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Abstract An algebraic system is a structure which consists of a nonempty set together with a sequence
of operations and a sequence of relations which are defined on the set. The concept of a relational
hypersubstitution for algebraic systems is a canonical extension of the concept of a hypersubstitution
for universal algebras. Such relational hypersubstitutions are mappings which map operation symbols to
terms and map relation symbols to relational terms preserving arities. The set of all relational hyper-
substitutions for algebraic systems together with an associative binary operation, which was defined in
[D. Phusanga, J. Koppitz, The monoid of hypersubstitutions for algebraic systems, Announcements of
Union of Scientists Silven 33 (1) (2018) 119-126], forms a monoid. The concept of the special regular
elements are important role in semigroup theory. In this paper, we characterize the set of all completely
regular, left regular and right regular elements of this monoid of type ((m), (n)). The results show that
the set of all completely regular elements and the set of all left(right) regular elements of this monoid are

the same.
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1. INTRODUCTION

The notion of a hypersubstitution of a given type 7 in universal algebras was introduced
by Denecke et. al [9]. They used the concept of a hypersubstitution for the characteri-
zation of solid varieties of type 7. A solid variety is a variety which is closed under the
following operation: taking a universal algebra (A, (f)icr) of type 7 = (m;)ies with
the universe A and a family (fiA)ie[ of m;-ary operation fiA on A for i € I. Then we
replace the operation fiA by any mj-ary term operation tf‘, for i € I, and obtain a new
universal algebra (4, (t);c1), which also belongs to the variety. A hypersubstitution of a
given type 7 = (m;);cs is a mapping which maps the m;-ary operation symbol fiA to an
my-ary term, for i € I. Let Hyp(7) be the set of all hypersubstitutions of type 7. Then
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Hyp(7) together with an associative binary operation o, and the identity hypersubstitu-
tion forms a monoid, see more detail in [9, 17]. There are several published papers on
algebraic properties of this monoid and its submonoids. For example see [1, 5, 8].

On the other hand, we consider the algebraic systems in the sense of Mal’cev. Let
I,J be indexed sets. Let f; be an operation symbol with the arity m; and ; a relation
symbol with the arity n;, for i € I and j € J.

Definition 1.1. [13] An algebraic system of type (7,7’) is a triple (A, (fi)ier, (vj)jer)
consisting of a nonempty set A, a sequence (f;);er of m;-ary operations defined on A and
a sequence (7;);es of nj-ary relations on A, where 7 = (m;);cr is a sequence of the arities
of each operation f; and 7" = (n;);c is a sequence of the arities of each relation ;. The
pair (7,7') is called the type of an algebraic system.

There were first attempts to define a concept of a hypersubstitution for algebraic sys-
tems. The concept of such a hypersubstitution, introduced in [10], does not be practicable
enough. Another attempt to define a hypersubstitution for algebraic systems was done in
[11], but also this concept has not proven to be impractical. Five years later, Phusanga
and Koppitz [16] introduced a new concept that generalizes the notion of a hypersub-
stitution of type 7 for universal algebras in a canonical way. Such hypersubstitution is
called the relational hypersubstitution for algebraic systems of type (7,7’), that name was
first used in [12]. Since any hypersubstitution for universal algebras of type 7 assigns an
my-ary operation f; to an m;-ary term for ¢ € I, it seems quite naturally that any rela-
tional hypersubstitution for algebraic systems of type (7,7’) assigns an m;-ary operation
symbol f; to an m;-ary term for ¢ € I, and assigns an nj-ary relation symbol 7, to an
n;-ary relational term for j € J. The set of all relational hypersubstitutions for algebraic
systems of type (7,7') equipped with an associative binary operation forms a monoid, see
[16]. The algebraic properties of such monoid were studied intensively for several types.
For examples, all idempotent elements, all regular elements and the order of all relational
hypersubstitutions for algebraic systems of type (7,7’) = ((2), (2)) were characterized by
Phusanga and Koppitz [16]. The order of linear relational hypersubstitutions for algebraic
systems of type (7,7") = ((m), (n)) was determined by Phusanga and Lekkoksung [12].
In this present paper, we characterize the set of all completely regular, left regular and
right regular elements of this monoid of type (7,7") = ((m), (n)), where m,n € N.

2. MONOID OF ALL RELATIONAL HYPERSUBSTITUTIONS FOR ALGEBRAIC
SYSTEMS

In this section, we recall the concept of relational hypersubstitutions for algebraic
systems of type ((m),(n)) and give some useful results that will be used in the next
sections. To define the concept of relational hypersubstitutions for algebraic systems of a
given type, we firstly introduce the notion of terms and formulas.

Let X := {1, %2, ...} be a countably infinite set of variables. We often refer to these
variables as letters, to X as an alphabet, and also refer to the set X, := {x1,...,x,n} as
a set of m variables. Let {f; : i € I} be the set of m;-ary operation symbols indexed by
I, where m; > 1 is a natural number. An m-ary term of type 7 = (m;);cr, for simply an
m-ary term, is defined inductively as follows:

(i) The variables 1, ..., x,, are m-ary terms of type 7.
(ii) If ¢y, ..., Ly, are m-ary terms of type 7, then f;(¢1,...,t,,,) is an m-ary term of
type T.
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Let W, (X,,) be the set of all m-ary terms of type 7 and let W (X) := |J W, (X,,) be
m>1

the set of all terms of type 7. Clearly, every m-ary term of type 7 is also an n-ary term

of type 7, where n > m.

Example 2.1. Let 7 = (2) be a type with a binary operation symbol f. These are some
examples of binary terms of type (2): z1, @2, f(21,21), f(z2,72), f(z1,22), f(22,71),

f(f (1, 22),21), f(f(22, 1), f21,22)), f(f(22,21), f(f (21, 22),71)).

To define formulas of type (7, 7'), we need the logical connections V, = and the equation
symbol . Let {v; : j € J} be the set of n;-ary relation symbols indexed by J.

Definition 2.2. An n-ary quantifier free formula of type (7,7') = ((m)icr, (nj);es), for
simply n-ary formula, is defined in the following way:

(i) If t1,t2 are n-ary terms of type 7, then the equation ¢; ~ ¢y is an n-ary
quantifier free formula of type (7,7").

(ii) If j € J and ty, ..., t,; are n-ary terms of type 7, then 7;(t1,...,t,,) is an n-ary
quantifier free formula of type (7,7").

(iii) If F is an n-ary quantifier free formula of type (7,7’), then —F is an n-ary
quantifier free formula of type (7,7").

(vi) If Fy and Fy are n-ary quantifier free formulas of type (7,7’), then Fy V F is
an n-ary quantifier free formula of type (7, 7).

Let F(;(Xy) be the set of all n-ary formulas of type (7,7") and let F(; . (X) :=
U F(r,+(Xn) be the set of all formulas of type (7,7"). Let rFi; .y(X,) be the set of all
neN

n-ary formulas of type (7,7’) of the form (ii) in Definition 2.2. We call such formulas in
this set the n-ary relational terms of type (7,7'). Let rFi; 1(X) := U rFir ) (Xn) be
neN

the set of all relational terms of type (7,7’).

A relational hypersubstitution for algebraic systems of type (7, 7") = ((my)ier, (n5)e1)

is a mapping

o:{firiel}U{y:jeJ} = W (X)UrF;(X)
with o(f;) € Wr(Xp,) and o(v;) € rF(+ ) (Xy;). We denote by Relhyp(r,’) the set
of all relational hypersubstitutions for algebraic systems of type (7,7’). To defined a
binary operation on this set, we firstly recall the concept of superposition of terms and
superposition of relational terms.

For any m,n € N. Let t,t1,....tm;, 81, .., 80, € Wr(Xon),u1, ...,y € Wr(X,,) and
F =~5(s1,..., 8n;) € 7F(77)(X:). We define inductively the concept of superposition of
terms S : W (X)) x (W (X,,))™ — W, (X,,) by the following steps:

(i) It =z for 1 < k < m, then ST (¢, U1, ..., U ) 1= Ug.
(ii) If ¢ = f;(t1, .., tm,), then

STt Uy ey Upn) = [i(S7(E1, U1y ooy Ui )y ooy Syt (B s Uy ooy Un)) -
Next, we define the superposition operation of relational terms
R;n : (WT(Xm) U ’I“F(T’.,./)(Xm)) X (WT(Xn))m — WT(Xn) U TF(T,T’)(X’I’L)
by the following steps:

(1) R (t, gy eeey Upn) i= ST (E U1y ooy Urn),
(i) Ry (Fyury ooy m) = 75 (S0 (81, Uty oy Um )y ooy ST (S5 Uy ooy Un)).-
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To define the binary operation on Relhyp(r,7’), we need the concept of the extension &
of o which is defined by:
For any o € Relhyp(t,7'), we define a mapping
o: W (X)U ’I"F(T).,./)(X) - W (X)U ’I“F(.,.J./)(X)
by the following steps:
(i) olzk] = xk, for k € N,

(1) G111, st )] o= R (0(72),8102), - ltm,]) = St (o), 5Tt1], 5Tt

(iii) o [’yj(sh.. sn,;)] = R’ (0(7;),0[s1], ..., T[50,])-
Then an associative binary operation oy on Relhyp(r,7’) is defined by o o, p := T o p,
where o denotes the usual composition of mappings, for all o, p € Relhyp(r, 7). Let 044
be the identity relational hypersubstitution for algebraic systems of type (7,7’) which
maps an my-ary operation symbol f; to a term f;(z1,...,Z,n,) and maps an n;-ary rela-
tion symbol v; to a relational term v;(x1,...,2y;). Then the structure Relhyp(r,7’') =
(Relhyp(r,7"),0n,0:q4) forms a monoid, see more detail in [11, 12, 106].

In this present paper, we study on the monoid Relhyp((m),(n)). Let f be an m-
ary operation symbol and v an n-ary relation symbol. For any ¢t € W,,)(X,,) and
F € 7F((m),(n))(Xn), we denote

(i) o4, r := the relational hypersubstitution for algebraic systems of type ((m), (n))
which maps f to a term ¢t and maps « to a relational term F,
(ii) var(t) := the set of all variables occur in a term ¢,
(iil) var(F) := the set of all variables occur in a relational term F,
(iv) I(t) := the set of all indices of variables occur in a term t,
(v) I(F) := the set of all indices of variables occur in a relational term F,
(vi) m(t) := the term such that each 3, € var(t) is replaced by x,(x) where 7 is a
bijective map on I(t).
Example 2.3. Let 7 = (4) be a type with a quaternary operation symbol f. Let
t = f(f(w4,23,74,23),71,73,74) € W(4)(X4). Then var(t) = {x1,73,24} and I(t) =
{1,3,4}. Let m : I(t) — I(t) by n(1) = 3,7(3) = 4 and 7w(4) = 1. Then 7(t) =
f(f(‘rﬂ'(él)a Tr(3) T(4)s 'Tﬂ(3))7 Tr(1)) Lr(3)s xT((4)) = f(f(xla L4, 21, 1'4)7 I3, Ty, xl)'
Remark 2.4. var(s) = var(m(s)) and 7= (7(s)) = s = n(771(s)).
Lemma 2.5. Let t € W) (Xyn) and var(t) = {x;,...,x;,}. Let ® be a bijective
map on I(t). If yi,.;ym € W) (Xon) such that yi, = Tr@y), - ¥Yi, = Tx(i,), then
ST Y1y eeey Ym ) = ().
Proof. The proof is straightforward. [
Lemma 2.6. [0] Let oy p, 04 u € Relhyp((m), (n)). Then
var((ov,p on 0w, 1) (f)) Cvar(ow u(f)) and var((or,r on 0w, 1) () C var(ow,m(Y)).

In 2015, Wongpinit and Leeratanavalee [18] introduced the notion of the i — most of
terms.

Definition 2.7. For m € N. Let t € W(;;,)(X,,) and 1 < i < m. Then i — most(t) is
defined inductively by:

(i) If ¢ is a variable, then i — most(t) := t.
(ii) If t = f(t1, ..., tm), then i — most(t) := i — most(t;).
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Example 2.8. Let 7 = (3) be a type with a ternary operation symbol f.

Let t = f(f( (l‘3,l‘1,$1), 3,$2) (J?l,l‘l,l‘g),l‘g) S W(g)(Xg) Then

1 —most(t) =1 — most(f(f(zs,21,21),23,22)) = 1 — most(f(x3,x1,21)) = x3,
2 —most(t) = 2 — most(f(x1,x1,22)) = 1 and

3 — most(t) = 3 — most(zrz) = 2.

Remark 2.9. It is easy to see that &, [t] = ¢ — most(t) and 0y, p[t] =i — most(t).

Lemma 2.10. [7] Let o1 r € Relhyp((m), (n)) and s € W) (Xp). If i —most(t) = x;,
then i — most(oy,r[s]) = j — most(s).

Lemma 2.11. [7] Let s,t € W,y (Xon) and F, H € 7F (1), (n))(X0n) with s = f(s1,...,5m)
and H = ~(hi,...,h,) where s1,...,8;m € Wiy (X)) and hi,...,hn, € Win)(Xy). Let
t =0 (s8] and F =0y p[H| with z), € var(t) and x; € var(F). Then

(i) if t = x; € X, then i — most(sy) = x and i — most(h;) = xy,

(i) if t € Wiy (Xim) \ X, then sy =z and hy = ;.

Definition 2.12. [I] Let t € W(,,)(Xn), a subterm of t, is defined inductively by the
following:

(i) Every variable z € var(t) is a subterm of ¢.
(ii) Ift = f(t1,..., tm), then t itself, ¢1, ..., t,, and all subterms of ¢;, 1 < ¢ < m, are
subterms of ¢.

We denote the set of all subterms of ¢ by sub(t).

Definition 2.13. [3] Let t € W;,)(X ) \ X, where t = f(t1,...,t,,,) for some ty, ..., ¢, €
Wim)(Xp). For each s € sub(t) such that s # ¢. The set seq(s) of sequences of s in ¢ is
defined by

seq'(s) == {(i1, ..,in) :n € Nand s = m;, o...om; (1)},

where 75, 1 W) (Xm) \ X = Wiy (Xin) by the form 7, (f(t1,...,tm)) = ti,. Maps m;,
are defined for j =1,...,n

3. ALL COMPLETELY REGULAR ELEMENTS IN Relhyp((m), (n))

In this section, we determine the set of all completely regular elements of the monoid
of all relational hypersubstitutions for algebraic systems of type ((m), (n)). We recall first
the definitions of regular and completely regular.

Definition 3.1. [14] An element a of a semigroup S is called regular if there exists x € S
such that aza = a.

Definition 3.2. [14] An element a of a semigroup S is called completely regular if there
exists ¢ € S such that aza = a and za = azx.

Clearly, every completely regular element of S is always a regular element of S, but
any regular element of S does not need to be a completely regular element of S. It follows
that the set of all completely regular elements of S is a subset of the set of all regular
elements of S. Let oy p € Relhyp((m), (n)), we denote

Rx = {owr | t = x; and F = ~(s1,..., $p) with var(F) = {xp,,...,zs,} such that
Jj — most(sy, ) = xp, for all k =1,...,] and for some distinct ¥'y,...,0"; € {1,...,n} where
jed{l,...,m}},
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Ry :={op |t = f(t1,....tm) and F = (51, ..., 8,) with var(t) = {za,, ..., Za, } and
var(F) = {xp,, ..., Ty, } such that to, = 2,4, and sy, =y, forall i = 1,....k,j = 1,...,1,
and for some distinct a’y, ...,a'x € {1,...,m} and some distinct b'y,...,4"; € {1,...,n}}.

In [7], Daengsaen and Leeratanavalee showed that Rx U R is the set of all regular
elements of Relhyp((m), (n)). Next, we will define some subsets of Rx U Ry and prove
that it is the set of all completely regular elements of Relhyp((m),(n)). Let o, p €
Relhyp((m), (n)), we denote

CR(Rx) :=A{owr |t ==z; and F = 7(s1, ..., $) with var(F) = {zp,, ..., zp, } such that
i —most(sy;) = zgp,) for all j = 1,...,1 where ¢ is a bijective map on {by, ..., b} },

CR(Rr) :={owr |t = f(t1,....tm) and F = y(s1, ..., 8p) with var(t) = {za,, ..., Ta, }
and var(F) = {xp,, ..., zp, } such that t,, = Tr(q,) and sp;, = z4p,) foralli =1,....k,j =
1,...,1, where 7 is a bijective map on {aq,...,ar} and ¢ is a bijective map on {b, ..., b} },

CR(Relhyp((m), (n))) := CR(Rx)UCR(RT).

Clearly, CR(Rx) C Rx and CR(Rr) C Rr.

Lemma 3.3. Let oy p € Ry with var(t) = {4y, ..., Ta, } and var(F) = {zp,,...,Tp, }
Then there exists oy g € Relhyp((m), (n)) and op o 0y m on 0 p = o p if and only if
u = f(ur,...,um) and H = y(h,...; hp) with ue, = xa; and hy, = Ty, forali=1,..k
and 7 =1,...,1.
Proof. Let oy p € Ry with t = f(t1,....,tm) and F = 5(s1,...,8,) where var(t) =
{Zays s Tay } and var(F) = {xp,, ..., xp, }. There exist some distinct integers a'y, ..., a' €
{1,...,m} and some distinct integers b'y,...,0"; € {1,...,n} such that t,, = z,, and
sy, = xp, foralli =1,...,k, j = 1,...,l. Suppose that there exists 0., z € Relhyp((m), (n))
such that oy g oy 0y g on 0t = 0t . Then
010w nlt]] = (orF on oun on o1 p)(f) = 00.r(f) =1,

01,7 [0u,n[F]] = (01,F op 0u,m on o1, F)(7) = 01,1 (7) = F.
If wu =2z, € X,, for some p € {1,...,m}, then

t =0y p|0uut] = 0t r[p — most(t)] = p — most(t) € Xp,.
This is a contradiction with ¢t € W) (Xm) \ Xpm. Let u = f(ug,...,un,) and H =
v(h1, ..., hy). Since var(t) = {xa,,...,%a, } and by Lemma 2.11(ii), we have 7, g[t] =
flwi, oo, wy) with w,, = x4, for all i = 1,..., k. Consider

f(wh ...7wm) = Guﬂ[t} = S:,’f(f(ul, ...,um)ﬁu,H[tl], ...ﬁu,H[tm]),
then zq, = wa, = SN (Ua;, Ou,m[t1], ., Ou m[tm]) for all ¢ = 1,..., k. If there exists i €

{1,...,k} such that ua, € W) (Xm) \ X, then x4, = S (Ua,, Ou,m[t1], s Ou,m[tm]) €
Wim)(Xm) \ Xon. This is a contradiction. So u,, € X, for all i € {1,...,k}. Since
tar; = Tq, for alli € {1,...,k}, we have 0, g [ta;] = x4, for alli € {1,...,k}. It follows that
we can choose uq, = x4 for all i =1,..., k. For case hy; = Ty, for all j =1, ...,1, the proof
is similar. Conversely, it is obvious. ]

Proposition 3.4. For any o.p € CR(Rx), owr is a completely regular element in
Relhyp((m), (n)).

Proof. Let oy € CR(Rx). Then t = x; € X5, and F = (81, ..., 50) € 7F((m),(n))(Xn)
with var(F) = {zy,,...,wp,} such that i — most(sy;) = vy, for all j = 1,...,1 where
¢ is a bijective map on {bs,...,b;}. Let o, n € Relhyp((m),(n)) with v = z; and H =
Y¥(hi, ..., hy) such that var(H) = var(F) and h, = (¢~ 0 ¢71)(sp) for all p = 1,...,m.
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We will show that o oy oy,m o) 0t,F = 0rr and oy F o) Ou,H = Ou,H On Ot,F. FOr
each bj € {by,....,b} C {1,...,m}, we have i — most(hy,) =i — most((¢~ 0 ¢~1)(sp,)) =
$¢71(¢71(¢(b].))) = a:¢71(bj). FiI‘St7 we show that Ot,F Oh Oy, H Oh Ot,F = Ot F- Consider

(o1, on 0w m o oLr)(Y) = 0uFl0z v[F]]
= Oy, F[0z, m[Y(51,-,0)]]
= Og.r[Ry(Y(h1, .y hp), 0o, m[S1], s Oy 1 [S0])]
= 0, 7[Ry (Y(h1, ey ), T — most(s1), ..., 5 — most(sy))]

N )

(since var(H) = var(F') and i — most(sy;) = Ty(s,))
R(F, oy p[6()] s, 0]

Ry (F,i—most(p(hi1)), ..., — most(¢(hn)))

F

(since i — most(¢p(hy;)) = Typ-1(b;)) = Tb;)

= Ut7F('7)~

Clearly, (Ut,F Oh Ou,H Oh Ut,F)(f) =x; = Ut,F(f)- So 04 F on Oy, ©On Ot p = 0y 5. Next,
we show that oy p oy 0y, i = 04,1 Op 0+, . Consider

(ot,r on ou,m)(Y) = Ry(v(s1, ...y 8n), % — most(hi), ..., i — most(hy,)) = y(wi, ..., wy),
where w, = S(sp,i — most(h1),...,i — most(hy,)) for all p=1,...,n and
(0w, on or,p)(7) = Ry(v(ha, ..., by ), 8 — most(s1), ..., 7 — most(sy)) = y(v1, ..., Un),
where v, = SJ'(hy, i — most(s1), ...,i — most(s,)) for all p =1, ..., n.
Since i —most(hy,) = 4133, for all zy,, € var(s,) C var(F) and by Lemma 2.5, we have
wy = S(8p,i — most(hy), ...,i —most(hy)) = ¢~1(s,) for all p=1,...,n. Then
vp = S (hp,i—most(s1),...,t — most(sy))
= St o (sp)),i — most(s1), ..., i — most(sy))
= d(¢7 (&7 (sp)))
(since i — most(sy;) = x4(,) and by Lemma 2.5)
¢71(5p)
= wp
for all p = 1,2,...,n. It implies that (o F op, 0y 1) () = (w1, ..., wp) = Y(V1, ..., V) =
(0w, on 01,7) (7). Clearly, (ov,F on 0w, 1) (f) = i = (0w, on 0t r)(f). S0 01 F Oh Oy i =

Ou,H Oh 01 p. Therefore o, p is a completely regular element in Relhyp((m), (n)). m

Proposition 3.5. For any oy, € CR(Rr), our is a completely regular element in
Relhyp((m), (n)).

Proof. Let oy p € CR(Ry). Then t = f(t1,....,tm) and F = y(s1, ..., sp) with var(t) =
{Tay, s Tay, } and var(F) = {xp,, ..., 2y, } such that to, = r(,,) and sy, = w4, for all
i=1,..,k,j=1,..,1 where 7 is a bijective map on {a1, ..., a; } and ¢ is a bijective map on
{b1,...,by}. Pick o, g € Relhyp((m), (n)) where u = f(uq, ..., Up,) and H = y(hq, ..., hy,)
with var(u) = var(t) and var(H) = var(F) such that ur(q,) = Ta,, ..., Ur(a,) = Ta, and

Ry = Ty ho@w) = Ty, For any i € {1,...,m} \ {a1,...,ar} and j € {1,...,n} \
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{b1,...., b}, we choose u; = ("' o) (¢;) and h; = (¢! 0 ¢~ ')(s;). By Lemma 3.3, we
have o oy 0y, O 0t = 0, r. Next, we will show that o p o 0y 5 = 0y 1 Oh Tt F.
Consider

(O't,F Op Uu,H)(f) = S:,?(f(th ...,tm),/O'\t’F[’U,l], ...,Et)p[um]) = f(wl, ceey wm)
where wy, = Sy (tp, 01, p[U1], ..., ¢, Flum]) for all p=1,...,m,
(ot,r on oum)(Y) = Ry(v(s1, .5 8n), 0t [P1]s ., Or p[Rn]) = Y(v1, ...y vp)
where vy, = S/ (sq, 0t p[P1], ..., O r[hy]) forall g=1,...,n,
(U%H On O-tvF)(f) = S;qnl(f(ulv "'7um)7au,H[t1]7 78u,H[tm]) = f({‘jla cey wm)
where wy, = S\ (up, Oy, m[t1], -, Ou,m[tm]) for all p=1,...,m,
(oumonorr)(v) = Ry (y(hi, s hn), Ou m[51], s Gl [80]) = Y(01, -0, On)
where vy = S (hg, Ou,m[S1], ..., Ou mlsn]) forall g=1,...,n.

Case 1 : i € {a1,...,ax} and j € {b1,...,bi}. Since ur(q,) = Z4,, we have u,, =
Un(r=1(a;)) = Lr—1(a;)- OINCE Lo, = Tr(q,), We have tr—1(q,) = Tr(x-1(a;)) = Ta,- Then
ﬂjai = Sﬁ(ua“a\u,H[tlL~-~7&u7H[tm])

= Srrs(xﬂ—l(ai%au,H[tl}’"'vauyH[tm])

Ou,H[tr—1(ay)]

= g,

i

So

Wq, = S;'j(tai,&tf[ul], ...,/O'\t,p[’u,m})
= S’:T"Ll(mﬂ(aj)7 at,F[ul]a ) at,F[um])
= 8t,F[uTr(ai)]
= l‘ai
= g,
for all i = 1,..., k. Similarly, vy, = vy, for all j =1,...,1.
Case2: 4 € {1,...,m}\{a,...,ar} and j € {1,...,n}\{by,...,bi}. Since uq, = Tr-1(a,), -
Uq, = Tr—1(qy), We Obtain oy plug,| = Tr-1(4,) for all z,, € var(t;) C var(u). By Lemma
2.5, we have w; = S (t;,6¢ plu1], ..., 0t plum]) = 77 1(¢;) for all i € {1,...,m} \ {1, ..., k}.
Then

w; = Sy (wi,Ou,m[ti], ., Ou,m[tm])
= Spi(r N m N (8)), O [ta], oo Gu b [tm)
(since Gy, i [ta,] = Tr(a, for all z,, € var(r~(71(t;))) and by Lemma 2.5)
= w(n Hr (1))
= 7 ()
w;
for all ¢ € {1,...,m} \ {a1,...,ax}. Similarly, v; = v; for all j € {1,...,n}\ {b1,...,b:}.
It follows that f(wi,...,wm) = f(W1, ..., W), Y(V1, 0y V) = ¥(V1, ..., Up) and s0 oy p 0
Ou,H = Ou,H op 01, F. Therefore oy p is a completely regular element in Relhyp((m), (n)).
n
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Lemma 3.6. If oy € Rx \ CR(Rx), then oy 5 7 0u 1 O af’F for all

ou,u € Relhyp((m), (n)).

Proof. Let o, p € Rx \ CR(Rx) with t = z; € X,,, and F = ~(s1,...,5,) such that
var(F) = {xp,, ..., xp, }. Then there exists xp, € var(F') such that i —most(s,) # x, for
all p = by,...,b;. Since oy p € Rx, there exist j € {1,...,n} and some distinct integers
b'1,..,0 € {1,...,n} such that j — most(sy,) = xp, for all r = 1,...,1. Let o,y €
Relhyp((m), (n)). We show that oy p # 0y 1 op af’F. Assume that oy p = 0y g op 07 .
First, consider l

(U?,F)('y) =0y, 7|F] = Ry (Y(s1, ..., 8n), & — Most(s1), ...,5 — most(sy,)) = ¥(v1, ..., Un)
where v, = SJ(sp,7 — most(s1), ...,i — most(sy,)) for all p=1,...,n. Next, consider

V(815 .0y $n) = orr(7)
= (oumon0ip)(y)
= Gualoi ()]
= Oum[y(V1,...,0n)]
= Ry(Y(hi,...,hn), 0u m[v1], ..., 0umrlvn]) where H = v(hy, ..., hy)
= Y(Sh(h1,0umv1], s Ou m[VR])s ooy Spr (o, O i [V1], oy Ou i [VR)]))-
So sp = Si(hp, Oy m[V1], ..., 0w mvs]) for all p = 1,...,n. Without loss of generality, let
j —most(hy ) = x4 and j — most(u) = x5 for some x, € var(H) and x4 € var(u). Then
Ty, = J—most(sy)
= Sp(J —most(hy ), j — most(Gu,m[v1]), ..., J — most(Tu,1[vn]))
= Si(za,j— most(Cy mv1]), ..., J — most(Gy, mlvn]))
= j—most(Gy mlval)
= [ —most(vy)
(since j — most(u) = xz and by Lemma 2.10)
= S}(B —most(sqa),i —most(s1),...,i — most(sy,)).
Since i —most(sp) # xp,, for all p = by, ..., by, we obtain that f—most(sa) & {xp,, ..., Tp, } =

var(F). This is a contradiction with 5 — most(sqa) € var(f(si, ..., Sm)) = var(F).
Therefore o p # 04,1 ©h O’?’F for all o, i € Relhyp((m), (n)). n

Lemma 3.7. If oy p € Rr \ CR(Rr), then oy p # 0y i on af,F for all
ou,u € Relhyp((m), (n)).

Proof. Let oy € Ry \ CR(Rr) with t = f(t1,...,tm) and F' = 7y(s1,...,s,) such that
var(t) = {Tay; .., Ta, } and var(F) = {zp,,...,zp,}. Since oy p € Ry, there exist some
distinct integers a1, ...,a'y, € {1,...,m} and ¥y, ...,b'; € {1,...,n} such that t,/, = z,, and
sp; = mp, forall i = 1,..,k,j = 1,...,1. Let oy m € Relhyp((m),(n)). We will show
that oy p # oy, i op O'tQ’F. Assume that oy p = 0y m on af’F. If u=2z, € X,,, then
t =07 (f) = (Oum on 07 p)(f) = Guu mlof p(f)] = a —most(o] p(f)) € Xpm. This is a
contradiction with ¢t € Wy (Xm) \ Xom. Let u = f(ur, ..., um) € Wiy (Xm) \ Xy Since
or,r € Rr \ CR(Rr), we can consider into two cases.

(1) There exists z,, € var(t) such that t, # z,, for all p = aq, ..., ax.

(2) There exists a3, € var(F) such that s, # x,; for all p = by,..., b.
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Case 1 : There exists z,, € var(t) such that ¢, # z,, for all p = as,...,a,. Consider
(@2 p)(f) = (ot on or,p)(f) = Sp(f(tr, s tm), G, p[t1], o G p[tm]) = fwr, ., wm)
where wy, = S} (tp, 0¢ p[t1], ..., 0, p[tm]) for all p=1,...,m. Then
[, ntm) = our(f)
= (Gu,H Oh U?,F)(f)

= Gunuloir(f)] = Guulf(wi, .., wn)]

= S (f(u1, .y Um), Ou,m[W1], oory O, i [Wi])

= f(Sm(u1,Cu,mwi], ..., Cu b [Wm]), .., S (Um, O, H[W1], ..., Ou, B [Wm]))-
So tp = Si (up, Ou, i [w1], -y T [win]) for all p=1,..om. I ug = fuar s ta; ) €
W(m) (Xm) \er7 then Tq, = ta{i = Sﬁ(ua;,&\u,H[wl], ...,ET\%H[UJ',,L]) =
S (f(uar s stz ) Gum[wi], ooy O i [Win]) € Wiy (Xim) \ Xim, which is impossible. Let
uq; = x5 € Xy Then xq, =ty = S5 (Uar, 0w, m[W1], s Ou, i [Wim]) = Gy i [wp]. Since u €

W(m) (Xom) \ Xon, it follows that wg = Tq;. Then z,, = wg = Sﬂ}(tﬁ, &t,F[tl], ey 8t,F[tm])-
Iftg € W(m) (Xm)\ Xm, then z,, = S:nn(tg, at,p[tl], ey at,F[tm]) € W(m) (Xon)\ X, which
is impossible. So tg € X,,,. Since t, # x,, for all p = aq, ..., a, we have &, p[ty] # x4, for
all p=aq,...,ai. It follows that ¢g ¢ {za,, ..., Ta, } = var(t). This is a contradiction with
tg € var(t). Therefore oy p # oy m op atzj for all o, g € Relhyp((m), (n)).

Case 2 : The proof is similar to Case 1. [
Theorem 3.8. [11] An element a of a semigroup S is completely reqular if and only if
a € a’Sa’.

Theorem 3.9. CR(Relhyp((m),(n))) is the set of all completely regular elements in
Relhyp((m), (n).

Proof. Since CR(Relhyp((m), (n))) = CR(Rx)U CR(Rr), every element in

CR(Relhyp((m), (n))) is completely regular. Let o; p be a regular element and oy p ¢
CR(Relhyp((m), (n))). Then oy r € Rx \ CR(Rx) or oy, € Ry \ CR(Rr). By Lemma
3.6 and Lemma 3.7, we obtain that oy g # oy g on af,F for all o, g € Relhyp((m), (n)).
It follows that o, p # Ut2,F Oh Oy,G Oh O’?yF, where 0, g = otQ’F oy, Oy, for all

o € Relhyp((m),(n)). By Theorem 3.8, oy p is not a completely regular element in
Relhyp((m), (n)). Therefore CR(Relhyp((m),(n))) is the set of all completely regular
elements in Relhyp((m), (n)). m

4. ALL RIGHT(LEFT) REGULAR ELEMENTS IN Relhyp((m), (n))

In this section, we characterize the set of all right(left) regular elements in
Relhyp((m), (n)). First, we recall the definition of a right(left) regular element of semi-
groups.

Definition 4.1. An element x of a semigroup S is called right(left) reqular if there exists
y € S such that zay = z (yzx = x).

Clearly, in semigroup, every completely regular element is both a right regular and left
regular element. Indeed, if x is a completely regular element in a semigroup S, then there
exists y € S such that zyx = = and zy = yx. Hence x = xyxr = xay and © = xyz = yzz.

Next, we characterize the set of all right regular elements in Relhyp((m), (n)) as the
following lemmas.
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Lemma 4.2. Lett = 2; € Xy, and F = y(s1,...,5,) € TF((1),(n))(Xn) with var(F) =
{Zbys -y v, }. Then oy is right reqular if and only if o p € CR(Rx).

Proof. Let o, be right regular. There exists o, g € Relhyp((m), (n)) such that o, p =
O¢,F Op Ot F O Oy, ir Where u € Wiy (X)) and H = y(hy, ..., hy) € 7F (1), (n)) (Xn). First,

we consider

(0t,F on o)) = Ooprlouwnm(7)]
— G rlH)
R} (F,i —most(hy),...,i — most(hy))

Y(wiy ey wy)

where w, = S} (sp, i — most(h1), ..., —most(hy)) for all p=1,...,n. Then

F = our(7)
= (0t,F on 0t,F oh 0u,m) (V)
= at,F[(Ut,F Oh Uu,H)(’Y)]
= Oy, r[y(wi,..., wp)]
R} (F,i — most(wy), ...,i — most(wy)).

Since var(F) = {xp,, ..., 2y, }, it follows that xy, =i — most(wy,) for all j = 1,...,1. Then
xp; =i — most(wy;) = S} (i — most(sy,),i —most(h1),...,i —most(h,)). Without loss of
generality, we may assume that i — most(sbj) =y, € var(F) for some 0} € {b1,...,bi}.
Then xp, = i—most(hy ) forall j =1, ..., ] and we obtain a subset {0}, ..., b;} of {b1, ..., bi}.
Next, we show that all elements of a subset {b], ..., ]} are distinct. Assume that there exist
some integers j, k € {1,...,1} and j # k such that b’ = bj. Then z;, =i — most(hb;) =
i — most(hy ) = xp,. This is a contradiction with xy, # xp, € var(F). It implies that
{b1,....,b} = {b},...,0;}. Define a bijective map ¢ : {b1,...,0;} — {b},...,b;} such that
o(b;) = b;- for all j = 1,...,I. Then i — most(sy;) = Ty, = To,) for all j = 1,...,1.
Therefore oy p € CR(Rx). Conversely, let o, p € CR(Rx). Then o, p is completely
regular. It follows that oy r is right regular. ]

Lemma 4.3. Lett = f(tl, ey tm) S W(m) (Xm)\Xm and F:'y(sl, ey Sn) S T’F((m),(n))(Xn)
with var(t) = {xa,, ..., Ta,, } and var(F) = {xp,,...,xp, }. Then o p is right reqular if and
only if or.r € CR(Ry).

Proof. Let o, p be right regular. There exists o, g € Relhyp((m), (n)) such that o, p =
Ot,FF Oh O, F Op Oy, H where u € W(m)(Xm) and H = ’y(hl, ,hn) € TF((m)7(n))(Xn). If
u € X, then t = oy p(f) = (o, F on 0t F o 0w, 1) (f) = v € X, which is impossible. Let
w= f(ut,....;um) € W) (Xm) \ Xom. Then

(01,7 on 0w, m)(f) = Gr,rlul = S5 (00 plu], s 00 plum]) = fwi, .. wm)
where w, = S (t,, 0y, F[U1] Ot Flum]) for all p=1,. (1)
and (o1, on ow,m)(Y) = 0t.r H] = Ry(F, o1 p[h), - -aUt,F[h D) =091, 9n)
where g, = S/ (sq, 0t plh1], ..., 0, r[hy]) for all g =1, ..., n. (2)
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First, we consider (1). Then

t = Ut,F(f)

= (onronouronoum)(f)

= Gyr[f(wi, .., wn)

= Su(t,onr[wi], ..., 0rp[wn]).
Since var(t) = {Zay, .., Ta, }, it follows that x,, = 04 p[w,,] for all ¢ = 1,...,k. Since
t € Win)(Xm) \ X, it implies that w,, = x4, for all i = 1,..., k. Hence x,, = wa, =
S;’{(tai,&t,p[ul], ...,8t,F[um]). If te, € W(m)(Xm) \ X, then
Ta, = S (ta;, Ot F[ur]s o, O Fltm]) € Wiy (Xom) \ Xi, which is impossible. So t,, = 74/
for some a; € {a1,...,ar}. Then z,, = S (ta,, v Flui], .., Ot Fum]) = Gr Fua].
It implies that u,; = x4, for all i = 1,..., k. By using this process, we obtain all distinct
integers ai,...,a;, € {a1,...,ax}, ie., {af,...,a},} = {ai1,...,ar}. Define a bijective map
m:{ay,..,ar} — {ay,..,a;} by m(a;) = a; for all i = 1,...k. So ta, = Ta; = Tp(a,) for
all i = 1,..., k. Similarly, if we consider (2) then we can show that there exists a bijective
map ¢ on {by, ..., b} such that s, = x4, for all j = 1,...,1. Therefore oy p € CR(R7).
Conversely, let o, p € CR(Rr). Then o4 p is completely regular. It follows that o, g is
right regular. [

Finally, we determine the set of all left regular elements in Relhyp((m), (n)) as follows.

Lemma 4.4. Lett = x; € Xy, and F = ¥(s1,...,5,) € 7F((m),(n))(Xn) with var(F) =
{zby, ...y xp, }. Then oy p is left reqular if and only if oy p € CR(Rx).

Proof. Let oy r be left regular. There exists o, g € Relhyp((m), (n)) such that oy p =
Ou,HOWOt, FOoR0t, F Where u € Wiy (X)) and H = y(hy, ..., hn) € T7F((m),(n))(Xn). Assume
that oy r ¢ CR(Rx). Then there exists x;, € var(F) such that i — most(sy,) # xp, for
all k =1,...,1. Consider

(o1,F on ou,7)(Y) = 0, p[02, F (V)] = Ouy r[F] = RN (F, i — most(s1), ..., 1 — most(sy,)).
Then every variable 3, in a relational term F is replaced by i — most(s, ). But xp, #

i —most(sy,) for all k =1,...,1, so xp, ¢ var((co,r on o¢,r)(7)). Since

var((ou,i on 0t 7 oh 04,7) (7)) = var (0w, on (01,7 on 01,7)) (7)) € var((ow,r on oe,7) (7)),
it follows that xy, ¢ var((ou,u on 0¢,F on 04, r)(7)). This contradicts with xy,, € var(F) =
var(oy,p(7v)) = var((ou m on 0t,F on 01,7)(7y)). Therefore oy p € CR(Rx). Conversely, let
o7 € CR(Rx). Then oy r is completely regular. It follows that o, p is left regular. =

Lemma 4.5. Lett = f(tl, ,tm) € W(m)(Xm)\Xm and F = 7(51, ...,Sn) S TF((m)’(n))(Xn)
with var(t) = {xay, ..., Ta, p and var(F) = {zp,,...,xp, }. Then oy is left regular if and
only if or.r € CR(Ry).

Proof. Let oy p be left regular. There exists o, g € Relhyp((m), (n)) such that oy p =
Ou,H Oh Ot,F Op Ot F where u € W(m)(Xm) and H = ’y(hl,...,hn) S T‘F((m),(n))(Xn).
Consider
(or.ronoer)(f) = Grrlogr(f)]
- 8t’F[t]
- Srnr;L(t’ 8t,F[tl]a cey 8t,F[tm])

flwy,..,wp)
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where w; = S (t;,0¢,p[t1], ..., 0, p[tn]) for all i = 1,...,m and
(or,pononr)(y) = Ourlonr(v)]
= o.r[F]
= Ry (F,0uF[s1]s-,01F[Sn])
= (21, 2n)
where z; = S(s;, 0, p[51), ..., 0¢,p[sn]) for all ¢ = 1,...,n. We want to show that o, p €

CR(Rr). Assume that o, p ¢ CR(Ry). We can consider into 4 cases.

(1) tay, .- ta, € var(t) such that ¢, = ¢, for some p,q € {a1,...,ax} and p # q.

(2) There exists p € {a1,...,ar} such that t, € W) (Xm) \ X

(3) Sbys .., Sp, € var(F) such that s, = s, for some p,q € {b1,...,b;} and p # q.

(4) There exists p € {by,..., b} such that s, € Wy (Xon) \ X
Case (1) : t4y,...,tq, € var(t) such that t, = ¢, for some p,q € {a1,...,a;} and p #
q. Then there exist at least one element of var(t) which is not an element of the set
{tays > tay }, 88y Tq,. S0 zq, ¢ var(oy p(t;]) for all j = aq, ..., ax. Since (o, pororr)(f) =
Sy(t, o1, r(t1], ..., 0t p[tm]), we have to replace every variable x; of a term ¢ by 7, p[t;].
But z,, ¢ var(crplt;]) for all j = ai,...,ax, so zq, ¢ var((owr on or,r)(f)). Since
var((ou,u on 07 p)(f)) S var(of p(f)), it follows that x4, ¢ var((owm on o7 p)(f)) =
var(oy,p(f)) = var(t). This is a contradiction with z,, € var(t).
Case (2) : There exists p € {a1,...,ar} such that t, € W) (Xp) \ X
Give A:={p | p € {a1,...,ar} such that t, € W) (Xom) \ Xon}. Then A # 0. If A = I(t)
then t, € W) (Xm) \ X, for all p = ay, ..., ax. It implies that &; p[t,] € W) (Xm) \ X

for all p = aq,...,ax. Since w; = ST (t;, 01 p[t1], ..., 0t p[tn]) for all i = 1,...,m, we have
to replace every variable z,, of a term t; by oy, F[taj]. Thus the structure of a subterm
w; = S (ti, 01, p[t1], .., 0 p[tn]) is longer than a subterm ¢; for all ¢ = 1,...,m. Hence,

for each j = 1,..., k, if we pick the smallest sequence (c) of seq!(zq,) = seq”*(z,,),
then we always obtain the smallest sequence (¢’) of seqf (W1 wm) (g, ) = seq(”tZ»F)(f)(azaj)

such that |¢/| > |¢|. It implies that the smallest sequence of seq("”ﬂoh"ff)(f)(xaj) is
longer than the smallest sequence of seq"(z,,). Since (0u, i on 07 p)(f) = or.r(f) =t, the

smallest sequence of seq(”“vHoh”f?wF)(f)(xaj) and the smallest sequence of seq’(z,,) are the
same, which is a contradiction. So A C I(t). Next, consider I(t) \ A # (). There are 2
subcases.

Case (2.1) : There exists p € I(t) \ A such that ¢, = z; but ¢« € A. That is ¢; €

W) (Xm) \ Xon. Then 84 plts] € Wiy (Xm) \ Xon. Give 1(t) = {p € I(t) | t, #

ty forall g =1,...,m}. Then I(¢t) \ A C I(t) \ A. Consider (o op o) (f) =

Si(t, o p[t1], ..y O ptm]) = flwi,...;wn). Then w, = S (tp, 01 p[t1], ..., 0 F[tm]) =
Smi(xi, 00, plt1], oo, 0 p[tm]) = 0 p[ti] € Wiy (Xim) \ X

Give B = {p | p € {a1, ..., ax} such that w, € var(t) and w, # wy for all ¢ = 1, ...,m}.
Since var(f(wy, ..., wn)) = var((oy.r on ov.r)(f)) C var(t), |B| < [I(t)\ A — 1 (delete
t, = x; such that w, € W) (Xp) \ Xin). Since t = oy p(f) = (0u,n on O'tQ’F)(f) =

O, m[f(w1, ..., wn)], we have var(t) C var(f(wi,...,wy)). It follows that |[I(t) \ A] <
|B| < |I(t)\ A| — 1. This is a contradiction.

Case (2.2) : tp, = () for all p € I(t) \ A, where 7 is a mapping on I(t) \ A. Then
for each i € A, we have x; ¢ {t, | p € I(t)\ A} and t; € W) (Xpn) \ Xin. There are 2

subcases.
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Case (2.2.1) : =; ¢ var(t,) for all ¢ € A. The proof is similar to Case (1), we have
z; ¢ var((ou,m on op p)(f)) = var(o p(f)) = var(t). This is a contradiction.

Case (2.2.2) : x; € var(ty) for some ¢ € A. The proof is similar to case A = I(¢) and
we also get a contradiction. The proof of Case (3) and Case (4) are similar to Case (1)
and Case (2), respectively. Therefore oy p € CR(Ry).

Conversely, let o, p € CR(Ryp). Then o, p is completely regular. It follows that oy
is left regular. [

By all previous lemmas, we can conclude that the set of all completely regular elements
and the set of all right(left) regular elements in Relhyp((m), (n)) are the same.

Theorem 4.6. CR(Relhyp((m),(n))) is the set of all right(left) reqular elements in
Relhyp((m), (n)).

ACKNOWLEDGEMENTS

We would like to thank the referees for their comments and suggestions on the man-
uscript. This research was supported by Chiang Mai University, Chiang Mai 50200,
Thailand.

REFERENCES

[1] S. Burris, H.P. Sankappanavar, A Course in Universal Algebras, Springer-Verlag,
New York, 1981.

[2] A.Boonmee, S. Leeratanavalee, All completely regular elements in Hypg(n), Discuss.
Math. Gen. Algebra Appl. 33 (2013) 211-219.

[3] A. Boonmee, S. Leeratanavalee, Factorisable monoid of generalized hypersubstitu-
tions of type 7 = (n), Acta Math. Univ. Comenianae. 85 (1) (2016) 1-7.

[4] T. Changphas, K. Denecke, All idempotent hypersubstitutions of type (2,2), Semi-
group Forum 76 (3) (2008) 525-539.

[5] T. Changphas, K. Denecke, The order of hypersubstitution of type (2,2), Acta Math.
Sinica. 23 (4) (2007) 659-670.

[6] J. Daengsaen, S. Leeratanavalee, Greens relations on regular elements of semigroup
of relational hypersubstitutions for algebraic systems of type ((m), (n)), Tamkang J.
Math. 53 (2) (2022) 127-146.

[7] J. Daengsaen, S. Leeratanavalee, Regularity of relational hypersubstitutions for al-
gebraic systems, JP J. Algebra, Number Theory Appl. 44 (2) (2019) 229-250.

[8] K. Denecke, J. Koppitz, Finite monoids of hypersubstitutions of type (2), Semigroup
Forum 52 (2) (1998) 265-275.

[9] K. Denecke, D. Lau, R. Poschel, D. Schweigert, Hyperidentities, hyperequatinal
classes and clone congruences, Contributions to General Algebra 7, Verlag Holder-
Pichler-Tempsky, Wien (1991), 97-118.

[10] K. Denecke, D. Phusanga, Hyperformulas and solid algebraic systems, Stud. Logica.
90 (2) (2008) 263-286.

[11] D. Phusanga, Derived Algebraic Systems, Ph.D. Thesis, Universitat Potsdam, Ger-
many, 2013.



Characterization of Some Regular Relational Hypersubstitutions ... 349

[12] D. Phusanga, N. Lekkoksung, The order of linear relational hypersubstitutions for
algebraic systems, Special Issue on the 14th IMT-GT ICMSA 2018, Thai J. Math.
(2020) 83-91.

[13] A.I. Mal’cev, Algebraic Systems, Akademie-Verlag, Berlin, 1973.

[14] M. Petrich, N.R. Reilly, Completely Regular Semigroups, John Wiley and Sons, Inc.,
New York, 1999.

[15] D. Phusanga, Some varieties of algebraic systems of type ((n), (m)), Asian-Eur. J.
Math. 12 (1) (2019) 1950005.

[16] D. Phusanga, J. Koppitz, The monoid of hypersubstitutions for algebraic systems,
Announcements of Union of Scientists Silven 33 (1) (2018) 119-126.

[17] Sh. L. Wismath, The monoid of hypersubstitutions of type (n), SEA bull. math. 24
(2000) 115-128.

[18] W. Wongpinit, S. Leeratanavalee, All maximal idempotent submonoids of Hypg(n),
Surv. Math. Appl. 10 (2015) 41-48.



	Introduction
	Monoid of All Relational Hypersubstitutions for Algebraic Systems
	All Completely Regular Elements in Relhyp((m),(n))
	All Right(Left) Regular Elements in Relhyp((m),(n))

