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1. INTRODUCTION AND PRELIMINARIES

Fixed point theory constitutes an important part of the subject of nonlinear functional
analysis and it is useful for proving the existence theorems for nonlinear differential and
integral equations. The Banach contraction principle is the simplest and one of the
most versatile elementary results in fixed point theory, which is a very popular tool for
solving existence problems in many branches of mathematical analysis. Several authors
have extended Banach’s fixed point theorem in various ways. The family of contraction
mappings was introduced and studied by Ciri¢ [5] and Taskovié¢ [13]. Also in the process,
the study of existence of common fixed point for finite and infinite families of self-mappings
has been carried out by many authors. For example, one may refer [1—4, 6, 8, 10-12, 14,

.
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The aim of this paper is to define some new conditions of common contractivity for an
infinite family of mappings and give some new results on the existence and uniqueness of
common fixed points in the setting of complete metric space. The following definitions
and results will be needed in the sequel.

Definition 1.1. Let X be a nonempty set and {7,,} a family of self-mappings on X. A
point zg € X is called a common fixed point for this family if and only if T;,(zg) = =z,
for each n € N.

The following interesting theorem was given by Ciri¢ [5] for a family of generalized
contractions.

Theorem 1.2. Let (X,d) be a complete metric space and {Th}acs a family of self-
mappings of X. If there exists fized 8 € J such that for each o € J :

1

e Ton) + dly, o)}
for some A = A(«) € (0,1) and all z, y € X, then all T, ’s have a unique common fized
point, which is a unique fized point of each Ty, o € J.

d(Toz, Tsy) < Amax {d<x7y>,d<x,Tax>,d(y,:rﬁm

Definition 1.3. Let {T,} be a sequence of mappings and g a self-mapping on X. If
y = gz = T,z for all n € N and for some x € X, then z is called a coincidence point of
{T},} and g, where y is called a point of coincidence of {T},} and g.

Definition 1.4. [7] Let f and g be two self-mappings defined on a set X. Then f and g
are said to be weakly compatible if they commute at every coincidence point.

Definition 1.5. [9] Let S denote the class of those functions 8 : Ry — [0, 1) which satisfy
the condition 3(t,) — 1 implies ¢,, — 0.

The following generalization of Banach contraction principle is due to Geraghty [9].

Theorem 1.6. Let (X,d) be a complete metric space and T : X — X. Suppose there
exists B € S such that for each x,y € X,

d(Tz, Ty) < pd(z,y)) d(z,y).
Then T has a unique fized point z € X, and {T"(x)} converges to z, for each x € X.

In Section 2, we prove a version of Theorem 1.6, for infinite families of self mappings
of a complete metric space. In Section 3, existence of a unique common solution for the
functional integral equation (3.1) is obtained under suitable conditions.

2. CoMMON FI1XED PoOINT THEOREMS

In this section, we prove existence of a unique common fixed point for a family of
contractive type self maps on a complete metric space.

Theorem 2.1. Let (X,d) be a complete metric space and {T,} a sequence of self-
mappings on X. Suppose that there exists 5 € S such that

d(Tiz, Tyy) < f(Mi (2, y)) max{d(z, y), d(z, Tiz), d(y, T;y)}, (2.1)

where

M, (z,y) = max {d@:,y), d(e, Tix), d(y, Tyy), 4813 + 4y, Ti) } ,

2
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forallz,y e X, 1,7 =1,2,... withx # vy, i # j, then all T,,’s have a unique common fixed
point in X.
Proof. For any zq € X, let &, = Tp,(n-1), n = 1,2, ..., then using (2.1) we obtain
d(xn, Tnt1) = d(Tn(#n-1), Tni1(zn))
< B(Mppt1(Tn—1,n)) max{d(zp—1,2n), d(@n-1, Tnen-1), d(xn, Tny12n)}
= B(Mpnt1(Tn—1,2n)) max{d(zn—1,2n), d(Tn, Tni1)}
Since 8 : [0,00) — [0,1), we have
(s Tnt1) < B(Mpni1(Tn—1,25)) max{d(zy—1,2n), d(Tn, Tpi1)}
< max{d(zn_1,2Zn), d(Tn, Tnit1)}-
This shows that
Ad(Tpy Tpt1) < d(Tp—1,T4),
and so
d(zy, Tny1) < B(Mpnt1(@n-1, Tn))d(@n_1,2n) < d(Tp-1,Tn). (2.2)

It follows that the sequence {d(zn,Z,+1)} is a monotone decreasing sequence of nonneg-
ative real numbers and, consequently, there exists § > 0 such that

nh_r>noo d(xp, Tpy1) = 0. (2.3)
We show that § = 0. Suppose, on the contrary, that § > 0. If z,,_; = x,, for some n € N,

then z,,_1 is a fixed point of T, and the existence part of the proof is finished. Suppose
that x,_1 # z,, for every n € N. Then, from (2.2)

d(Tp, Tny1)
ATy It l) - _ | |
d(x7z—171'n) = B(Mn,nJrl(xnflawn)) ﬁ(d(mn,hxn)) <1 (2 4)
Indeed, since
1 1
§d(xn_1’ xn+1) S §[d($n_1, .Tn) + d(.Z'T“ xn-ﬁ-l)] S max{d(xn—la xn)a d(.’I}n7 xn-‘rl)}a

then,

Mn,n—i—l(zn—h xn)

d n— 7Tn n d naTn n—
= max {d(xn17mn)7d(xn17Tnxn1)7d(xn7Tn+1xn)a (x ! +17 )2+ ((E ZC 1)}

d(xn—la xn+l) + d(xna IL’n) }

= mmax {d(xn—lv Tp), d(Tp—1,%n), d(Tn, Tny1), B
< max{d(n—1,2n), d(Zn, Tni1)} = d(Tn_1,2n).

Taking the limit as n — oo in (2.4), we obtain

1= é = lim M < lim B(d(zp-1,2,)) < 1.

0  n—ood(xp_1,L,) T n—oo
Consequently, n11_>n010 Bld(xp-1,2,)) =1 and, since § € S, § = nh_}rr;o d(xp, py1) = 0. This
contradicts that § > 0. So
lim d(z,,zn+1) =0. (2.5)

n—oo
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Now, we claim that for any positive integers m and n with m > n, we have lim d(xy,, )
n,Mm—00
= 0. Assume, on the contrary that

lim sup d(zn, T.m) > 0. (2.6)

n,m—00
Using the triangle inequality, we obtain
A(Tpy ) < d(Tp, Tnt1) + d(@nt1, Tmt1) + ATmt1, Tm)
< d(xp, Tpt1) + A @ms1, Tm) + ATnt1Zn, T 1Tm,)
< d(zn,Tn+1) + d(@me1, Tm)
+ B(Myt1,m+1(Zn, Trm)) max{d(Tn, Tm), d(@n, Tny1Zn), A(@m, Tnt12m) }
=d(zn, Tni1) + d(@mt1, Tm)
+ B(Myt1,m+1(%n, Trm)) max{d(Tn, Tm), d(Tn, Tnt1), A(Tm, Tmt1)
< d(xnvxn-i-l) + d(xm+17xm) + B(Mn-i-l,m-&-l(xnvxm»d(xnvxm)
+ max{d(Tn, Tn+1), A(Tm, Tmi1)}

< B(Mn+1,m+1(mna T ))d(Zn, Tm) + 3max{d(Tn, Tni1), d(Tm, Tmi1)},

since B € S, then 1 — B(My+1,m+1(@n, Tm)) > 0. Therefore, from the last inequality, it
follows

d(xm 33m) < 3[1 - B(Mn+1,m+1(33na mm))]il max{d(xna xn—&-l)a d(xmv xm—&-l)}-
From the above inequality and (2.5), we have 1i_{n (1 — B(Mpi1ms1(Tn, Tm))] " = 0o or
lim B(Myt1.m+1(@n, Tm)) =1 or lim M1 my1(2n, 2m) = 0. Since
n—oo n—oo
A(Xpy Timy)

§ Mn+1,m+l (l'n; xm)

d 7L7Tm m d m’Tn n
:maX{d(‘rmxm)7d(xannJrl‘Tn)ad(xmmiJrlfL'm)a (CU +1% );_ (:L‘ +17 >}

d(xna merl) + d(xmv anrl) }

= max{d(xn,xm),d(xn,zn+1),d(xm,xm+1), 5

we get limsup d(zp, ©m) = 0, a contradiction to (2.6). Therefore (2.5) holds and we have
n,m—oo

lim d(zp,zm,) =0. Thus {z,} is a Cauchy sequence and by completeness of X, {x,}
n,Mm—00

converges to x (say) in X, that is,

lim d(x,,z) =0. (2.7)

n— oo

Now, we will prove that for any positive integer m, = is a common fixed point of {T,}.
Observe that

d(z, Tyx) < d(z,x,) + d(xn, Tnz) = d(x,z,) + d(Thzn—1, Tmx)
<d(z,zn) + B(Mpm(zn_1,x)) max{d(z,_1,2), d(Tn_1, Tnxn_1),d(x, Tnz)}
<d(z,zp) + B(Mpm(zp_1,x)) max{d(z,_1, ), d(Tp_1,2n)}
+ B(Mpm(Tn-1,2))d(z, Tinz)
< d(x,xn) + max{d(zn_1,2),d(xn_1,Tn)} + B(Mpm(xn_1,))d(x, Tpx).
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Suppose that T,z # x. Now, since
Mn,m(xn—la $)

1
= max {d(xn—la .13), d(‘rn—ly Tnmn—l)v d(ﬂf, Tml‘), 5 [d(l’n_l, me) + d(.l?, Tnxn—l)}

1
= max {d(mnl, ), d(Xp—1,%,),d(x, Tymx), g[d(xn,l, Tmx) + d(z, xn)} ,

then
lm M, m(tn_1,2) = d(z, Tnz). (2.8)

n— oo

Therefore
d(z, Tpx) < [1— B(Mypm(2n_1,2))]  d(z,2,) + max{d(xn,_1,2),d(Tn_1,7,)}].

Taking the limit as n — oo and using (2.5), (2.8) and 8 € S, we obtain d(x,T,,z) =0 a
contradiction to Tp,x # x, so that T,,x = x. Let y be another fixed point of {7, }, then

d(z,y) = d(Thz, Tny) < B(Mym(z,y)) max{d(z,y),d(z, Thz),dy, Tny)} < d(z,y).

a contradiction. Hence, x is the unique common fixed point of {7}, }. (]

If 5(t) = k, where 0 < k < 1, then we have the following result.

Corollary 2.2. Let (X,d) be a complete metric space and {T,} a sequence of self-
mappings on X. Suppose that there exists 0 < k < 1 such that

d(rfzx7 ij) <k max{d(aj, y)v d(ﬂl‘, T1$), d(y’ ij)}’ (29)

forall z,y € X, 1,j = 1,2,... with x # y, i # j. Then all T}, ’s have a unique common
fixed point in X.

From Theorem 2.1, we deduce the following corollary.

Corollary 2.3. Let (X,d) be a complete metric space and {T,} a sequence of self-
mappings on X. Suppose that there exists B € S such that

d(rfix7ij) < B(Mi,j(x’y))d(x’y)v (210)

where

2

forall x,y € X, i,j = 1,2,... with x # y, @ # j. Then all T,,’s have a unique common
fixed point in X.

Mi,j (J}, y) = max {d(xa y)7 d<x7 Ti-l?)y d(y7 ij)a d(x, T’]y) T d(y7 sz) } 3

From Corollary 2.3, we deduce the following corollary.

Corollary 2.4. Let (X,d) be a complete metric space and {T,,} a sequence of self-
mappings on X. Suppose that there exists B € S such that

d(Tix, Tyy) < Bld(x, y))d(z,y), (2.11)

forall x,y € X, i,j = 1,2,... with x # y, i # j. Then all T,,’s have a unique common
fixed point in X.

Now we introduce the following theorem for discussing the existence of unique common
fixed point of the sequence (T},) of self mappings and g on a complete metric space (X, d).
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Theorem 2.5. Let (X, d) be a complete metric space. Let0 < a; j+b; ; <1 (i,j =1,2,...)
satisfy

(1) for each i, lima;; <1 and lim b; ; < 1;
j—o0 j—o0
n

o0
g bi i1
(ii) ng_lAn < oo, where A, = lli[l #”H

Also, let {T,, : X — X : n € N} be a sequence of self-mappings and g : X — X.
Assume that there exists ng € N such that T, (X) C g(X), g(X) is closed subset of X
and Ty, 1s weakly compatible with g on X such that

d(Thow, Tpy) < angnd(gy, Tny)p(d(gz, Tnyr), d(gz, 9y)) + by nd(9, gy), (2.12)

forallz,y € X, ng,n € N with ng # n where ¢ : [0,00) x[0,00) — [0, 00) is a continuous
function such that o(t,t) =1 for all t € [0,00). Then g and {T,,} have a unique common
fized point in X.

Proof. Suppose that g and {7}, } have two common fixed points x,y € X. Then, for all
n € N, we have

x=gxr=Tyx and y =gy = T,y. (2.13)
From (2.12) and (2.13), we have
d($7 y) = d(Tnoxv Tny)
< ng,nd(9y, Tny)p(d(gz, Tnyx), d(g, 9y)) + bpy,nd(g92, gy)
- bno,nd(x7y)u

since lim by, , < 1, it follows from the above inequality that d(z,y) = 0, that is, z = y.
n—roo
Hence, the common fixed point of g and {7}, }, if it exists, is unique. Now suppose that =
is a common fixed point of g and 7),,. Then
x=gx =Ty (2.14)
For any n € N, from (2.12) using (2.14), we have
d(z, Thr) = d(Thz, Thx)
< ang nd(g2, Tnx)p(d(gz, Toy ), d(g2, 92)) + bpy nd(g, g)
= Qpy nd(z, Thx)

since lim ap,, < 1, it follows from the above inequality that d(x,T,z) = 0, that is,
n—oo

xz = Tpx. Then x = gx = T,,x for all n € N, that is, x is common fixed point of g and
{T,}. Hence, any common fixed point of g and T, is a common fixed point of g and {7, }.
The converse part is trivial. Next we claim that 7" has a fixed point. To substantiate our
claim we assume that 2y € X. As T;,,(X) C g(X), we can define a sequence {z,} in X
as follows (for all n € N) gz, = Tp,(2,—1). Then from (2.12), we obtain

d(gr1, gz2) = d(T1 (o), T2(21))
< ay 2d(gxy, Tox1)(d(gro, Thxo), d(920, g71)) + b1,2d (g0, g21)
< ay2d(gry, gr2)p(d(gro, gr1), (920, 921)) + b1,2d(920, g21)
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< ay2d(gz1, gx2) + b1 2d(g70, 91),
implies
(1 —a12)d(gz1, gr2) < b1 2d(gT0, gT1).
Hence, we have

b
L2 d(gxo, gz1).
a1,2

dlgor,gos) < T2

Also,
d(gz2, gs) = d(Ta(21), T3(x2))
< ag 3d(gre, Tsx2)p(d(gry, Tox), d(gz1, gx2)) + be 3d(gT1, g22)
< az3d(g22, gr3)p(d(9z1, 9z2), d(91, 922)) + bo,3d(91, g2)
< az3d(gre, gr3) + b2 3d(gT1, gT2).
Then
ba
1—-ao3

,3

d(gxz, gr3) < d(gz1, gz2)

b2 ba.3
- 1—@1)2 1—&2’3

d(gx()vg‘rl)‘

Generally, we conclude that

T big
A9, g1ns1) < [[ —2E—d(gro, g1) = And(g0, g21). (2.15)
Py 1—aii+1
Therefore, for m,n € N, m > n, and using (2.15), we get
m—1

(g, grm) < Y d(gk, gTii1)
k=n

m—1

<> Agd(gao, gan).
k=n

Now, passing limit n,m — oo, we get d(gn, gm) — 0. Thus {gx, } is a Cauchy sequence
and by completeness of X, {gx,} converges to y in X, that is, lim gz, =y € X. Since
n—oo

T (X) C g(X) and g(X) is closed subset of X, therefore there exists x € X such that
y = gx. Assume that T, o # gx. From the condition (2.12), we have

d(Tyox, g) < d(gz, gzn) + d(Thex, 92r) = d(gz, gzn) + d(Thox, TnTn—1)
< d(gz, gzn) + ang nd(92, Tnyx)o(d(gn—1, TnTn-1), d(gTn_1, gz))
+ bng nd(gTn_1,9x)
< d(g, gn) + ang nd(gz, Tnyx)p(d(grn -1, 9n), d(gTn -1, gn))
+ bng nd(gzn_1, 9x)
< d(gz, 97n) + ang,nd(9, Tno®) + by nd(9Tn—1, gz).
Taking lim as n — 0o, we get

d(Thyx, gz) <limay, nd(Thox, gz) < d(Thy, gz),
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a contradiction. Therefore, it must be the case T},,z = gx. Therefore, we have y = gz =
T,,x, it follows that x is a coincidence point of ¢ and T,,,. Since T}, weakly compatible
with g on X, we have gy = g(Th,x) = T, (92) = Thyy. So,

d(Tnoy7 y) = d(Tnoy7 Tnox)
< ng e (92, Tro ) 0(d(gy, Troy), A(9Y, 92)) + brgnod(9y, 9y),

it follows from the above inequality that d(T,,y,y) = 0, that is, T,,,y = y. Therefore
y = gy = Tp,y. So, y is a common fixed point of g and T,,,. By what we have already
proved, y is the unique common fixed point of ¢ and {7}, }. [

Corollary 2.6. Let (X,d) be a complete metric space and T,G,g : X — X be three
mappings. Assume that T(X) C g(X), g(X) is closed subset of X and T commutes with
g on X such that

d(Tz,Gy) < a d(gy, Gy)e(d(gz, Tx),d(gx, gy)) + b d(gz, gy),

for all x,y € X where a,b non-negative real numbers with a +b < 1 and ¢ : |
[0,00) — [0,00) is a continuous function such that p(t,t) =1 for all t € [0, 00
g,G and T have a unique common fized point in X.

0,00) x
). Then

Corollary 2.7. Let (X,d) be a complete metric space and T,G : X — X be two
mappings. Assume that

d(T'z,Gy) < a d(y, Gy)p(d(z, Tx),d(z,y)) + b d(x,y),

for all x,y € X where a,b non-negative real numbers with a +b < 1 and ¢ : [0,00) X
[0,00) — [0,00) is a continuous function such that o(t,t) =1 for allt € [0,00). Then T
and G have a unique common fized point in X.

Corollary 2.8. Let (X,d) be a complete metric space. Let 0 < a;; +b;; <1 (i,j =
1,2,...), satisfy
(i) for each i, lim a; ; <1 and lim b; ; < 1;
J—00 J—00
n

(o)

. bi i1
(ii) ;An < 0o where A, = };[1 o
Also, {T,, : X — X : n € N} be a sequence of mappings and g : X — X be a self
mapping and there exists ng € N such that T,,,(X) C g(X) and g(X) closed subset of X,

and T, commutes with g on X such that
1+ d(gz, Thy)
1+ d(gz, gy)

for all z,y € X, ng,n € N with x # y and ng # n. Then g and {T,,} have a unique
common fized point in X.

d(Tnoz, Tny) < angnd(gy, Tny) + bng,nd(9, gy),

Corollary 2.9. Let (X,d) be a complete metric space. Let T : X — X be a mapping
such that

d(z,Tx)
d(z,y)
for all x,y € X with x # y and a,b non-negative real numbers with a +b < 1. Then T
has a unique fized point in X.

d(Tz,Ty) <ad(y,Ty) +bd(z,y),
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3. APPLICATION TO INTEGRAL EQUATIONS

In this section, we present the application of Corollary 2.4 from the theory of integral
equations, which are of theoretical interest.
We denote by ® the set of all functions ¢ : [0,00) — [0,00) verifying the following
conditions:
(i) ¢ is increasing;
(i) for each t > 0, () < t;
o(t)

(iti) A(t) = 5= € .

t
For example, ¢(t) = kt, where 0 < k < 1, o(t) = r— are in ®.

Throughout this section, we assume that X = C[0,1] is the set of all continuous func-
tions defined on I = [0,1]. As an application of our results, we study the existence and
uniqueness of a common solution for the following system of functional integral equations:

x(t) :/0 k(t,s) fi(s,xz(s))ds, t €I, i € N. (3.1

Also, consider the following assumptions:
(a1) the function k : [0,1] x [0,1] — [0, 00) is continuous and bounded with
K = sup{k(t,s) : t,s € [0,1]} < 1;
(ag) the functions f; : [0,1] x R — R (i € N) are continuous and there exists a
function ¢ € ® such that
|filt, ) = £t 9)] < e(lz —yl);

Theorem 3.1. Under conditions (a1) and (az), the system of integral equations given in
(3.1) has a unique common solution in C(I).

Proof. Define T; : X — X by

1
(T;(x))(t) :/0 k(t,s) fi(s,x(s))ds, t €I, i € N.

Now, we check that hypotheses in Corollary 2.4 are satisfied. Indeed, (X, d) is a complete
metric space, if we choose

d(z,y) = sup |z(t) — y(t)|, =,y € X.
tel
Also, by virtue of our assumptions, T; is well defined (this means that for z,y € X then
T;(xz) € X,i € N). Besides, for x,y € X and ¢,j € N with ¢ # j, we can get
d(Tiz, Tjy) = sup |(Tiz)(t) = (T;)(t)]

1

= sup | k(t,s) fi(s,x(s))ds—/o k(t,s) fi(s,y(s))ds|

tel 0

1
< sup / k(t, )| (s, 2(5)) — (s, (s)lds

tel

< sup / k(t, 5)(la(s) — y(s)|ds.

tel
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As the function ¢ is increasing, then ¢(|z(t) — y(t)| < ¢(d(x,y)) we obtain

(T T) < sup [ (e 5)e(la(s) —y()lds

Sw@@w”wgékw@%

tel
< Kop(d(z,y))
o(d(,y))
2SI 4 x,
dwy) Y
Then for x,y € X and 4,7 € N with ¢ # j
d(Tyx, Tjy) < B(d(x,y)) d(z,y).

Finally, Corollary 2.4 gives that T;,’s have a unique common fixed point in X.

<

Example 3.2. Consider the following equation
o(t) = /1 tsx(s)‘cossds
0 27
fort € I =10,1], i € N.

Here we have

t t
o(t) = 5, kit,s) = ts and filt,2) = ==
1

In this example, we have k is continuous and bounded on [0, 1] x [0, 1]. Also,
K =sup{ts:t,s€[0,1]} <1

Again, the function f; is continuous on [0,1] x R for all ¢ € N and

xcost ycost

fl(tax) - f](tay)

2i 2j
<1m—m

=2
=¢(lz—yl).

(3.2)

Hence conditions from (a1) — (ag) are satisfied. Thus by Theorem 3.1 the equation (3.2)

has at least one solution in C'(I).
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