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1. INTRODUCTION AND PRELIMINARIES

The existence and approximation of best proximity points is an interesting topic in
optimization theory [1, 2]. On the other hand, the study of fixed point theorems for multi-
valued operators is initiated by Markins [3] and Nadler [1]. Since then, some papers have
been devoted to the treatment of multi-valued operators in variant (generalized) metric
spaces. This paper is devoted to prove some best proximity points for multi-valued
mappings. Recently, M. U. Ali, T. Kamran an N. Shahzad [5] introduced the notion of
«a — -proximal contractive multimaps and proved some best proximity points for such
mappings. On the hand, the concept of F-contraction for single valued mappings was
introduced by Wardowski [6]. Very recently, Altun et al [7] introduced the concept of
multi-valued F-contraction and established some fixed point results. Later, Olgun et
al [8] generalized the above concept and they obtained some nice fixed point resultsfor
multi-valued contractive mappings. In this paper, using the concepts of multi-valued F-
contraction and a-proximal admissible mapping, we give some best proximity points for
non-self multi-valued mappings in complete metric spaces.

Let Cy(X) be the family of all nonempty, closed and bounded subsets of the metric
space (X, d). Also, K(X) denotes the collection of nonempty compact subsets of X. For
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A,B € Cp(X) and = € X, define
d(z,A) = inf{d(x,a) : a € A}, §(A, B) =sup{d(a,B) : a € A},
0(B,A) =sup{d(b,A) :be B}, H(A,B) =max{d(A,B),§(B,A)}.

The above H is the Pompeiu-Hausdorff metric induced by the metric d. For A and B
two nonempty subsets of a metric space (X, d), define

d(A, B) = inf{d(a,b) : a € A, b€ B},
Ao ={a € A:d(a,b) =d(A, B), forsomeb € B},
By ={be€ B:d(a,b) =d(A, B), forsomea € A}.
Definition 1.1. Let (X, d) be a metric space. Consider A and B two nonempty subsets
of X. Let T : A — B be a non-self mapping. We say z* € X is a best proximity point of
T if
d(x*,Tx*) = d(A, B).
Best proximity point reduce to fixed point if A = B. In fact, d(z*,T2*) = d(A, B) = 0 i.e.,
x* = Tx*. We say z* € A is best proximity point of multi-valued mapping 7 : A — 28
if d(z*, Tx*) = d(A, B). Now if A = B, then d(z*,Tz*) = 0. So we can say z* € Tx*,
that is best proximity point of a multi-valued mapping in our aspect can reduce to a
fixed point(in general). Now we assume Tz is closed for every x. Since d(z*,Tz*) = 0

then there exists {y,} C Tz* such that lim,_, d(z*,y,) = 0. Since T'z* is closed then
x* € Tx*. So this definition is suitable for closed(or compact) valued T'.

For more results on best proximity points, we refer the reader to [9—14].

Definition 1.2. (See [11]) Let A and B be nonempty subsets of a metric space (X, d)
with Ay # . The pair (A, B) is said to have the weak P-property if and only if

d(xhyl) = d(A,B),
d(z2,y2) = d(A, B)

where x1,z9 € Ag and y1,ys € By.

= d(x1,22) < d(y1,y2),

Recently, M. U. Ali, T. Kamran and N. Shahzad [5] introduced a new type of con-
tractive mappings called av — ¢-proximal contractive Multimaps and using the concept of
a-proximal admissible mapping, they [5] proved several best proximity points.

Definition 1.3. (See [5]) Let A and B be nonempty subsets of a metric space (X, d) and
a:AxA—][0,00). A mapping T : A — 28\ ) is named a-proximal admissible if
a(zy,z9) > 1
d(ulayl) :d(AaB)v :>O((U1,u2) Z 17
d(UQ, y2) = d(A, B)
where x1, T2, u1,us € A, y1 € Tx1 and yo € Txs.
Clearly, if A= B, T is a-proximal admissible implies that 7" is a-admissible.
Let F: RT — R satisfying the conditions:
(Fy) F is increasing, i.e., F(a) < F(B) for all o, 8 € RT with a < f;
(Fs) Yoy, >0, li_>m ap =0« lim F(a,) = —o0;
n oo

n—o0

(F3) 3k € (0,1) such that lim o"F(a) = 0;
a—0t



Best Proximity Results for Multi-Valued a — F'—Proximal Contractive Mappings 141

(Fy) F(inf M) = inf F(M) for all M C (0,00) with inf M > 0.
We denote by F the class of functions F satisfying the conditions (Fy) — (F3).

Remark 1.4. Note that if F is right-continuous and satisfies condition (F}), then it
satisfies (Fy).

Definition 1.5. Let (X,d) be a metric space and T : A — Cy(B) be a multi-valued
mapping. We say that T is an o — F-proximal contraction if there exist three functions
FeF,a:AxA—][0,00)and 7: (0,00) = (0,00) for which liminf,_, .+ 7(¢) > 0, for all
s > 0, such that

T(d(z,y)) + F(H(Tz,Ty)) < F(d(z,y)), (1.1)
for all z,y € A satisfying H(Tz,Ty) > 0 and a(z,y) > 1.

2. MAIN RESULTS
First, we need the following remark.

Remark 2.1. Let K be a compact subset of a metric space (X, d) and « € X, then there
exists y € K such that d(z, K) = d(x, y).

Our first main result is

Theorem 2.2. Let A and B be nonempty closed subsets of a complete metric space (X, d)
such tat Ag £ 0. Let T : A — K(B) be an o — F-prozimal contraction. Suppose that
(i) for each x € Ay, we have Tx C By and (A, B) satisfies the weak P-property;
(i3) there exist elements xo,x1 € Ag and y; € Tz such that
d(z1,91) =d(A,B) and o(zo,71) > 1;
(7i1) T is an a-prozimal admissible;
(iv) T is continuous.
Then T has a best proximity point, that is, there exists an element x* € Ay such that
d(z*,Tz*) = d(A, B).
Proof. By assumption (i), there exist z,z1 € Ag and y; € Tz such that
d(x1,y1) =d(A,B) and a(xg,z1) > 1. (2.1)

If y; € Ty, then we have d(A, B) < d(x1,Tz1) < d(xz1,y1) = d(A, B), that is x; is a best
proximity point of 7" and the proof is finished. Suppose now that y; & Tx;. It follows
that H(Txo,Tx1) > 0. So, by (1.1), we get

T(d(xo,21)) + F(H(Txo,Tx1)) < F(d(z0,21)). (2.2)
On the other hand, from 0 < d(y1,Tz1) < H(Txo,Tx1) and (F)
7(d(zo, 1)) + F(d(y1, Tz1)) < F(d(z0,21)).

Since Tz is compact, there exists yo € Ty such that d(y;, Tx1) = d(y1,y2). This leads
to

F(d(y1,y2)) < F(d(zo, 1)) — 7(d(z0,21)). (2.3)
From condition (¢), we have Tx; C By, so there exists x5 € A such that
d(xg, yg) = d(A, B) (24)
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By (2.1), (2.4) and the fact that T is a-proximal admissible, we have
oz, z9) > 1.

From condition (¢), the pair (A, B) satisfies the weak P-property , so
d(z1,22) < d(y1,¥2)-

If 1 = x5, then we have x; is a best proximity point of 7" and also the proof is finished.
Suppose that z1 # x2. From (2.3) and (F})

Fd(z,22)) < F(d(y1,42)) < F(d(zo, 21)) — 7(d(w0, 21))- (2.5)

If yo € Txo, then x5 is a best proximity point of T. Suppose now that yo & Txo. Since
a(z1,2) > 1, it follows from (1.1)

T(d(x1,22)) + F(H(Tx1,Tx2)) < F(d(21,22)). (2.6)
Then from 0 < d(y2, Txe) < H(Tx1,Tx2) and (F)
F(d(y2, Tx2)) < F(d(x1,22)) — 7(d(21, 22)).

Since Txs is compact, there exists y3 € Txo such that d(ys, Txa) = d(y2,y3). This leads
to

F(d(y2,y3)) < F(d(z1,22)) — 7(d(21,22)). (2.7)
Moreover, there exists x3 € Ag such that

By (2.4), (2.8) and the fact that T is a-proximal admissible, we have
afze, x3) > 1.

Since (A, B) satisfies the weak P-property , so
d(wo,x3) < d(y2,y3)-

If x5 = x3, then we have x5 is a best proximity point of T and also the proof is finished.
Suppose that x5 # x3. From (2.7) and (F})

F(d(z2,23)) < F(d(y2,y3)) < F(d(21,72)) — 7(d(21, 72)). (2.9)

Repeating the above strategy, by induction, we arrive to construct two sequences {x,,} C
Ap and {y,} C By such that, for alln =1,2,...

(1) a(zn, Tnt1) > 1, Ty # Tpta;
(i) Yn € Tn-1, Y & Tp;
(#41) d(zn,yn) = d(A, B) and

F(d(n,2041)) < F(dn yos1)) < Fld(wnr,20)) = (@t 2a). (2.10)

Denote a,, = d(zy, Tpt1), for n =0,1,2, ...
From (2.10), we have, for all n = 1,2, ...

F(an) < Flap—1) — m(an-1) < Flap—1). (2.11)
By (F1), we get, for alln =1,2,...

ap < Qp_1, (2.12)
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which implies that {a,} is a decreasing sequence of positive real numbers and so it is
convergent. Let 26 = lim inf 7(a,) > 0. Then there exists ng € N such that
n—roo

0 < 7(an), forall n >mny. (2.13)
It follows from (2.11) and (2.13), for all n > ng
F(an) < F(an—1) — 6 < F(ap—2) —25 <--- < F(ap,) — (n —ng)d. (2.14)

It follows li_>m F(a,) = —o0, so that, by (F2), lim, o a, = 0. Thus from (F'3), there
n [ee]
exists k € (0, 1) such that
lim o F(a,) = 0. (2.15)

n— oo

But then
ay F(an) — al F(an,) < ay(F(an,) — (n —n)8) — ay F(an,) (2.16)
= —(n —ng)dal <0, .

which, for n — oo, yields lim,, .o, na® = 0. It follows that there exists n; € N such that

1
an < —, for allm > ny. (2.17)

nk

Then for all m >n > ny
m—1 m—1 [e)
1

d namg d iy Lg = ’LS 7_>0 — 9 218
(Tny Tim) izgn (@i, Tig1) i:En a i:E P as n— oo (2.18)

which shows that {x,} is a Cauchy sequence in A. From (2.10) and (F}), we have, for all
n=12,...
d(ynvyn+1) < Qp-—1- (219)

Then, by a similar reasoning, we show that {y,} is a Cauchy sequence in B. Since A and
B are closed subsets of the complete metric space (X, d), there exist 2* € A and y* € B
such that z,, — 2* and y,, — y* as n — oo. Since d(zy,, y,) = d(4, B), for all n, by letting
n — oo, we conclude that d(z*,y*) = d(4, B).

The mapping T is continuous, so lim, o H (T, T2*) = 0. On the other hand, since
Yn+1 € Txy, we have

d(y*, Tz*) < d(y*, yn+1) + d(Ynt1, T2") < d(y*, ynt1) + H(Tay, Ta").
Letting n — oo in above inequalities, we get

d(y*,Tz*) <0.
This leads to y* € Ta* = Tx*. Furthermore, one has

d(A, B) <d(z*,Tz*) < d(z*,y*) = d(A4, B),

that is, =* is a best proximity point of 7. This ends the proof of Theorem 2.2.
|

Remark 2.3. If we take Cp(B) instead of K (B) in Theorem 2.2, we have the following
problem: Does T has a best proximity point? In the following theorem, we give a partial
answer for this problem by adding the condition (Fy) on F.

Theorem 2.4. Let A and B be nonempty closed subsets of a complete metric space (X, d)
such tat Ag # 0. Let T : A — Cy(B) be an o — F-proximal contraction. Suppose that



144 Thai J. Math. Vol. 21 (2023) /A. Felhi

(i) for each x € Ay, we have Tx C By and (A, B) satisfies the weak P-property;
(13) there exist elements xo,x1 € Ag and y1 € Tz such that
d(z1,y1) =d(A,B) and a(zo,21) > 1;

(i4i) T is an a-proxzimal admissible;
(iv) (Fy) holds;
(v) T is continuous.

Then T has a best proximity point.
Proof. By assumption (i), there exist zg,z1 € Ag and y; € Tz such that
d(x1,y1) =d(A,B) and a(xg,z1) > 1. (2.20)

To avoid the repetition, we may suppose that y; & Tx;. It follows that H(Txq,Txz1) > 0.
So from (1.1), 0 < d(y1,Tx1) < H(Txo,Tz1) and (F}), we obtain

F(d(yl, Tml)) < F(d(.’lﬁo, $1)) - T(d(fL‘o, 1‘1)) (221)
From (Fy), one can write F(d(y1,Tx1)) = inf{F(d(y1,2)) : z € Tx1}. This implies that
from (2.21), there exists y2 € Tz such that

F(d(y1,2)) < F(d(wo, 1)) — M.

Following the proof of Theorem 2.2, we can construct two sequences {z,} C Ay and
{yn} C By such that, for alln =1,2,...

(7’) a(xnaanrl) > 1, In 7é Tn+t1;

(1) yn € Txpn—1, Yn & Txyn;
(#i1) d(xpn,yn) = d(A, B) and

(2.22)

T(d(xnfla xn))
—s

Also {z,} is a Cauchy sequence in A and {y,} is a Cauchy sequence in B. Since A and
B are closed subsets of the complete metric space (X, d), there exist 2* € A and y* € B
such that x, — z* and y, — y* as n — oo. As in the proof of Theorem 2.2, we conclude
that x* is a best proximity point of 7T'. [

F(d(zn, Tny1)) < F(d(yn7yn+l)> < F(d(xnfhxn)) -

In the next results, we replace the continuity hypothesis by the following condition in
A:

(H): if {z,} is a sequence in A such that a(z,,z,1) > 1 for all n and z,, —
r € Aasn — oo, then there exists a subsequence {z,)} of {x,} such that
a(Tp k), z) > 1 for all k.

Theorem 2.5. Let A and B be nonempty closed subsets of a complete metric space (X, d)
such tat Ag # 0. Let T : A — K(B) be an o — F-prozimal contraction. Suppose that
(i) for each x € Ao, we have Tx C By and (A, B) satisfies the weak P-property;
(i1) there exist elements xo,x1 € Ag and y; € Tz such that
d(z1,y1) =d(A,B) and a(zo,21) > 1;
(ti1) T is an a-prozimal admissible;
(iv) (H) holds.
Then T has a best proximity point.
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Proof. Following the proof of Theorem 2.2, there exists two sequences {z,} in Ay and
{yn} in By such that

(1) a(Tn,Tnt1) > 1, Tn # Tpga;
(”) Yn €ETTp_1, Yn & Tay;
(iii) d(zn,yn) = d(A, B) and
F(d(xnvxn+l)) S F(d(yna yn-i-l)) S F(d(xn—lvxn)) - T(d(xn—laxn))'

Also, there exist * € A and y* € B such that x, — z* and y,, — y* as n — oo and
d(x*,y*) = d(A, B). We shall prove that z* is a best proximity point of T'. If there exist
a subsequence {z,, } of {z,} such that Tz,, = Ta* for all k, then we have

d(A, B) < d(@p+1, TTn,) < d(Tng41,Yng+1) = d(4, B),
yields to

d(A, B) < d(xpn,+1,T2") < d(A, B), Vk > 0.
Letting k — oo in above inequalities, we get

d(A, B) < d(z*,Tz*) < d(A, B),

that is * is a best proximity point of 7. So, without loss of generality, we may sup-
pose that Tz, # Twu for all nonnegative integer n. By hypothesis (H), there exists a
subsequence {Z, )} of {z,} such that a(x,x),2*) > 1 for all k. From (1.1) and as
a(Tpry,x*) > 1 for all k > 1, we get

F(H(Tnky, Tr")) < F(d(Tng), 27)) = 7(d(@n@), 7)) < F(d(@nr), 27))-
From (F})

H(T.’L‘n(k), T.%‘*) < d(mn(k), .7;*).
On the other hand, we have

d(y*, Tx*) < dY*, Ynk)+1) + A Wne)+1, T2%) < Ay, Ynky+1) + H(Txp ), T™).
Then

d(y*, Tx*) < dY*, Ynk)+1) + d(Tn ), ).

Passing to limit as k — oo, we obtain d(y*,Tz*) = 0. Hence, d(A, B) < d(z*,Tz*) <
d(x*,y*) = d(A, B). Therefore, z* is a best proximity point of 7T
"

Theorem 2.6. Let A and B be nonempty closed subsets of a complete metric space (X, d)
such tat Ag # 0. Let T : A — Cyp(B) be an o — F-prozimal contraction. Suppose that

(i) for each x € Ao, we have Tx C By and (A, B) satisfies the weak P-property;
(i1) there exist elements xo,x1 € Ag and y; € Tz such that
d(x1,y1) =d(A,B) and oxg,x1) > 1;
(i5i) T is an a-proxzimal admissible;
(iv) (Fy) holds;
(v) (H) holds.
Then T has a best proximity point.

Proof. The proof is similar to that of Theorem 2.5. [
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Example 2.7. Let X = [0,00) x [0,00) endowed with the usual metric d. Take A =
{1} x [0,00) and B = {0} x [0,00). We mention that d(4,B) =1, Ag = A and By = B.
Consider the mapping T : A — Cy(B) as

~[1(0,0),(0,5)} ifo<z<1
o= {{(0,0)7 (0,=%7)} ifz> 1.

We have T'(1,z) C By for each (1,z) € Ag. Take 7(t) =In2 and F(t) =Int for all ¢ > 0.
Define a: A x A — [0,00) as follows

a((1,2), (1,y)) = {11 if r=y=0

m if not.

Let (1,21), (1,22), (1,u1),(1,uz) in A and (0,y1) € T(1,21),(0,y2) € T(1,2) such that
a((l,z1),(1,22)) > 1
d((1,u1),(0,y1)) = d(A, B) =1,
d((1,u2),(0,y2)) = d(A,B) = 1.
Then, necessarily, 1 = zo =0 or 0 < x7 + o < 1. Also, we have u; = y; and us = ys.
So y1 € {0, %} and y92 € {0, ?} Therefore, we have

a((lvul)v (1’u2)) = O‘((lvyl)v (1’y2)) > 1,

that is, T' is an a-proximal admissible. Let (1,z),(1l,y) € A such that z # y and
a((1,z),(1,y)) > 1. Then 0 < z + y < 1. In this case, we have

H(T(la x)7 T(la y)) = max{5(T(1, ’JJ), T(L y))a 6(T(17 y)a T(L ‘T))}
We have

S(T(1,2), T(1,y)) = max{d((0,0), {(0,0), (0, %)}), (0, ). {(0,0). (0. T)})}
_ mm{ﬁ |£E2 B y2|} < |.’,E2 B y2‘
B 27 2 -2
Similarly, we have
|22 — |
S(T(Ly), T(L,x)) < :
This yields that

Then
T(d((1,z),(L,y))) + F(H(T(1,2),T(1,y))) < F(d((1,2), (1,9))).

So the condition contraction (1.1) holds. Furthermore, T is continuous. Moreover, the
condition (ii) of Theorem 2.4 is verified. Indeed, for o = (1,1), z1 = (1,0) and y; =
(0,0), we have

d(xlayl) - d((170)7 (030)) =1= d(AaB) and Oé(l‘o,l‘l) =1L

Hence all hypotheses of Theorem 2.4 are verified. So T has a best proximity point which
is u = (1,0).
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Example 2.8. Let X = [0,00) x [0,00) endowed with the usual metric d. Take A =
{1} x [0,00) and B = {0} x [0,00). We mention that d(4,B) =1, Ag = A and By = B.
Consider the mapping T : A — Cy(B) as

ZHN o<z <
T(1,7) = {(O,O),(O,14 )} ifo<z<1
{(0,0),(O,;)} if x> 1.
We have T'(1,z) C By for each (1,2) € Ag. Take 7(t) = e""In2 and F(t) = Int for all
t > 0. Define a: A x A — [0,00) as follows
1 if z,y€l0,1]
0 if not.

O‘((Lx)v (L y)) - {

Let (1,21), (1,22), (1,u1), (1,u2) in A and (0,y1) € T(1,21),(0,y2) € T(1,2) such that
a((17x1)7 (1,$2)) 2 1
d((17u1)7 (07y1)) = d(A7B) = 1’
d((17u2)7 (Ova)) = d(A’B) =1L

Then, necessarily, x1, 25 € [0,1]. Also, we have u; = y; and us = yo. So y; € {0, I?II}

and y2 € {0, 152'1 }. Therefore, we have

a((lvul)v (1’u2)) = a((layl)v (layQ)) > 1,

that is, T is an a-proximal admissible. Let (1,z),(1,y) € A such that z # y and
a((1,z),(1,y)) > 1. Then z,y € [0,1]. In this case, we have

H(T(1,2),T(1,y)) = max{0(T'(1,2),T(1,y)),0(T(1,y), T(1,2))}.
We have

(0, =), 10,00, 0. L))
:c2+1’ \wz—yQ\} < = —y*|
4 4 4

S(T(1, %), T(1,)) = max{d((0,0), {(0,0), (0, yQI !

= min{

Similarly, we have
2 _ .2
S (L), 71,2 < TV

This yields that

2?2 — 2 X xr — x — T
H(T(1,2),T(1,y)) < | - yil_( +y)2| yl | _ yl _ )2,(1,y)).

Then
In2+ F(H(T(1,2),T(1,y))) < F(d((1,2),(1,y))).
This leads to
T(d((1,2),(1,9))) + F(H(T(1,2),T(1,y))) < F(d((1, ), (1, y))).

So the condition contraction (1.1) holds. Furthermore, (H) holds. Indeed, let {(1,2,)}isa
sequence in A such that a((1,2,), (1, 2,41)) > 1 for all n and (1,2,) — (1,2) € A. Then,
xn € [0,1] for all n and x,, — = . Thus, x € [0,1] and so a((1,z,), (1,2)) > 1 for all n.
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Moreover, the condition (ii) of Theorem 2.6 is verified. In fact, for g = (1,0), z; = (1,1)
and y; = (0,0), we have

d(z1,y1) = d((1,0),(0,0)) =1=d(A,B) and «(xg,z1) = 1.

Hence all hypotheses of Theorem 2.6 are verified. So T has a best proximity point which
is u = (1,0).

3. CONSEQUENCES

In this paragraph, we present some consequences on our obtained results.

3.1. SOME CLASSICAL BEST PROXIMITY POINT RESULTS
We have the following results.
Corollary 3.1. Let A and B be nonempty closed subsets of a complete metric space
(X,d) such tat Ag #0. Let T : A — B be an a — F-proxzimal contraction. Suppose that
(i) TAy C By and (A, B) satisfies the weak P-property;
(ii) there exist elements xg,x1 € Ay such that
d(z1,Tzo) = d(A,B) and «afzg,z1) > 1;
(i5i) T is an a-proxzimal admissible;
(iv) T is continuous or (H) holds.
Then T has a best proximity point.
Corollary 3.2. Let (X,d) be a complete metric space and T : X — K(X) be an o — F-
prozimal contraction. Suppose that

(i) there exist elements xy € X and x1 € Txg such that a(zg,z1) > 1;
(i¢) T is an a-admissible;
(i5i) T is continuous or (H) holds.

Then T has a fized point.

Corollary 3.3. Let (X, d) be a complete metric space and T : X — Cp(X) be an o — F-
prozimal contraction. Suppose that

(i

there exist elements xo € X and x1 € Txg such that a(zg,z1) > 1;

)
(i) T is an a-admissible;
(i4i) (Fy) holds;
(iv) T is continuous or (H) holds.

Then T has a fized point.

3.2. SOME BEST PROXIMITY RESULTS ON METRIC SPACES ENDOWED WITH
A PARTIAL ORDER

Let (X,d) a partial metric space endowed with a partial order <. We introduce the
following definition.
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Definition 3.4. Let A and B be nonempty subsets of a metric space (X,d) and < a
partial order on X. T : A — B is named a proximal nondecresing mapping if

T1 2 X

p(ur,y1) =d(A,B), =u; 2us

p(u2,y2) = d(A, B)
where x1, T2, u1,us € A, y1 € Tx1 and yo € Txo.

Wa also need the following hypothesis.

(Hy): if {z,} is a sequence in A such that z, < x,4; foralln and z,, >z € A
as n — 00, then there exists a subsequence {xy)} of {z,} such that x,;) <z
for all k.

We state the following.

Corollary 3.5. Let A and B be nonempty closed subsets of a complete metric space
(X,d) such that Ag # O and =X be a partial order on X. Let T : A — K(B) be a
given multi-valued mapping. Suppose that there exists 7 : (0,00) — (0,00) for which
liminf,_, .+ 7(t) > 0, for all s > 0, such that
T(d(z,y)) + F(H(Tz,Ty)) < F(d(z,y)), (3.1)
for all z,y € A satisfying H(Tx,Ty) > 0 and z < y. Also, suppose that
(i) for each x € Ay, we have Tx C By and (A, B) satisfies the weak P-property;
(i1) there exist elements xo,x1 € Ag and y; € Tz such that
d(xz1,y1) =d(A,B) and x9 =< 1
(7i1) T is proximal nondecresing;
(iv) T is continuous or (Hy) holds.

Then T has a best prorimity point.
Proof. Tt suffices to consider v : A x A — [0,00) such that

(2,1) 1 if z=xy
or,y) =
Y70 if not.

All hypotheses of Theorem 2.2 (resp. Theorem 2.5) are satisfied. This completes the
proof. [

Corollary 3.6. Let A and B be nonempty closed subsets of a complete metric space
(X,d) such that Ay # 0 and =< be a partial order on X. Let T : A — Cy(B) be a
given multi-valued mapping. Suppose that there exists T : (0,00) — (0,00) for which
liminf, ..+ 7(t) > 0, for all s > 0, such that
7(d(z,y)) + F(H(T>,Ty)) < F(d(z,y)), (3.2)
for all x,y € A satisfying H(Tz,Ty) > 0 and x < y. Also, suppose that
(i) for each x € Ay, we have Tx C By and (A, B) satisfies the weak P-property;
(ii) there exist elements xg,x1 € Ay and y1 € Txo such that
d(z1,11) =d(A,B) and xz¢ < z7;

(i5i) T is proximal nondecresing;
(iv) (Fy) holds;
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(v) T is continuous or (Hy) holds.
Then T has a best proximity point.

3.3. SOME BEST PROXIMITY RESULTS ON A METRIC WITH A GRAPH
Let (X, d) be a metric space and let G = (V(G), E(G)) be a directed graph such that
V(G) = X and E(G) contains all loops, i.e., A := {(z,z) : x € X} C E(G). We need in
the sequel the following hypothesis:
(Hg): if {z,} is a sequence in A such that (z,,2,+1) € E(G) for all n and
T, — x € Aasn — oo, then there exists a subsequence {,,()} of {z,} such that
(Tp k), ©) € E(G) for all k.
Again, we introduce the following definition.
Definition 3.7. Let A and B be nonempty subsets of a metric-like space (X, d) endowed
with a graph G. T : A — B is named a G-proximal mapping if
(.Tl,xg) S E(G)
d(ui,y1) = d(A, B), = (u1,u) € E(G)
d(uz,y2) = d(A, B)

where x1,z2,u1,us € A,y1 € Txy and ys € Txs.

We have the following best proximity point results on a metric space endowed with a
graph.

Corollary 3.8. Let A and B be nonempty closed subsets of a complete metric space (X, d)
endowed with a graph G such that Ay # 0. Let T : A — K(B) be a given multi-valued
mapping. Suppose that there exists 7 : (0,00) — (0,00) for which liminf,_,+ 7(t) > 0,
for all s > 0, such that
T(d(z,y)) + F(H(Tz,Ty)) < F(d(z,y)), (3.3)
for all z,y € A satisfying H(Tz,Ty) > 0 and (z,y) € E(G). Also, suppose that
(i) for each x € Ay, we have Tx C By and (A, B) satisfies the weak P-property;
(ii) there exist elements xg,x1 € Ay and y1 € Txo such that
d(z1,11) =d(A,B) and (zg,z1) € E(G);
(i5i) T is G-proximal;
(iv) T is continuous or (Hg) holds.
Then T has a best proximity point.

Proof. Tt suffices to consider v : A x A — [0,00) such that

)1 it (z,y) € E(G)
a(x’y)_{o if not.

All hypotheses of Theorem 2.2 (resp. Theorem 2.5) are satisfied. This completes the
proof. m

Corollary 3.9. Let A and B be nonempty closed subsets of a complete metric space (X, d)
endowed with a graph G such that Ag # 0. Let T : A — Cy(B) be a given multi-valued
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mapping. Suppose there exists T : (0,00) = (0,00) for which liminf,_, .+ 7(¢) > 0, for all
s >0, such that
T(d(z,y)) + F(H(Tz,Ty)) < F(d(z,y)), (34)
for all z,y € A satisfying H(Tz,Ty) > 0 and (z,y) € E(G). Also, suppose that
(i) for each x € Ay, we have Tx C By and (A, B) satisfies the weak P-property;
(ii) there exist elements xg,x1 € Ag and y1 € Txo such that
d(x1,y1) =d(A,B) and (x0,21) € E(G);
(tii) T is G-proximal;
(iv) (Fy) holds;
(v) T is continuous or (Hg) holds.
Then T has a best proximity point.

4. CONCLUSION

We recall that we managed in this paper to propose some new best proximity points for
multi-valued o — F-proximal contractive mappings. This was achieved by introducing the
notion a-proximal admissibility which is an extension and a generalization for the case of
multi-valued contractive mappings. As applications, we have obtained many known best
proximity results on metric spaces endowed with a partial order and many best proximity
results on a metric with a graph. In this paper the hypothesis (A, B) satisfies the weak
P-property is very important. Also If we take Cy(B) instead of K(B) in Theorem 2.2, the
existence of best proximity point for T is not guaranteed. In fact by adding the condition
(Fy) on F we have obtained a partial answer for this problem. We wonder is there the
same result under other conditions.
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