 10715, The convergence
performance of both iteration are shown in the following Table 1 and Figure 1.

TABLE 1. Computational result for all setting in Example 3.3

Iteration (1.6) Iteration (3.1)

No of Iter. 26 10
CPU time (sec) 0.0035 0.0027
10° w w w w .
—+— lteration (3.1)
\k lteration (1.6)
10°F ]
z: 1010 |
10—15 4
10-20 L ! . | L
0 5 10 15 20 25 30

Iteration number (n)
FIGURE 1. The value of {z,} generated by iteration (1.6) and iteration (3.1)

Under the same condition settings shown in Example 3.3, by Table 1 and Figure 1,
our proposed iteration (3.1) has a better performance in both the time taken by CPU-
runtime to reach the convergence and the number of iterations when comparing with
iteration (1.6).

Next, we can prove a strong convergence theorem.

Theorem 3.4. Let K, X, S1, So, S3, T1, T2 and T3 satisfy the hypotheses of Lemma 3.2.
Suppose that {ca,}, {Bn} and {y,} are real sequences in [e,1 — €] for some € € (0,1) and
Si, T: for alli = 1,2,3 satisfy the condition (ii) in Lemma 3.2. If there is a nondecreasing
function f : [0,00) — [0,00) with f(0) =0 and f(r) > 0 for all v € (0,00) such that

fld(z, Q) < d(z,S1z)+d(x, Sex)+d(x, Ssx)+d(z, (PT1)x)+d(z, (PT2)x)+d(z, (PT3)x)

for all x € K, where d(x,Q) = inf{d(x, z) : z € Q}. Then the sequence {x,} defined by
algorithm (3.1) converges strongly to a common fized point of S1, Sa, Sz, T1, T2 and T3.
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Proof. From Lemma 3.2, we have li_)m d(zp,Sizy) =0 = li_)m d(zn, (PTi)xy) for i =
n o0 n (oo}
1,2,3. It follows from the hypothesis that

ILm fld(zn, Q) < lim (d(zn,S120) + d(h, Soxy) + d(20, S325,)

n—oo

+d(@n, (PT1)zn) + d(@n, (PT2)xn) + d(xn, (PT3)2s))
= 0.
Thus n11_)11;1O fd(zn,)) = 0. Since f : [0,00) — [0,00) is a nondecreasing function satis-
fying f(0) =0, f(r) > 0 for all r € (0,00). By Lemma 3.1, we obtain that nh_)rr;o d(zn, Q)
exists. This implies that lim d(x,,2) = 0. Next, we show that {z,} is a Cauchy
sequence in K. Using (3.4),n\;eoohave
d(@nt1,2) < 1+ (hy = 1))d(2n, 2)

for each n > 1, where h,, = max{kﬁl), kﬁf), kﬁf), 153), lﬁf),lﬁf’)} and z € Q. For any m,n >
n > 1, we have

d(@m,2) < (14 (hy_y = 1))d(zm-1,2)
< ehfn—lfld(mm_l,z)
< ehfn—lfleh?ﬂ—i’*ld(xm_g, 2)
< X DGz, 2)
< Md(z,,2),

where M = X1 (B =1 S, for any 2 € Q, we have
(X, ) < d(@n, 2) + d(Tm, 2) < (1 + M)d(zn, 2).
Taking the infimum over all z € 2, we have
AT, xm) < (1 4+ M)d(z,, Q).

Thus it follows from li_>m d(x,,8) = 0 that {z,} is a Cauchy sequence. Since K is a
closed subset in a complete hyperbolic space X, the sequence {z,,} converges strongly to
some z* € K. Tt is easy to prove that F(Sy), F(Sz2), F(Ss3), F(T1), F(T2) and F(T3) are
all closed, that is, € is closed subset of . Since ILm d(xn, Q) = 0 gives that d(z*,Q) =0,

we have z* € ). The proof is completed. [

If 71, T2 and T3 are self-mappings, then P becomes the identity mapping. By using
to the same ideas and techniques as in Lemma 3.1, Lemma 3.2 and Theorem 3.4, we
can obtain a strong convergence theorem for asymptotically nonexpansive mappings in a
uniformly convex hyperbolic space. Therefore we can state the following result without
proofs.

Theorem 3.5. Let (X,d,H) be a uniformly convex hyperbolic space and IC a nonempty
closed convex subset of X. Let 81,582,883 : K — K be three asymptotically nonexpan-

sive self-mappings with {k‘g)},{kﬁf)},{kf)} C [1,00) and T1,T2, T3 : K — X be three
asymptotically nonezpansive nonself-mappings with {lg)}, {153)}, {17(13)} C [1,00) such that
Zzo:l(ks) —1) < 00 and fo:l(lff) —1) < oo fori = 1,2,3, respectively and Q # 0.
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Assume {an}, {Bn} and {vn} are real sequences in [¢,1—¢] for somee € (0,1) and S;, T;
for all i = 1,2,3 satisfy the condition (ii) in Lemma 3.2. If there is a nondecreasing
function f:[0,00) — [0,00) with f(0) =0 and f(r) > 0 for all r € (0,00) such that

fd(z, ) < d(x, 1) + d(z, Sex) + d(z, S3z) + d(z, T1z) + d(x, Tox) + d(z, Tzx)
for all x € KC, where d(x,Q?) = inf{d(z,2) : z € Q}. Then the sequence {x,} defined by

zn = H(ngn,E7L$n7Oén),
Yn = H(S;Zna’];nznaﬂn%
Tn+1 == H(Sinyna ﬂnyna 7”)

converges strongly to a common fixed point of S1,82,S83,7T1, T2 ans Ts.

ACKNOWLEDGEMENTS

This research project was supported by the Thailand Science Research and Innovation
fund and the University of Phayao (Grant No. UoE65002).

REFERENCES

[1] S. Aggarwal, S.H. Khan, I. Uddin, Semi-implicit midpoint rule for convergence in
hyperbolic metric space, Mathematics in Engineering. Science and Aerospace 12 (2)
(2021) 413-420.

[2] S. Aggarwal, I. Uddin, Convergence and stability of Fibonacci-Mann iteration for a
monotone non-Lipschitzian mapping, Demonstr. Math. 52 (1) (2019) 388-396.

[3] S. Aggarwal, I. Uddin, J.J. Nieto, A fixed-point theorem for monotone nearly asymp-
totically nonexpansive mappings, J. Fixed Point Theory Appl. 21 (4) (2019) 1-11.

[4] T.O. Alakoya, L.O. Jolaoso, O.T. Mewomo, A self adaptive inertial algorithm for
solving split variational inclusion and fixed point problems with applications, J. Ind.
Manag. Optim. 18 (1) (2022) 239-265.

[5] T.O. Alakoya, L.O. Jolaoso, O.T. Mewomo, Two modifications of the inertial Tseng
extragradient method with self-adaptive step size for solving monotone variational
inequality problems, Demonstr. Math. 53 (1) (2020) 208-224.

[6] T.0. Alakoya, L.O. Jolaoso, O.T. Mewomo, Modified inertial subgradient extragra-
dient method with self adaptive stepsize for solving monotone variational inequality
and fixed point problems, optim. 70 (3) (2021) 545-574.

[7] T.O. Alakoya, A. Taiwo, O.T. Mewomo, Y.J. Cho, An iterative algorithm for solving
variational inequality, generalized mixed equilibrium, convex minimization and zeros
problems for a class of nonexpansive-type mappings, Ann. Univ. Ferrara Sez. VII
Sci. Mat. 67 (1) (2021) 1-31.

[8] K.O. Aremu, C. Izuchukwu, G.N. Ogwo, O.T. Mewomo, Multi-step Iterative algo-
rithm for minimization and fixed point problems in p-uniformly convex metric spaces,
J. Ind. Manag. Optim. 17 (4) (2020) 2161-2180.

[9] R.E. Bruck, T. Kuczumow, S. Reich, Convergence of iterates of asymptotically non-

expansive mappings in Banach spaces with the uniform Opial property, Colloquium
Math. 65 (2) (1993) 169-179.



382

Thai J. Math. Vol. 21 (2023) /P. Inkrong et al.

[10]

[11]

[12]

C.E. Chidume, E.U. Ofoedu, H. Zegeye, Strong and weak convergence theorems for
asymptotically nonexpansive mappings, J. Math. Anal. Appl. 280 (2) (2003) 364-374.

H. Dehghan, C. Izuchukwu, O.T. Mewomo, D.A. Taba, G.C. Ugwunnadi, Iterative
algorithm for a family of monotone inclusion problems in CAT(0) spaces, Quaest.
Math. 43 (7) (2020) 975-998.

A. Gibali, L.O. Jolaoso, O.T. Mewomo, A. Taiwo, Fast and simple Bregman pro-
jection methods for solving variational inequalities and related problems in Banach
spaces, Results Math. 75 (4) (2020) 1-36.

E.C. Godwin, C. Izuchukwu, O.T. Mewomo, An inertial extrapolation method for
solving generalized split feasibility problems in real Hilbert spaces, Boll. Unione Mat.
Ital. 14 (2) (2020) 379-401.

K. Goebel, W.A. Kirk, A fixed point theorem for asymptotically nonexpansive map-
pings, Proc. Am. Math. Soc. 35 (1) (1972) 171-174.

K. Goebel, W.A. Kirk, Iteration processes for nonexpansive mappings, Contemp.
Math. 21 (1983) 115-123.

K. Goebel, S. Reich, Uniform Convexity, Hyperbolic Geometry, and Nonexpansive
Mappings, Marcel Dekket, Inc., New York, 1984.

W. Guo, Y.J. Cho, W. Guo, Convergence theorems for mixed type asymptotically
nonexpansive mappings, Fixed Point Theory Appl. 2012 (1) (2012) 1-15.

C. Izuchukwu, A.A. Mebawondu, O.T. Mewomo, A new method for solving split
variational inequality problems without co-coerciveness, J. Fixed Point Theory Appl.
22 (4) (2020) 1-23.

C. Izuchukwu, G.N. Ogwo, O.T. Mewomo, An inertial method for solving generalized
split feasibility problems over the solution set of monotone variational inclusions,
Optim. 71 (3) (2020) 583-611.

S.J. Jayashree, A.A. Eldred, Strong convergence theorems for mixed type asymptot-
ically nonexpansive mappings in hyperbolic spaces, Malaya Journal of Matematik
(MJM) 2020 (1) (2020) 380—-385.

A.R. Khan, H. Fukhar-ud-din, M.A.A. Khan, An implicit algorithm for two finite
families of nonexpansive maps in hyperbolic spaces, Fixed Point Theory Appl. 2012
(1) (2012) 1-12.

U. Kohlenbach, Some logical metathorems with applications in functional analysis,
Trans. Amer. Math. Soc. 357 (1) (2005) 89-128.

E. Kopeck, S. Reich, Nonexpansive retracts in Banach spaces, Banach Center Publ.
77 (2007) 161-174.

L. Leustean, A quadratic rate of asymptotic regularity for CAT(0)-spaces, J. Math.
Anal. Appl. 325 (1) (2007) 386-399.

Z. Liu, C. Feng, J.S. Ume, S.M. Kang, Weak and strong convergence for common
fixed points of a pair of nonexpansive and asymptotically nonexpansive mappings,
Taiwaness J. Math. 11 (2007) 27-42.

M.O. Osilike, A. Udomene, Weak and strong convergence theorems for fixed points
of asymptotically nonexpansive mappings, Math. Comput. Model. 32 (10) (2000)
1181-1191.



Strong Convergence of Modified SP-Iteration ... 383

[27]

[28]

[29]

0O.K. Oyewole, H.A. Abass, O.T. Mewomo, A strong convergence algorithm for a
fixed point constrainted split null point problem, Rend. Circ. Mat. Palermo II. 70
(1) (2021) 389-408.

0O.K. Oyewole, C. Izuchukwu, C.C. Okeke, O.T. Mewomo, Inertial approximation
method for split variational inclusion problem in Banach spaces, Int. J. Nonlinear
Anal. Appl. 11 (2) (2020) 285-304.

W. Phuengrattana, S. Suantai, On the rate of convergence of Mann, Ishikawa, Noor
and SP-iterations for continuous functions on an arbitrary interval, J. Comput. Appl.
Math. 235 (9) (2011) 3006-3014.

S. Reich, Weak convergence theorems for nonexpansive mappings in Banach spaces,
J. Math. Anal. Appl. 67 (2) (1979) 274-276.

S. Reich, I. Shafrir, Nonexpansive iterations in hyperbolic spaces, Nonlinear Anal.
15 (1990) 537-558.

B.E. Rhoades, Fixed point iterations for certain nonlinear mappings, J. Math. Anal.
Appl. 183 (1) (1994) 118-120.

A. Sahin, Some new results of M-iteration process in hyperbolic spaces, Carpathian
J. Math. 35 (2) (2019) 221-232.

A. Sahin, Some results of the Picard-Krasnoselskii hybrid iterative process, Filomat
33 (2) (2019) 359-365.

A. Sahin, M. Basarir, Some convergence results for nonexpansive mappings in uni-
formly convex hyperbolic spaces, Creat. Math. Inform. 26 (2017) 331-338.

J. Schu, Iterative construction of a fixed points of asymptotically nonexpansive map-
pings, J. Math. Anal. Appl. 158 (2) (1991) 407-413.

J. Schu, Weak and strong convergence to fixed points of asymptotically nonexpansive
mappings, Bull. Aust. Math. Soc. 43 (1) (1991) 153-159.

T. Shimizu, W. Takahashi, Fixed points of multivalued mappings in certain convex
metric spaces, Topol. Methods Nonlinear Anal. 8 (1) (1996) 197-203.

C. Suanoom, C. Klin-eam, Remark on fundamentally non-expansive mappings in
hyperbolic spaces, J. Nonlinear Sci. Appl. 9 (2016) 1952-1956.

R. Suparatulatorn, P. Cholamjiak, The modified S-iteration process for nonexpansive
mappings in CAT (k) spaces, Fixed Point Theory Appl. 2016 (1) (2016) 1-12.

R. Suparatulatorn, P. Cholamjiak, S. Suantai, On solving the minimization problem
and the fixed point problem for nonexpansive mappings in CAT(0) spaces, Optimiza-
tion Methods and Software 32 (1) (2017) 182-192.

A. Taiwo, T.O. Alakoya, O.T. Mewomo, Halpern-type iterative process for solving
split common fixed point and monotone variational inclusion problem between Ba-
nach spaces, Numer. Algorithms 86 (4) (2021) 1359-1389.

A. Taiwo, T.0. Alakoya, O.T. Mewomo, Strong convergence theorem for fixed points
of relatively nonexpansive multi-valued mappings and equilibrium problems in Ba-
nach spaces, Asian-Eur. J. Math. 14 (08) (2021) 2150137.

A. Taiwo, L.O. Jolaoso, O.T. Mewomo, Inertial-type algorithm for solving split com-
mon fixed-point problem in Banach spaces, J. Sci. Comput. 86 (1) (2021) 1-30.



384

Thai J. Math. Vol. 21 (2023) /P. Inkrong et al.

[45]

[46]

[47]
[48]

[49]

[50]

A. Taiwo, L.O. Jolaoso, O.T. Mewomo, A. Gibali, On generalized mixed equilibrium
problem with a— 3 — p bifunction and g —7 monotone mapping, J. Nonlinear Convex
Anal. 21 (6) (2020) 1381-1401.

A. Taiwo, A.E. Owolabi, L.O. Jolaoso, O.T. Mewomo, A. Gibali, A new approxi-
mation scheme for solving various split inverse problems, Afr. Mat. 32 (3) (2021)
369-401.

W.A. Takahashi, A convexity in metric space and nonexpansive mappings, I. Kodai
Math. Sem. Rep. 22 (2) (1970) 142-149.

K.K. Tan, H.K. Xu, Approximating fixed points of nonexpansive mapping by the
Ishikawa iteration process, J. Math. Anal. Appl. 178 (1993) 301-308.

S. Thianwan, Common fixed points of new iterations for two asymptotically nonex-
pansive nonself-mappings in a Banach space, J. Comput. Appl. Math. 224 (2) (2009)
688—695.

L. Wang, Strong and weak convergence theorems for common fixed points of nonself
asymptotically nonexpansive mappings, J. Math. Anal. Appl. 323 (1) (2006) 550-557.



	Introduction
	Besic Definitions and Relevant Results
	Main Results

