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1. INTRODUCTION

We begin by recalling the interesting problems. Let E be a real reflexive Banach
space, E* be a dual space of E and C be a nonempty closed convex subset of E. Let
g : C x C = R be a bifunction, ¢ : C — R be a real-valued function and ¢ : C' — E* be
a nonlinear mapping. The generalized mixed equilibrium problem:

finding x € C such that g(z,y) + (Y(x),y — z) + ¢(y) — $(x) > 0,Vy € C.
(1.1)

The solution set of problem (1.1) is denoted by GM EP(g,$,¢). If in problem (1.1),
¢(x) = 0 for each x € C, then we obtain the generalized equilibrium problem:

finding x € C such that g(z,y) + (Y(x),y —z) > 0,Vy € C. (1.2)
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The solution set of problem (1.2) is denoted by GEP(g, ). If in problem (1.1), ¢(z) =0
for each x € C, then we obtain the mixed equilibrium problem:

finding x € C such that g(z,y) + o(y) — ¢(z) > 0,Vy € C. (1.3)

The solution set of problem (1.3) is denoted by M EP(g, ¢). If in problem (1.1), g(x,y) =0
and ¢(x) = 0 for each x,y € C, then we obtain the variational inequality:

finding x € C such that (¢¥(z),y —2x) >0,Vy € C. (1.4)

The solution set of problem (1.4) is denoted by VI(¢). If in problem (1.1), ¢(z) = 0 and
¢(x) = 0 for each x € C, then we obtain the equilibrium problem:

finding x € C such that g(x,y) > 0,Vy € C. (1.5)

The solution set of problem (1.5) is denoted by EP(g).

An equilibrium problem was studied by Blum and Oettli [1], by mention above, we
can see that the generalized mixed equilibrium problem can be reduced to many other
problems such as mixed variational inequality, variational inequality, Nash equilibrium
problems and equilibrium problems, (see, for instance, [2, 3]). Therefore, we are interested
in studying this problem for developing the research.

It is apparent that the fixed point theory of nonexpansive mappings can be applied for
solving solutions of certain evolution equations and solving convex feasibility, variational
inequality and equilibrium problems. There are many papers that deal with methods
for finding fixed points of nonexpansive and quasi-nonexpansive mappings in Hilbert,
uniformly convex and uniformly smooth Banach spaces, (see, for instance, [4-0]).

When we try to extend this theory to general Banach spaces we discover some difficul-
ties, and there are several ways to overpower these difficulties. One of them is to use the
Bregman distance in place of the norm, Bregman (quasi-) nonexpansive mappings instead
of the (quasi-) nonexpansive mappings and the Bregman projection instead of the metric
projection.

In 1967, Bregman [7] introduced a Bregman technique using the distance function
Dy(-,-) in designing and analyzing optimization and feasibility algorithms. Bregman’s
technique can be applied in various ways.

In 2011, Reich and Sabach [8] introduced the concept of Bregman strongly nonex-
pansive mappings and studied the convergence theorems of two iterative methods for
solving solutions of common fixed points of finitely many Bregman strongly nonexpansive
mappings in reflexive Banach spaces.

In 2015, Darvish [9] established a new algorithm for solving the solutions of mixed
equilibrium problems and fixed point problems for Bregman strongly nonexpansive map-
pings in Banach spaces and proved the strong convergence theorems under suitable control
conditions.

In 2016, Zhu and Huang [10] created a new iterative method for solving solutions of
equilibrium problems and fixed point problems for Bregman totally quasi-asymptotically
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nonexpansive mappings in reflexive Banach spaces. Let T : C' — C be a Bregman totally
quasi-asymptotically nonexpansive mapping. They introduced the iteration as follows:

x1 = u € C, chosen arbitrarily,

Up * g(un7y) + <vf(u7l) - Vf(TnIn), Y= u7l> Z O,Vy € Ca

C, ={2€C:D¢(z,u,) < Dy(z,2n) + &}, (1.6)

Dy, = sz'L:l Gi,

Tntl = projénu,
where &, = v, sup ¢(D¢(v,2p)) + trn. Then they obtained the strong conver-

veF(T)NEP(g)

gence theorems. In the same year, Darvish [11] introduced the iterative method for
finding the solutions of generalized mixed equilibrium problems and fixed point problems
for Bregman strongly nonexpansive mappings and proved strong convergence theorems
under suitable control conditions.

Motivated by works mentioned above, in this paper, we introduce an iterative method
for solving solutions of generalized mixed equilibrium problems and fixed point prob-
lems for Bregman totally quasi-asymptotically nonexpansive mappings in reflexive Ba-
nach spaces and we prove the strong convergence theorems for the sequence generated by
this iteration. The results in this work generalize and extend the results proved by Zhu
and Huang [10] to the generalized mixed equilibrium problem.

2. PRELIMINARIES

In this section, we begin by recalling some definitions and properties which will be used
for proving our main results.

In this paper, we let E be a real reflexive Banach space, F* be the dual space of F,
f+ E — (—o00,+00] be a proper function and f* : E* — (—o00,+0oc] be the Fenchel
conjugate of f defined by

[ (@™) =sup{{z™,z) — f(x): x € E},Vz* € E™.

We denote dom f by the set of domain of f and int(domf) by the set of interior points of
domf.

Definition 2.1. Let = € int(domf) and y € E, we define the right-hand derivative of f
at x in the direction y by

The function f is called to be

t —
(i) Gateaux differentiable at « if lim [ tty) = (@)
t—0+ t

case, fO(x,y) coincides with V f(z), the value of the gradient of f at a;
(ii) Gateaux differentiable if it is Gateaux differentiable for any x € int(domf);
(iii) Fréchet differentiable at z if this limit is attained uniformly in |jy|| = 1;
(iv) uniformly Fréchet differentiable on C' C E if the above limit is attained uni-
formly for z € C and |ly|| = 1.

exists for any y. In this
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Lemma 2.2. [8] Let f : E — (—o00, +00] be uniformly Fréchet differentiable and bounded
on bounded subsets of E. Then f is uniformly continuous on bounded subsets of E and
V f is uniformly continuous on bounded subsets of E from the strong topology of E to the
strong topology of E*.
Definition 2.3. [12] A function f : F — (—o0, +00] is said to be a Legendre function if
the following conditions are satisfied:
(L1) The interior of the domain of f, int(domf) is nonempty, f is Gateaux differ-
entiable on int(domf) and domV f = int(domf);
(L2) The interior of the domain of f*, int(domf*) is nonempty, f* is Gateaux
differentiable on int(dom f*) and domV f* = int(domf*).

Remark 2.4. If F is a real reflexive Banach space and f is the Legendre function, then
the following conditions hold:

(a) f is the Legendre function if and only if f* is the Legendre function;

(b) (9f)~t=0f"

(c) Vf = (Vf) LranVf = domVf* = int(domf*),ranVf* = domVf =

int(domf);

(d) the functions f and f* are strictly convex on the interior of respective domains.
Definition 2.5. [13] Let f : E — (—o00,+00] be a convex and Géteaux differentiable
function. The function Dy : domf x int(domf) — [0, +00) defined by

Dy(y,x) := f(y) — f(z) = (Vf(z),y — )
is called the Bregman distance with respect to f.

We can observe that the Bregman distance is not a distance in the usual sense. In
general, D¢(-,-) is not symmetric and does not satisfy the triangle inequality. By the
definition of the Bregman distance, we obtain that the Bregman distance has the following
important properties:

(1) (the two point identity) for any x,y € int(domf),

Dy(x,y) + Dy(y,2) = (Vf(2) = VI(y), 2 - y);
(2) (the three point identity) for any = € domf and y, z € int(domf),
Dy(z,y) + Df(y, z) — Dy(x,2) = (Vf(2) = Vf(y),x —y);
(3) (the four point identity) for any y,w € domf and x, z € int(domf),
Dy(y,x) = Df(y,2) = Dp(w, ) + Dy(w, 2) = (Vf(2) = V[(z),y — w).

Remark 2.6. [9] Let E be a smooth and strictly convex Banach space. If the Legendre

function f : E — (—o0,400] defined by f(z) = %Hm”p, (1 < p < o0), then the gradient
Vf of f coincides with the generalized duality mapping of E, i.e., Vf = Jp, (1 < p < 00).
Moreover, V f = I, the identity mapping in Hilbert spaces.

Definition 2.7. [7] Let f : E — (—o00,4+o0] be a convex and Gateaux differentiable

function. The Bregman projection of x in int(domf) onto the nonempty closed convex

set C' C domf is the necessarily unique vector projé(x) € C satisfying the following:

Df(projé(x),x) =inf{Dy(y,x) :y € C}.
Definition 2.8. [14] Let f : E — (—o00,+00] be a convex and Géteaux differentiable
function. A function f is called to be
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(a) totally convex at a point x € int(domf), if its modulus of total convexity at
z,vf int(domf) x [0,4+00) — [0,+00), defined by vs(z,t) := inf{Ds(y,x) : y €
domf,||ly — x|| = t} is positive whenever t > 0;

(b) totally convex if it is totally convex at every point x € int(domf);

(c) totally convex on bounded sets if vy (B, t) is positive for any nonempty bounded
subset B of E and t > 0, where the modulus of total convexity of the function
f on the set B is the function vy : int(domf) x [0,400) — [0,+00) defined by
vp(B,t) :=inf{vs(x,t) : x € BNdomf}.

Lemma 2.9. [8] If z € int(domf), then the following statements are equivalent:
(1) the function f is totally convezx at x;
(2) for any sequence {yn} C domf, lim D¢(yn,z) =0 = li_>m lyn — || = 0;
n— oo n o0
(3) for anye > 0, there exists § = 6(e) > 0 such that if y € domf and Ds(y,z) < 6,
then ||z —y|| <e.

Lemma 2.10. [14] The function f is totally conver on bounded sets if and only if it
is sequentially consistent, i.e., for any two sequences {x,} and {y,} in int(domf) and
domf, respectively, and {x,} is bounded, then

Jim D (yn, 2n) = 0= lim [ly, —zn = 0.

Lemma 2.11. [15] Let f : E — (—o0, +o0] be a Gdteaux differentiable and totally convex
function. If xo € E and the sequence {D¢(xn,xo)} is bounded, then the sequence {z,} is
also bounded.

Lemma 2.12. [16] Let f : E — (—o0, +00] be a Gdteaux differentiable and totally convex
function on int(domf). Let x € int(domf) and C C int(domf) be a nonempty closed
convex set. If v € C, then the following statments are equivalent:

(1) z € C is the Bregman projection of x onto C with respect to f, i.e., z =
projt(x);

(2) the vector z is the unique solution of the variational inequality:
(Vf(x) = Vf(z),z—y) =2 0,Vy € C;
(3) the vector z is the unique solution of the inequality:
Dy(y,2) + Ds(z,2) < Ds(y, z),Vy € C.
Definition 2.13. Let C' be a subset of F and T : C' — C be a mapping. Denoted

F(T)={x € C:Tx = x} by the set of fixed points of T. A mapping T is called to be

(a) closed if for any sequence {z,} C C with x,, - = € C and Tz, — y € C, then
Tr =vy;
(b) uniformly asymptotically regular on C if lim sup|T" 'z — T"z| = 0;

n—o0 rzeC

(¢) Bregman firmly nonexpansive if
Dy(Tz,Ty) + Dy(Ty,Tx)+Dy(Tx,x) + Df(Ty,y)
< Dy(Txz,y) + Ds(Ty,x), Y,y € C;
(d) Bregman strongly nonexpansive with respect to a nonempty E(T) if

D¢(p,Tz) < Df(p,x),Yox € C,p € E(T). A point p € C is called an asymptotic
fixed point of T' if C' contains a sequence {z,} which converges weakly to p such
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that 7}1_)néo||xn — T,|| = 0. We denote F(T) the set of asymptotic fixed points of
(e) Bregman relatively nonexpansive if F(T') # 0, F(T) = F(T) and
D¢(p,Tz) < Dy(p,x),Yo € C,p € F(T);
(f) Bregman quasi-nonexpansive if F(T) # 0 and D¢(p,Tz) < Dy(p,z),Vz €
C,p€ F(T);
(g) Bregman quasi-asymptotically nonexpansive if F(T) # () and there exists a
real sequence {k,} C [1, —&—oo),nli_)rr;o k, = 1 such that

D¢(p, T"x) < kD¢ (p,z),Vo € C,p € F(T); (2.1)

(h) Bregman totally quasi-asymptotically nonexpansive, if F(T) # @ and there
exist nonnegative real sequences {vy}, {un} with v, — 0,4, — 0 (as n — o0)
and a strictly increasing continuous function ¢ : Rt — R* with ¢(0) = 0 such
that

Dy(p,T"x) < Dy (p,x) + vn((Dy(p, x)) + pn, Vn = 1L,Ve € Cop € F(T).  (2.2)
Remark 2.14. According to the definitions it is obvious that

(1) each Bregman relatively nonexpansive mapping is a Bregman quasi-nonexpansive
mapping;

(2) each Bregman quasi-nonexpansive mapping is a Bregman quasi-asymptotically
nonexpansive mapping. Indeed, if we take k,, = 1, then we have

D¢(p, T"z) < knDy(p,Tx) < knDys(p,x), Yo € C,p € F(T);

(3) each Bregman quasi-asymptotically nonexpansive mapping is Bregman totally
quasi-asymptotically nonexpansive mapping, but the converse may be not true.
Indeed, if we take ((t) = t,t > 0,v, = k, — 1 and p,, = 0, then equation (2.1)
can be rewritten as

Di(p,T"z) < Dy(p,x) + v ((Ds(p, z)) + pin,Vz € C,p € F(T).

This implies that each Bregman relatively nonexpansive mapping must be a Breg-
man totally quasi-asymptotically nonexpansive mapping, but the converse is not true.

Lemma 2.15. [17] Let f : E — (—00,400] be a Legendre function which is uniformly
Fréchet differentiable and bounded on bounded subsets of E. Let C' be a nonempty closed
convez subset of E and let T : C — C be a Bregman firmly nonexpansive mapping with
respect to f. Then F(T) = F(T).

Let E be a real reflexive Banach space and C' be a nonempty closed convex subset of
E. Let g: C' x C'— R be a bifunction satisfying the following conditions:

(C1) g(x,z) =0,vVx € C;

(C2) g is monotone, i.e., g(x,y) + g(y,z) < 0,Vx,y € C;

(C3) Vz,y,z € C, hmsupg(tz + (1 -t)x,y) < g(:z: Y);
t—0t+

(C4) Vz € C, g(x,-) is convex and lower semicontinuous.

Definition 2.16. Let f : E — (—o00,+00]. We say that f is a coercive function if

M=-ﬁ-oo

lzll—oo |||
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Lemma 2.17. [I1] Let f : E — (—o0,400] be a coercive Legendre function, and C
be a nonempty closed conver subset of int(domf). Let ¢ : C — R be a proper lower
semi-continuous conver function and v : C — E* be a continuous monotone mapping.
Assume that g : C x C' — R satisfies conditions (C1)-(C4). For x € E, define a mapping

Res;(w : B — 29 as follows:

Res! , () = {2 € C': g(2,9)+(¥(x), y=) +6(y)—$(2) H(V () =V f(x),y—2) > 0,y € C}.
Then the following results hold:

(1) I-Eesz;’(W 1s single-valued and dom(Resg’(ﬁ’w) =FE;

(2) Resgd)w is Bregman firmly nonexpansive;

(8) GMEP(g,¢,v) is a closed convex subset of C and GM EP(g, ¢,v¢) = F(Resg,¢,1p)?
!
(4) for allx € E,u € F(Res, , ),
Dy (u, Res;@wx) + Df(Res£7¢7¢m,x) < D¢(u,x).
Lemma 2.18. [18] Let f : E — R be a Legendre function such that V f* is bounded on

bounded subsets of int(domf) and letx € E. If {Dy(z,x,)} is bounded, then the sequence
{z,} is bounded.

Lemma 2.19. [19] Let E be a real reflexive Banach space and C be a nonempty closed
convex subset of E and f : E — (—oo0,+00] be a Legendre function which is totally
convez on bounded subsets of E. Let T : C — C be a closed and Bregman totally quasi-
asymptotically nonexpansive mapping with nonnegative real sequences {v,}, {un} and a
strictly increasing continuous function ¢ : RT — R such that v, — 0,pu, — 0 (as
n — o0) and (0) = 0. Then the fized point set F(T) of T is a closed convex subset of C.

Lemma 2.20. [15] Let f : E — R be a Gateaux differentiable and totally convex function,
xo € E and C be a nonempty convex closed subset of E. Suppose that the sequence {x,}
is bounded and any weak subsequential limit of {x,} belongs to C. If Ds(xn,x0) <

Dy (projé(a:o)7 xo) for any n € N, then {z,} converges strongly to projé(xo).

3. MAIN RESULTS

In this section, we introduce a new iterative method for solving solutions of gener-
alized mixed equilibrium problems and fixed point problems for Bregman totally quasi-
asymptotically nonexpansive mappings in reflexive Banach spaces and we prove the strong
convergence theorems for the sequence generated by this iteration.

Theorem 3.1. Let E be a real reflexive Banach space and C be a nonempty convex closed
subset of int(domf). Let f : E — R be a totally convex on bounded subsets of E, coercive
Legendre function which is bounded, uniformly Fréchet differentiable, T : C' — C be a
closed and Bregman totally quasi-asymptotically nonexpansive mapping with nonnegative
real sequences {vy, }, {pn} and a strictly increasing continuous function ¢ : RY — RT such
that v, — 0, — 0 (as n — 00) and ((0) = 0. Let ¢ : C — R be a convex and lower
semicontinuous function, 1 : C — E* be a continuous monotone mapping and bifunction
g : CxC — R satisfies conditions (C1)-(C4). Assume that T is uniformly asymptotically
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reqular and Q := F(T) NGMEP(g,$,v) # 0. Let {x,} be a sequence generated by

x1 = u € C, chosen arbitrarily,
Up = Resgﬁﬂ/}(T"(zn)),
Y, ={2€C:D¢(z,un) < Dy(z,xn) + &},

Z, =Y
i=1

Tpa1 = projén (u),

(3.1)

where &, = vy, sup ((Dy¢(v,2n)) + tin, and projé is the Bregman projection of E onto

Zn. If Q= F(T )ﬁGMEP(g, @, ) is bounded, then the sequence {x,} converges strongly
loT = projgl( ).
Proof. We split the concept of proving into five steps as follows:

Step 1: We show that Q and Z,, are closed convex subsets of F. By Lemma 2.17, we
obtain that GM EP(g, ¢,v) is closed and convex. Using Lemma 2.19, we have F(T) is
also closed and convex. It follows that €2 is also closed and convex. Let v E Q be given.
Since Resg . 18 a single-valued mapping, for each n € N, we have u,, = Resg 6 w(T”(xn).
By Lemma 2.17, we obtain that
Dy(v,Res! , ,(T"(xa))) + Dy(Res! , (T (2,)). T"(20)) < Dy (v, T" ().
(3.2)
It follows that
Dy(v, Res] , ,(T"(2n))) < Dy (v, T"(wn)) = Dy(Res] , (T (n)), T"(2n))
< Dy(v,T"(2n)).
This implies that
Dy (0,un) = Dy (0, Res] (17 ()
< Dy(v, T"(xn))
< Df(v, xn) + 'UnC(Df('Uv xn)) + Hn-
Therefore
Df(vvun) < Df(’l),.’l?n) + gna

where &, = v, sup,cq ((Df(v, z5)) + . It follows that v € Y,, for any n > 1. Hence
Q C Y,. Moreover, we have 2 C Z,,. We now prove that Z,, is a convex set begin by
proving Y, is convex. Let p,q € Y,, and ¢t € (0,1). Suppose that w = tp + (1 — t)q. We
will prove that w € Y,,. By definition of Y,,, we have

D (p,un) < Dp(p,n) + & and  Dg(q,un) < Dy(g;xn) + &n-
Since Dy (z,upn) < Dy(z,xy) + &, and definition of D¢(-,-),
f(2) = Flun) = (Vf(un), 2 = un) < f(2) = f(@n) = (Vf(@n), 2 = 20n) + &n-
It follows that
f@n) = fun) <(Vf(un), 2 = un) = (Vf(2n), 2 = 2n) + &n- (3-3)
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This implies that

f(@n) = fun) SV f(un),p—un) — (Vf(2),p —2n) + & (3.4)
and

(@) = flun) <AV f(un),q —un) = (Vf(Tn),q — Tn) + &n. (3.5)
Therefore

f(@n) = fun) < (Vf(un)tp+ (1 =t)q — upn) + (Vf(zn), tp+ (1 = 1)g — ) + &n-
This implies that

f(wn) - f(un) < (Vf(un),w - un> - <vf($n)aw - xn> +&n-

It follows that w € Y,, and so Y,, is convex. This yields Z,, is also convex. We next show
that Z, is a closed set. Let {z,,} C Y, and z,, — z (as m — o0). For each m € N, by
definition of Y,, and (3.3), we obtain that

flan) = flun) < (Vf(un), 2m — un) = (Vf(@n), 2m — Tn) +&n
= (Vf(u )szerzfun) (Vf(xn),zm —2z+2z—xn) +&n
= (Vf(un), zm — 2) + (Vf(un), 2 — un) = (Vf(@n), 2m — 2)
- (Vf(xn),z—xn) + &, (3.6)

Letting m — oo, we can obtain that

f(wn) - f(un) < <Vf(un), = “n> - <Vf(33n>v z = xn) +&n.

This implies that z € Y,, and so Y, is closed. This yields Y,, is closed and convex for any
n > 1. Hence Z,, is also closed and convex. Therefore the sequence {z,} is well-defined.

Step 2: We prove that {z,} is bounded. Since x,; = pmjénu, by Lemma 2.12, we
have
Df(2p41,u) = Dy(proj} u,u)
< Dy(v,u) — Df(v,projénu)
< Dy(v,u),Vv € Q. (3.7)
Therefore the sequence {Dy(zp41,u)} is bounded. Using Lemma 2.12, this yields the

sequence {z,} is also bounded.

Step 3: We prove that {z,} is a Cauchy sequence. Since x4 = projén (u) and X190 =
proj£n+1(u) € Zp+1 C Zy, by using Lemma 2.12, we have

Dy(wnsa,projl, (w) + Dy(progh, (u),u) < Dy(@asa. ). (3.5)
It follows that
Dy(@n+2, Tnt1) + Dy (@n41,u) < Dy(Tns2, u). (3.9)

Therefore the sequence {D(x,,u)} is increasing. Since {Dy(zn,w)} is bounded,
lim D¢ (zp,u) exists. By definition of Z,, for any positive integer m > n, we have
n— oo
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L C Zy, and x,y, = projémil(u) € Zym_1 C Z,_1. It follows that

Di(xm, zy) = Df(xn“projéw1 (u))
< Dy (xm,u) = Dy(projh, _, (u),u)
— Dy (@myu) = Dy(wn, u). (3.10)
By taking m,n — oo, we obtain that
D (xm,x,) — 0.
It follows from Lemma 2.10 that
lm ||z —z,] =0. (3.11)

m,n— 0o

This implies that the sequence {z,} is a Cauchy sequence.

Step 4: We show that {x,} converges to a point in Q := F(T) NGMEP(g, $,v). Since
E is a reflexive Banach space and {z,} is a Cauchy sequence, without loss of generality
we can assume that

lim z, =2* € C.
n—oo

We now prove that * € F(T'). Taking m = n+1, we can obtain that lim Dy(zp41,2,) =
n—oo
0, by Lemma 2.10, we have

nler;O||wn+1 — 2, = 0. (3.12)

Since z,41 = projén (u) € Z,, C Y, we have

Dp(wpi1,un) < Dy(Tni1,Tn) + &n. (3.13)
It follows from lim Dj(zp41,2,) = 0,v, = 0, 1y, — 0 (as n — o0) and boundedness of
{Df(vn,zn)}, VVT::oolgtain that

nhﬁn;o Dy¢(zpt1,un) =0. (3.14)
Moreover, since Dy (v, up) < Dy(v,2,) + &, and f is lower semicontinuous, we get that

{D¢(v,x,) + &} is bounded, so is {Df(v,u,)}. By Lemma 2.18, we obtain that {u,}
bounded. It follows from Lemma 2.10, we get that

nll}rrolonnH —up|| =0. (3.15)
Since

”In - un” < ”xn - In-&-lH + ||In+1 - Un”v
we obtain that

lim ||z, — uy| = 0. (3.16)

n—oo
Since f is uniformly Fréchet differentiable, it follows from Lemma 2.2 that V f is uniformly
continuous. Therefore

lim ||V (@) — V£ (un)]| = 0. (3.17)
n—oo

Since f is uniformly Fréchet differentiable, it is also uniformly continuous, we obtain that
Tim [f() — £ ()] = 0. (3.18)
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Furthermore, we have

= f(0) = f@n) = (Vf(zn),v—2n) = [f(v) = fun) = (Vf(un),v = un)]

= f(un) = f(@n) + (Vf(un),v —un) = (Vf(@n), v —zp)

= f(un) = f(@n) + (Vf(un), @n — up + v —20) = (Vf(zn),v — 2n)

= f(un) = f(@n) + (Vf(un) 2n — un) + (VF(un),v — 20) = (Vf(Tn),v —20)
= flun) = f(2n) + (Vf(un), @n — un) + (Vf(un) = Vf(2n),v —25). (3.19)

Since {u,} is bounded, we obtain that {V f(u,)} is also bounded. Therefore
lim (Dy(v,zn) — Dy(v,up)) = 0. (3.20)

n—oo

Since u, = Resg 6.4 (T"(x5)), by Lemma 2.17 and the assumption of 7', we have

Dy, T (1)) = Dy(Res! o (T"(@,)). T (2,)
< Dy(v,T"(xn)) = Dy (v, Res] , ,(T"(2n)))
< Dy(v,2) +v,((Dy(v,20)) + pin — Ds(v,up). (3.21)

Since {Dy(v,x,)} is bounded, {{(D¢(v,z,))} is also bounded and v,, — 0, utn, = 0 (as
n — 00), we obtain that

nhﬁ\rr;on(un,T (xn)) = 0.
By Lemma 2.10, we have
lim [Ju, —T"(x,)]| = 0. (3.22)
n— oo
Since
[z = T™(zn)[| < 20 — unll + lun = T™(zn)]],
we obtain that

lim ||z, — T"(z,)]| = 0. (3.23)

n—00
Since

2" = T"(zn)[| < llz* = zall + [lzn — T" (20)],
it follows that

lim ||z* — T"(z,)|| = 0. (3.24)

n—oo

Moreover, we have
lz* =T ()| < lla™ = T ()| + 1T (20) = T (20)]-
Since T is uniformly asymptotically regular, we obtain that

lim ||z* — 7" (2,)] = 0. (3.25)

n—oo

This implies that TT"(x,) — z* (as n — 00). From the closedness of 7', we obtain that
T(x*) = x*. Therefore 2* € F(T). Next, we prove that 2* € GMEP(g, ¢,4). Since f is
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uniformly Fréchet differentiable, we obtain that V f is uniformly continuous on bounded
sets, it follows from (3.22), we obtain that

Jim [V f(un) = Vf(T" (2n))|| = 0. (3.26)

Since u, = Res§’¢7w(T"(xn)), we get that
g(unv y) + WJ(TW(%)),Z/ - un> + ¢(y) - ¢(un)
+ (Vf(up) = V(T (xn)),y — un) > 0,Vy € C. (3.27)
We have from (C2) that
(WW(T™(2n)), y — un) + &(y) — d(un)
+ (VI (un) = V(T (wn)),y = un) = =g(un,y) = gy, un),Vy € C. (3.28)
Since T™(xz,,) — 2*, ¢ is continuous and ¢ is lower semicontinuous,
tim inf g(y, un) < T inf(((T" (2)), y — ) + H(y) — H(un)

+ (Vf(un) = V(T (xn)),y = un))
< limsup((P(T"(zn)), Y = un) + &(y) — G(un)

+(Vf(un) = V(T (2n)), y —un))-  (3.29)

This implies that

9y, ™) < (W(a"),y — 27) + dy) — d(2"). (3.30)
For any y € C and t € (0,1], let y; =ty + (1 — t)z* € C. So, we have

9y, x7) < (V(@7), e — %) + oY) — d(2"). (3.31)
This yields

9(ye, x) + ((@"), 2" — ye) + d(27) — ¢(ye) < 0. (3.32)
Hence,

0= g(ye, ye) + (V("), 4t — ye) + (ye) — d(ye)
=gy ty + (1 —t)2") + ("), ty + (1 — )™ —tye — (1 — t)yy)
+ oty + (1 = t)2") —to(ye) — (1 — t)d(ye)
<tg(ye,y) + (1 =gy, z™) + t{p(z"),y —w) + (1 =) (p(z"), 2" — yt)
+td(y) + (1 —t)o(z") —to(y) — (1 — ) (ye)
=t[g(ye,y) + (@), y — ye) + O(y) — d(y1)]
+ (=) [g(ye, 2") + (W(27), 2" — y1) + ¢(z”) — d(ye)]
<t[g(ye,y) + (@), y — ye) + d(y) — d(ye)] - (3.33)

Since t > 0, it follows from (3.33), we obtain that

9, y) + (™), y — ye) + o(y) — ¢(x*) > 0. (3.34)
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From (C3), we have
0 < limsup (g(ys, y) + ((27),y = ye) + S(y) — ¢(y1))

t—0t
= litm sup (g(ty + (1 = t)z",y) + (V(2%),y — yt) + d(y) — d(yr))
<g(z™,y) + (P(a"),y — ) + ¢(y) — o(a™). (3.35)

This shows that * € GMEP(g, ¢,). To sum up, we have
e Q:=F(T)NGMEP(g,,v).

Step 5: We show that {z,} converges strongly to Z = projé (u). By assumption, Lemma
2.17 and Lemma 2.19, we know that F(T)NGM EP(g, $,v) is a nonempty closed convex
subset of E. Therefore the projg;(u) is well-defined. Since p?"ojg2 (u) eQCY, CZ, and

Tpt1 = projén (u), it follows that

Df (xn+1; U) < Df<pr0.7§f2(u)7 U’)

By Lemma 2.20, we can obtain that z,, — projg(u) (as n — 00). Therefore, the sequence

{x,} converges strongly to T = projsf2 (u). This completes the proof. m

If in Theorem 3.1, we take ¢(z) = 0 and ¢ (z) = 0 for all z € C, then we obtain the
following corollary.

Corollary 3.2. [10] Let E be a real reflexive Banach space and C be a nonempty closed
convex subset of int(domf). Let f: E — R be a totally conver on bounded subsets of E,
coercive Legendre function which is bounded, uniformly Fréchet differentiable, T : C — C
be a closed Bregman totally quasi-asymptotically nonexpansive mapping with nonnegative
real sequences {vy, }, {1n} and a strictly increasing continuous function ¢ : RT™ — R such
that v, — 0,1, — 0 (as n — o0) and {(0) = 0. Let g : C x C — R be a bifunction
satisfying conditions (C1)-(C4). Assume that T is uniformly asymptotically regular and
F(T)NEP(g9) #0. Let {x,} be a sequence generated by

x1 = u € C, chosen arbitrarily,
Up = Resg(T”(xn)),
Y, ={2€C:Ds(z,un) < Ds(z,xn) +&n}s

Zn = n Yvia
i=1

Ts1 = proj}, (u),

(3.36)

where &, = v, sup C(Dg(v,zp)) + pn and projé is the Bregman projection of
veF(T)NEP(g) "

E onto Z,. If F(T) N EP(g) is bounded, then the sequence {x,} converges strongly to
T = proyF(TmEP(g)(u).

If in Theorem 3.1, we take v, = 0, up, = 0 and T™(z) = T'(z) for each n € N, then T
reduces to a Bregman strongly nonexpansive mapping and we have the following corollary.

Corollary 3.3. [11] Let E be a real reflexive Banach space, C' be a nonempty convez closed
subset of E. Let f : E — R be a totally convex on bounded subsets of E, coercive Legendre
function which is bounded, uniformly Fréchet differentiable, T be a Bregman strongly
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nonexpansive mapping with respect to f such that F(T) = F(T) and T is uniformly
continuous. Let g : C x C — R be a bifunction satisfying conditions (C1)-(C4) and
Q:=F(T)NGMEP(g,0,%) # 0 and bounded. Let {x,} be a sequence generated by

T1 =z € C, chosen arbitrarily,

yn = Resyy (an), (3.37)

Tnpr = V(e V(zn) + (1= an)VI(T(yn))),

where {an} C (0,1) satisfying lim a, = 0 and E oy = oo. Then {x,} converges
n— oo
n=1

strongly to pmj(f2 (z).

A Banach space F is uniformly convex if for any two sequences {z,},{y,} in E such
that the conditions

[znll = llynll =1 and  lim |lz, + yn| =2
n—oo
imply
lim ||z, — yn| = 0.
n—roo

In addition, the Banach space E is said to be uniformly smooth if the limit

Lzt ty) el
t—0 t
is attained uniformly for all (z,y) in S(E) x S(E), where S(E) ={x € E : ||z| = 1}.
If in Theorem 3.1, we assume that E is a uniformly smooth and uniformly convex
Banach space and f(x) = %||x||p (1 < p < 00), then we obtain that Vf = J,, where J, is
the generalization duality mapping from E onto E*. Thus, we get the following corollary.

Corollary 3.4. Let E be a uniformly smooth and uniformly convex Banach space, f(x) =
I%||x||p (1 < p < o0) and C be a nonempty conver closed subset of int(domf). Let
T :C — C be a closed Bregman totally quasi-asymptotically nonerpansive mapping with
nonnegative real sequences {vn},{un} and a strictly increasing continuous function C :
RT — R* such that v, — 0,p, — 0 (asn — o0) and ((0) = 0. Let ¢ : C — R be
a convexr and lower semicontinuous function, ¥ : C — E* be a continuous monotone
mapping and g : C x C' = R a bifunction satisfying conditions (C1)-(C4). Assume that
T is uniformly asymptotically reqular and Q .= F(T)NGMEP(g,,v) # 0. Let {z,} be
a sequence generated by

x1 = u € C, chosen arbitrarily,

Up = g(Un, y) + (YT, y — un) + O(y) — d(un)
+<Jp(un) - JP(Tnxn)7 Z/ - un> Z Ovvy 6 Ca
Y, ={2€C:D¢(z,u,) < Dy(z,2n) + &}, (3.38)

Zn =Y,
i=1

Tpa1 = projén (u),
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where &, = vy, sup (D (v, ) + fin, projén is the Bregman projection of E onto Z,.

veEQN )
IfQ:=F(T)NGMEP(g,p,¥) is bounded, then the sequence {x,} converges strongly to

T = projg; (u).

4. NUMERICAL COMPUTATIONAL

In this section, we give example and numerical result to support Theorem 3.1. In
addition, we compare the converging steps of introduced algorithm with Algorithm (1.6),
which was presented in [10].

Let IIY  [a, b] be the set of vectors € RY where each component of z contained in
the interval [a, b].

We consider the blfunctlon g : C x C — R defined by g(z,y) = z(y —z), ¢: C = R
defined by ¢(z) = 2%, ¥ : C — R defined as ¢(x) = cos(z) where x € C. Let ( :
[0, 4+00) — [0, +00) be a strictly increasing mapping with ¢(0) =
Example 4.1. Let E = RN and C = I¥ ,[-7,0]. Let f: RY — (—00,+00] defined by
f(z) = 322 Let T : C — C defined by T(z) = £ with the nonnegative sequences {v;,}
and {un} where v, = s and pp = # for all n > 1. We obtain that

Df(O T"(x)) = Dy(0,2) = vn((Df(0,2)) = pin
FQ0) = f(T" () = (V(T"(2)),0 = T"(2)) = (f(0) = f(=z) = (Vf(2),0 - x))
—an(f( ) = f(x) = (V[(2),0 —x)) = pn

= () + () + ;x & — G — 57%) ~
= ()()? — 55— vaC(53) — pin <0,

Therefore, T is a Bregman totally quasi-asymptotically nonexpansive mapping. Fur-
thermore, 0 is the unique solution in Q@ = F(T)NGM EP(g, ,1). We randomly generated
starting point r; € RY in the interval [—, 0], we get the following observation for differ-
ent iterations and using the stopping criterion ||z, —Z||? < 1073. In Table 1, we randomly
take 10 starting points and the presented results are in average.

TABLE 1. The numerical results for different size of RV

Size Average iterations

N Algorithm (3.1) Algorithm (1.6)
) 76 92

10 107 129

15 130 154

20 151 160

25 169 177

30 185 194

From Table 1, we see that the computational iterations of Algorithm (3.1) is less than
Algorithm (1.6) in all cases of RY.
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FIGURE 1. The convergence results of the Algorithm (3.1) and the Al-
gorithm (1.6) for N =1
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