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Abstract In this paper, we suppose that H is a compact subgroup of locally compact topological
group G and G/H is a homogeneous space which is equipped with a strongly quasi-invariant Radon
measure p.Then in the group algebra L'(G), we replace the homogeneouse space G/H instead of G' and
consider the new Banach algebra L!(G/H). We study this Banach algebra and it’s dual. At the end,
by characterization of L (G/H) and the left and right dual L'(G/H)-module actions of L>°(G/H), we

give a necessary and sufficient conditions for amenability and weak amenability of this Banach algebra.
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1. INTRODUCTION

Let G be a locally compact group and H be a closed subgroup of G. Then the space
G/H consisting of all left cosets of H in G is a locally compact Hausdorff topological
space that G acts on it transitively from the left. The term homogeneous space means a
transitive G-space which is topologically isomorphic to G/H, for some closed subgroup
H of G. It has been shown that if G is o-compact, then every transitive G-space is
homeomorphic to the quotient space G/H for some closed subgroup H (cf.[1], Subsection
2.6). We know that the homogeneous space G/H is not a group when H is not normal.
However, over the last decades, the principal part of the classical harmonic analysis on
locally compact topological groups carries over the homogeneous spaces G/H and it is
quite well studied by several authors and have been achieved many interesting applications
in geometric analysis, mathematical physics, differential geometry, geometric analysis (cf.

[2=7]).
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In the following paper we aim to further develop the abstract results over the some Ba-
nach function algebras related to homogeneous spaces (coset spaces) of a locally compact
group. For a locally compact group G with the left Haar measur mg, it is well known
that L!(G) is an involutive Banach algebra with a bounded approximate identity. The
standard convolution for f,g € L(G) is given by

e 9( / f gy taz)dmg (a.e z € G), (1.1)

(cf.[1]). In [8], assuming that H is a compact subgroup of G with the normalized Haar
measure my and p is a stongly quasi-invariant Radon measure on G/H arising from the
rho-function p, it is shown that there is a well defined convolution on L'(G/H, ). This
convolution for ¢, € LY(G/H, j1) is given by

px(zH) = /H ©p *11(c) 9(zh)(p(zh)) dmpy (a.e zH € G/H),
where ¢, = p(¢ 0 q) and g is any function in L'(G) which
Y(xH) :/ g(xzh)(p(zh)) rdmy (a.e zH € G/H).
H

Also, L'(G/H, ;1) with this convolution becomes a Banach algebra which has a bounded
right approximate identity and it is involutive Banach algebra if and only if H is normal
in G. For any ¢ € L'(G/H,p) and a € G , the left and right translations are defined
respectively as

Lop(xH) = /H,Cagop(xh)(p(wh))_lde (a.e zH € G/H),

and

R.p(xH) = /HRagop(xh)(p(:vh))_lde (a.e xH € G/H),

where £, (resp. R,) is the left translation on L*(G) which is given by £, f(z) = f(a™'z)
(resp. Rof(z) = f(za)) for f € L*(G) and z € G.

It is well known that L!(G) as a Banach algebra is amenable if and only if G is amenable
(The well known Johnson’s theorem). Also, L!(G) is always weakly amenable (see [J]).
In this paper, motivated by the amenability and weak amenability of L!(G), we con-
sider L'(G/H) as a Banach algebra where H is a compact subgroup of G and G/H is a
homogeneous space which it is not necessarily a locally compact group. Then we charac-
terize L>°(G/H) as dual of the Banach algebra L'(G/H) and we obtain the left and the
right dual L'(G/H)-module actions of L>°(G/H) and study the amenability and weak
amenability L'(G/H). Finally, we find necessary and sufficient conditions for amenability
and weak amenablity of the Banach algebra L'(G/H).

2. PRELIMINARIES

In this section, for the readers convenience, we provide a summary of the mathematical
notations and definitions which will be used in the sequel. (For details, we refer the reader
to the general reference [9, 10], or any other standard book of harmonic analysis.)

For a locally compact Hausdorff space X equipped with a positive Radon measure my,
we mean the space of containing all of continuous complex-valued functions on X which
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have compact support by C.(X). For each 1 < p < oo, we denote the Banach space of
equivalence classes of m x-measurable complex valued functions f : X — C such that

1l = ( /X (@) Pdmx ()7 < oo,

by LP(X,mx) and in brief by LP(X) which contains C.(X) as a | - || ,-dense subspace. We
denote the Banach space of all equivalence classes of locally measurable functions on X
which are locally essentially bounded, by L>°(X). The functions f, g in LP(X) are equal
if they are equal almost everywhere and we just write f = g for 1 < p < co. Also, for
fyg € L*™°(X) the equality f = g means that they are equal locally almost everywhere.

Let A be a Banach algebra and F be a Banach A-bimodule. Then the dual Banach
space E* of E is a Banach A-bimodule, with the dual actions given by

(a- f)(x) = f(za) and (f -a)(z) = f(azx) (f € E*,;a € A,z € E).
In particular, A* is a Banach A-bimodule. For example, for a locally compact topological
group G, it is well known that L°°(G) as dual of L!(G) is a Banach L!(G)-bimodule and
for each f € L}(GQ) and ¢ € L>(G) the left and right L!(G)-module actions of L>(G)
are given by
V-f=fxpand f-p=19xf
in which f(z) = f(z~1)/A(x) and f(z) = f(z~1) and A is the modular function of G.

A linear map D : A — E* is a derivation if D(ab) = D(a) - b+ a - D(b)(a,b € A).
For example, if ¢ € E*, then the map d, : @ = a-¢ — ¢ - a is a derivation. The
derivations such as d, are called inner. The set of all derivations and inner drivations
from A into E are denoted by Z!(A, E) and B'(A, E), respectively. Also, the quotient
space HY(A, E) = Z1(A, E)/B*(A, E) is called first cohomology group of A.

Let A be a Banach algebra. Then A is called amenable if H'(A, E*) = 0 for every

Banach A-bimodule E. Also, A is called weakly amenable if H'(A, A*) = 0, i.e, a Banach
algebra A is weakly amenable if every continuous derivation from A into A* is inner. For
example in [J], we can see that the group algebra L!(G) is amenable if and only if G is
amenable and also, L!(G) is always weakly amenable.
When G is a locally compact topological group and H is a closed subgroup of G, then the
quotient space G/H consisting of all left cosets of H in G, is a homogeneous space that G
acts on it from the left. Let 1 be a Radon measure on G/H and z € G. The translation
wy of pis defined by p,(FE) = p(xE) for all Borel subset E C G/H. The measure py is
called strongly quasi-invariant measure on the homogeneous space G/H if there exists a
continuous function A : G x (G/H) — (0,00) such that du,(E) = Az, E)du(FE) for all
x € G and Borel subset F of G/H.

Let Ag and Ay be the modular functions of G and H, respectively. A rho-function
for the pair (G, H) is a continuous function p : G — (0, 00) such that
p(zh) = Ap(h)Ag(h)~'p(z) for each x € G and h € H. It has been shown that for
any locally compact group G and closed subgroup H of G, the pair (G, H) admits a
rho-function (cf. [1], Proposition 2.54). If mg and mpy are the Haar measures G and
H, respectively, then for any given rho-function p, the homogeneous space G/H has a
strongly quasi-invariant Radon measure p which satisfies in the Mackey-Bruhat formula;
ie.,

/ / F (k) (p(h)) " dmpgdp (e H) = / f@dme  (f € LNG)),
G/HJH G
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(cf. [1]).

Throughout this paper, we suppose that G is a locally compact topological group with
the left Haar measure mg, H is a compact subgroup of G with the normalized Haar
measure my and G/H is a homogeneous space which is equipped to a strongly quassi
invariant measure p. Also, the map ¢ : G — G/H by ¢(x) = xH is the canonical quotient
map.

3. MAIN RESULTS

In this section, we suppose that 1 < p < co and H is a compact subgroup of locally
compact group G. When H is closed then the function space C.(G/H) consists of all
functions Py (f), where f € C.(G) and

Pr(f)(H) = /H F(ah) (p(ah))~ dmyy. (3.1)

This equivalently means that the linear map Py : C.(G) — C.(G/H) is a surjective
bounded linear operator. The extension of the linear map Py of L'(G) onto L'(G/H) is
norm-decreasing, that is

1P (Ol < flh (f € LG,

(cf. [1, 11, 12]). Now, by assuming that H is a compact subgroup of G, we consider that
the linear map Py : C.(G) — C.(G/H) given by
Pu(f)(xH) = /H F@h) (p(zh)) VP dmy. (3.2)

Then we show that Py is extendable from LP(G) onto LP(G/H) and also it is norm-
decreasing for 1 < p < co. Note that the value of p in relation (3.2) is determined by
value of p in LP(G).

Proposition 3.1. Let H be a compact subgroup of locally compact group G, p be a
strongly quassi invariant measure on G/H associated to the Mackey-Brouhat formula,
and 1 < p < oco. Then the linear map Py introduced in (3.2) is extendable to a unique
surjective, norm-decreasing and bounded linear map from LP(G) onto LP(G/H) which
still will be denoted by Py .

Proof. Let f € C.(G), H be a compact subgroup of G and 1 < p < oco. Then the
compactness of H, using Minkowski’s inequality and the Mackey-Brouhat formula allow
us to write

1Parly= [ PSPt
:/ | / F@h)(p(xh) " Pdmy |Pdp(cH)
G/H JH
</ . |\l ptah) " dmidu(at)

~ [ @pdm
G
= 171
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So, |Pufllp < || fllp- Hence, Py has a unique extension to a norm-decreasing linear map
from LP(G) onto LP(G/H) and still will be denoted by Ppg.

The map Py is surjective. Because if ¢ € LP(G/H), then by taking f = p'/P(p o q)
and using of the Mackey-Brouhat formula we have

111 = [ e o aP (el
:/G/H/H,O(xh)|<PoqIP(xh)(p(xh))—ldedﬂ(g;H)

— [ letemPauten)
G/H
= [1PufII},
therefore, f € LP(G) and also it’s obvious that Py (f) = . ]

Note that by this fact that a relative invariant Radon measure is a special case of
a strongly quasi invariant Radon measure and in the above theorem the homogeneous
space G/H has been equipped with a strongly quasi invariant Radon measure, so the
above theorem can be considered as a generalization of Proposition 3.4 in [8].

Corollary 3.2. Let H be a compact subgroup of a locally compact group G. Then for all
p € LP(G/H), we have

lelly = llepllps
where @, = pl/p(gp o q) and q is the canonical quotient map on G/H.

Proof. For all ¢ € LP(G/H), by the compactness of H and using the Mackey-Brouhat
formula, we can write

lll? = /G eGP
- / / (op(@h)P (p(wh) " dm g dp( )
G/HJH

— [ lentamPdme
G

= [lepllp,
which this completes the proof. n
For a compact subgroup H of G we set
C.G:H)={feC.(G): Rnf=f,he H}

and LP(G : H) is clouser of C..(G : H) under the norm || - [|,. At the following proposition
we characterize LP(G : H).

Proposition 3.3. Let H be a compact subgroup of G. Then the space LP(G : H) is
specified as follow

IP(G:H)={fe€L’(G): Ryf = f,he H}
={p"/"(poq): ¢ € L'(G/H)},
which is a closed subalgebra of LP(G).
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Proof. For this end, it is enough to show that for all f € LP(G : H), the equality
f=(Puf), :=p"P(Pufoq)holds. Let f € LP(G : H). Then there is a sequence (f,)y
in C.(G : H) such that || f, — f||[, = 0. Now, by the compactness of H and Corollary 3.2
and Proposition 3.1, we can write

1f = Pafolly < If = Fallp + 1(Pa(fo = ol
= If = fallp + 1Pa(fo = Hllp
<2|f = fallp,
which guarantees that f = (Pu f),. [

Corollary 3.4. For a compact subgroup H of G, the normed space LP(G/H) can be
considered as a closed subspace of LP(G) whenever 1 < p < co.

Proof. By restriction of the map Py on LP(G : H) and using Propositions 3.2 and 3.3 for
all f € LP(G : H), we have

1Pe fllp = 1 (Prf)p)llp = [1f]lp-

Now, let ¢ € LP(G/H). Then the facts of ¢, € LP(G : H) and Py(yp,) = ¢ imply
the surjectivity of Py. Therefore, the map Py : LP(G : H) — LP(G/H) is an isometry
isomorphism. Hence LP(G/H) can be considered as a closed subspace of LP(G). L]

At the following, we fix p = 1 and focus on the Banach algebra L'(G/H). We need
characterize L>°(G/H) as dual of L'(G/H) and then the left and right module actions
L*°(G/H) on L*(G/H). Then we can study the weak amenability of the Banach algebra
LY(G/H).

Theorem 3.5. The Banach algebra L'(G/H) always possesses a bounded right approxi-
mate identity when H is a compact subgroup of G.

Proof. We know that L'(G) always possesses a bounded approximate identity {uq }o (cf.
[12], Proposition 3.7.7). First, we show that {(Prua),}e is a right approximate identity
for L'(G : H) specified in Proposition 3.3. Let f € L'(G : H). Then we have

f#* (Prua) (z) = /H f* Rpua(z)dmp(z) (v €G).

Thus by the compactness of H and Fubini’s theorem, we can write
If * (Prua),, = fllh = /G | /H(f * Rpua — f)(@)dm(h)|dme(z)
< /G/H IRu(f * ua) — Ruf)(x)|dmy (h)dme(z)
= / / |(Ruf * uaq — R f)(x)|dme (z)dmp (h)
HJa
= [ IRA(F 00 = st

= [0+t = Pl (0
=107+ wa = Pl
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which this implies that {(Prua),}a is a right approximate identity for L'(G : H). Now
by applying this fact that Py from L'(G : H) onto L*(G/H) is an isometry isomorphism
and also multiplicative, hence by using Proposition 3.2, we conclude that {Pyuq}a is a
right approximate identity for L'(G/H). n

Remark 3.6. L'(G/H) possesses a left approximate identity if and only if H is normal
in G (cf. [3]).

Corollary 3.7. For compact subgroup H of G, The Banach algebra L*(G/H) is amenable
if and only if H is normal in G and G is amenable.

Proof. This fact that every amenable Banach algebra has a bounded approximate identity
guarantees that amenability of L!'(G/H) is equivalent to that H is normal in G. L]

Suppose that H is a compact subgroup of G. Then we set
L>*(G:H)={f e L*(G);Rnf=fhe H}

and at the following we show that there is an isometric isomorphism between L>°(G : H)
and L*(G/H).

Theorem 3.8. Let H be a compact subgroup of G. Then there is a surjective linear map
Py : L™(G) — L*°(G/H) such that for all f € L=(G)

Po(f)(zH) = /H f(zh)dmp (k) (p-locally almost every xH € G/H). (3.3)

Proof. Let f € L>(G). We assign to f a continuous linear map on L'(G/H) as
o [ el f@yime(a),

where ¢ € L'(G/H) and ¢, = p(¢oq). By the duality between L>(G/H) and L'(G/H)
there is an element ¢y € L°°(G/H) such that

/ o H) by (e H)dpu(xH) = / op(@) f(@)dme ).
G/H e
Hence for all p € L'(G/H) we can write

/ S@HYp(eH)dp(eH) = [ pp(a)f(2)dma(x)
G/H

y /H () f(2h) (p(h)) " dm (h)dp( H)

I
TS~

o(xH) / f(zh)dmpg(h)du(xH),
JH H

and this implies that

wyath) = [ fahyimn(n) (3.4)

for u-locally almost every H € G/H. So, if the map Py : L®°(G) — L*(G/H) is given
by

Po(f)(zH) = /H f(zh)dmpg(h) (u-locally almost every H € G/H),
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then by (3.4) Psof = 9¢. So, Puof € L>(G/H), i.e. the map Py is well-defined. Also,

if p € L°(G/H), then ¢ o q € L>®°(G) and Py (¢ 0 q) = ¢. Hence P, is surjective. ]
Now we can easily show that:

Corollary 3.9. The map P : L™°(G : H) — L*(G/H) is an isometry isomorphism.

Using the map Py and P, we may express the left and the right dual L!(G/H)-module
actions of L°°(G/H) via corresponding the left and the right L!(G)-module actions of
L>(@G). In detail, for all ¢ € L>°(G : H) and g € L' (G : H), we have

Poo(- 9) = Poo(¥) - Pr(g) and Poo(g - %) = Pr(g) - Poo (1),
which in general case we express this in the following theorem.

Theorem 3.10. Let H be a compact subgroup of G. Then the left and right module
actions L>°(G/H) on L*(G/H) are given respectively by

¢ f=Polpp fp) and - =P (fp- ¥p),
where f € LY(G/H), ¢ € L*(G/H), ¢, =¢oq and f, = p(foq).

Proof. Let f € L'(G/H), ¢ € L*(G/H). We know that L'(G)+L>*(G) C L>°(G), hence
(fp) *x @, € L>®(G). So by using Theorem 3.8 P ((f,) * ¢,) € L>°(G/H). Therefore by
using the Mackey-Brouhat formula and the compactness of H for each g € L*(G/H) we
can write

Poo((fp) * 0p)(9) = /G/H Too ((f,) * 0 0 q)(xH)g(xH)dp(zH)
B ((fo) * o q)(x&)p(x€)g o q(x€) .

/ ((fpwoq)( Jole)g o qle)de

/ fp sooq y~z)dyp(x)g o q(z)dz
~ [ 5t / sooq(x)p(y*mgoq(y*lx)dxdy
= / poq(x) /G Fo)gp(y™ ) dyda

p(x€)

— [ o) glathdu(e)
G/H

:/ / 0 @)pd)(f +g) 0 a(@t) e, (H)
G/H JH
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Also by these facts that L®(G) * (L*(G)) € L®(G) and ¢, *(f,) € L®(G), 50 Pao(@rho*
(fp)) € L>(G/H). Hence by using the Mackey-Brouhat formula and the compactness of
H for each g € LY(G/H) we can write

Pac(pp % (f))(9) = /G/H Poc(pp * (f)) (@ H ) g(xH)dp(xH)
B (p o q* (f,))(@€)p(x€)g o q(€) N
= [ eoax @@ o atayio
= / p(x)g o q(z) /G@ o q(y)(f,) (v~ z)dydzs
p(x)g o q(z) /G @ oqy)pz y)(f o q)(z y)dydx

poqly) /G p(z~'y)(f o @)z y)p(x)g o q(x)dudy
¢oq(y) /G 9p(@) fo(x ™ y)dady

v oq(y)gp * fo(y)dy

/ v oq(yé)(g * f)p(¥€)

ded
H p(y&) Sdp(xH)

I
T~ —T a3

JH

p(yH)(g * f)(yH)du(yH)
=elg=f)=(f-9)9) .
Corollary 3.11. For a compact subgroup H of G, the left and right module actions
L>*(G/H) on L*(G/H) are gz’ven respectively by
Pyo(p ) PH(fp) (‘pp fp) and PH(fp) (‘pp) oo(fp'@p)v
where f € LY(G/H), ¢ € L*(G/H), ¢, = ¢oq and f, = p(foq).

Now we can find a necessary and sufficient condition for that the Banch algebra
LY(G/H) is weakly amenable.

Theorem 3.12. Let D : L'(G/H) — L>®°(G/H) be a continuous derivation. Then D is
an inner derivation if and only if there is a continuous derivation D : LY(G) = L>(G)
such that D o Py = P, o D.

Proof. Let D : L'(G/H) — L>(G/H) be a continuous derivation and there is a contin-
uous derivation D : L*(G) — L*(G) such that D o Py = P, o D. Then by Proposition
3.1 and Theorem 3.8 we have the following diagram:

MG) —2— L=(G)

P | |~

LNG/H) —2—s 1=~(G/H)
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So, for each f € LY(G/H) and ¢ € L*°(G/H) we can write
D(f) = D(Pu(f,)) = Do Pu(f,)
= Poo 0 D(f,) = Poo(D(f)), (3.5)

in which f = p(fog). On the other hand, we know that L!(G) is weakly amenable, hence
there is 99 € L*°(G) such that

D(fp) = fo- %o — %o fo (3.6)
so, by (3.6) and (3.5) and Corollary 3.11 we can write
D(f) = Poo(fy - th0 = 0 - f5) = Poo(f - th0) = Poo(t0 - f,)
= Pu(fp) - Poo(¥0) — Poo(0) - Pr(fp)
= [+ Poo(t0) — Poo(t0) - f
= dp.. (o) (f)-
So, for arbitrary continuous derivation D : L'(G/H) + L>(G/H) there is Py (tho) €

L>°(G/H) such that D = dp_ (o)> 1-€, D is inner and hence L'(G/H) is weakly amenable.
For the revers, let D : L'(G/H) — L>®(G/H) is an inner derivation. We know that

the restriction of P, to L™ (G : H) is an isometry isomorphism. So, it is enough to show
that PQO_l oDoPy : L'(G) — L>*(G : H) is an inner derivation. For this, let f € L'(G).
Since D is an inner derivation, so there is pg € L (G/H) such that
(P! o Do Py)(f) = (P~ ") (D(Puf))
(P ) ((Puf) 0 — @0 (Puf))

= (Po ™) (Poo((Prf)p - (90)p) = Poo((0), - (Prrf)p))

=f- (on)p - (SDO)p - f
= d(gy), (f)

which this implies that PZ' o D o Py is an inner derivation. m
At the end, the following corollary be straightly derived from Theorem 3.12.

Corollary 3.13. The Banach algebra LY(G/H) is weakly amenable if and only if for
each continuous derivation D : Pl(G/H) — L*°(G/H) there is a continuous derivation
D : LY (G) = L>=(G) such that D o Py = Py, 0 D.
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