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1. INTRODUCTION AND PRELIMINARIES

There exist several ways to generalize complex numbers to higher dimensions. The
most well-known extension is given by the quaternions invented by Hamilton [1] which
are mainly used to represent rotations in three-dimensional space. However, quaternions
are not commutative in multiplication. Another extension was found at the end of the
19" century by Corrado Segre [2], who described special multidimensional algebras. This
type of number is now commonly named a multicomplex number. They were studied
in details by G.B.Price [3] and N. Fleury [4]. Bicomplex numbers, just like the quater-
nions, are a generalization of complex numbers to four real dimensions introduced by
C. Segre [2]. These two number systems differ because: (i) Quaternions which form a
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division algebra, while bicomplex numbers do not, and (ii) bicomplex numbers are com-
mutative, whereas quaternions are not. For such reasons, the bicomplex numbers system
has been shown to be more attractive (compared to the quaternions). These properties
of bicomplex numbers are preserved when we define multicomplex numbers as the unique
higher dimensional analogues to bicomplex numbers. We begin the present paper with
an overview of the structure of the multicomplex space C* [3]. For more details we refer
to see [5—13].

Importantly, we define some form of idempotent elements, convergent of a multicom-
plex sequence, multicomplex polynomial, multicomplex derivatives and Taylor series rep-
resentation, characteristic polynomials and characteristic roost of multicomplex matrices,
zeros of characteristic polynomial on multicomplex space, Kronecker products, Kronecker
sum and some its applications on multicomplex space and a generalization of its char-
acteristic roots, which will be vital for all future advancements. We are then able to
prove certain useful properties of functions on C¥. In this paper, we introduce elementary
functions, such as polynomials, exponentials, trigonometric functions, Taylor representa-
tion for holomorphic function in this algebra as well as their inverses (something that,
incidentally, is not possible in the case of quaternions). We will show how these elemen-
tary functions enjoy properties that are very similar to those enjoyed by their complex
counterparts. To generalize, the observation consists in looking at maps f = (f1, f2)
in a open set U C C¥ — CF and to ask that each component f;, fo be holomorphic in
z1 and in zo without assuming any additional relationship between them. Though both
generalizations are important, and give rise to large and interesting theories. We believe
that there is another even more appropriate generalization, which so far has not received
enough attention (see [14-16]). To this purpose, we introduce to multicomplex Cauchy-
Riemann system and to apply it to pairs of holomorphic functions (f1, f2) in a open set
U c Ck — C*, so that the pair (f1, f2) can be interpreted as a map of C* to itself. It
is then natural to ask whether it makes any sense to consider pairs (f1, f2) for which the
following system is satisfied:

0fh _ 0/
821 o 82’2
02 _ _Oh
82’1 o 32’2 '
The bicomplex polynomial was discussed by M.E. Luna-Elizarrara’s and M. Shapiro
[15], and the eigenvalues for bicomplex matrices was discussed in [17]. We generalized it for

multicomplex space C* for which (k = 2, Bicomplex polynomial, k = 3, Tricomplex poly-
nomial). The algebra which one obtains is the bicomplex algebra. In this paper we show
how to introduce elementary functions, such as polynomials, characteristic polynomial
functions, zeros of characteristic polynomial, on multicomplex space C* and the Kronecker
products, Kronecker sum and some of its results was discussed in [18].0On multicomplex
matrices CF ., CE_  (something that, incidentally, is not possible in the case of quater-
nions). We will show how these elementary functions enjoy properties that are very similar
to those enjoyed by their complex counterparts. If A := {(a;;) € CE ., = AL, + AsL,}
and Au = Au which is equivalent to

Ajur = AMug,
AQUQ = )\2’&2.
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Then ) is eigenvalue of the multicomplex matrix A corresponding to eigenvector u where
A= I+ XNy € CF and v = ui I, + ugly. To generalize the above observation consists
in looking at

A:=(ayy)€Cr, =By I, +Ci I, =B, L. +C; I,
where B, ,C;, € Ck-l and B, ,,C;,_, e Ck!

mxn mxXn-*

For two matrices A and B, the matrix A ® B is the Kronecker product and A & B is
Kronecker sum of A and B.

A ®B = {(a‘ljB) € (C’lrcnpan B = (b"'s) € (C];Xq}

A@ B= {(Im ®A) + (B ® In) | A € Cfbxn’B € (C'ernXm}'
Without assuming any additional relationship between them, both generalizations are

important, and give rise to large and interesting theories, we believe that there is another
even more appropriate generalization, which so far has not received enough attention.

| A= (a;) € CF

mXxXn?

2. BicoMPLEX NUMBERS

Definition 2.1. ([15, 17]) The set of the bicomplex numbers is defined as

BC := {z1 + 2202 | 21,22 € Cl(il)} (2.1)
where i1, 75 are the imaginary units and governed by the rules

i2 =2 = —1,i1ip = igiy = j (2.2)
and so,

i* =10 = jir = —ia, inj = jis = —ir. (2:3)
Note that

Cl(ix) :={x +yi | i2 = —1 and 2,y € R for k = 1,2} (2.4)

where C! is the set of all complex numbers with the imaginary units 45, for k = 1, 2. Thus
the bicomplex numbers are complex numbers with complex coefficients, which explain the
name of bicomplex.

With the addition and the multiplication of two bicomplex numbers defined in the obvious
way, the set BC makes up a commutative ring (in fact they are the particular case of the
so called multicomplex numbers).

Clearly the bicomplex numbers

BC = Cle(1,0) 2 Cle(0,1) (2.5)

are unique among the complex Clifford algebras in that they are commutative but not
division algebras. It is also convenient to write the set of bicomplex numbers as

BC := {.’1?0 + 2111 + X210 + x37112 ‘ 20, T1,22,x3 € R} (26)

We know the complex conjugation plays an important role for both algebraic and
geometric properties of C!. So for bicomplex numbers there are three possibilities of
conjugations. Let z € BC and 21,22 € Cl(i1), such that z := 21 + 2902, then we define
the three conjugation as:

2= (2’1 + ZQZ'Q)J“ =71+ Zois (27)

ZT2 = (2’1 + ZQiQ)T2 = z1 — 2919 (28)
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T‘?' = El — EQ’L.Q. (29)

All the three kinds of conjugations have some of the standard properties of conjugations,
such as

2t = (21 + 2212)

(21 + 20)TF = 20 4 2 (2.10)
(2]")T =z (2.11)
(21.20)TF = 21% 23x. (2.12)

We know that the product of a standard complex number with its conjugate gives the
square of the Euclidean metric in R?. Thus the analogs of this, for bicomplex numbers,
are the following. Let 21,22 € C!(i1) and 2 := 21 + 2942 € BC, then we have:

|z 3= 2212 =22 4 22 € Cl(iy) (2.13)
|z 3= 2.2 = (| 21 |2 = | 22 |?) + 2Re(2122)ia € C'(iy) (2.14)
| z |3= 2218 = (] 21 |2 + | 22 |2) —2Im(z1Z2)j € D, (2.15)
where D is the subalgebra of hyperbolic numbers, and is defined as
D:={z+yj|j>=12,9cR,}=Clg(0,1). (2.16)

Note that for z1, 2o € C(i1) and z := 21 +22i9 € BC, we can define the usual (Euclidean

in R*) norm of z as | z |[= /| z1 2 + [ 22 [> = y/Re(] 2 |3). Tt is easy to verifying that

T2
7

T = 1. Hence the inverse of z is given by

, T2
z B |121 . (2.17)
Idempotent basis
Bicomplex algebra is considerably simplified by the introduction of two bicomplex
numbers e; and es defined as e; = %, ey = 1=hif2 Ip fact, e; and e; are hyperbolic
numbers (i192 = i291 = j). They make up the so called idempotent basis of the bicomplex
numbers, and one easily can check that

e% = el,eg =eg,e1+ex=1,e1.e9 = O,e;rj’ =e¢ (for k=1,2). (2.18)
Thus any bicomplex number can be written as
2z = 21 + 2209 = €1 + ageq, where oy = 21 — 2901, Qg = 21 + 2911. (2.19)

The idempotent representation for a bicomplex number can be expressed in different
ways:
1+ 2129
2
1441
2

NN e AX D)
)+ (m + n212)( 5 )s

z =1 + i1 | n, 2 € BC(i2) = (1 — n2i2)(

= P1 + Baia | 1, P2 € BC(iria) = (1 — PBairiz)( )+ (B + 52i1i2)(1 —
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= i [ 91,7 € BClinia) = (1 — inia) (o 2) + (o +2mini) (152,
= vy + voiip | vi, v € BC(iy) = (1 + 1/22'1)(#) + (v — V2i1)(1 _2i2)7
= o1 i | i € BCUz) = (n -+ paie) (5 ) (i — pai) (5 L),

3. MULTICOMPLEX NUMBERS

Definition 3.1. ([14, 16]) We must firstly define the multicomplex space in which we

have to work, that will do so inductively. For the base case k = 0, we define C° := R,
that is the set of all real numbers with additions, multiplication and norm being defined
as usual. The case for k = 1 is also familiar to C', which is simply the standard complex
plane with arithmetic and norm usually defined. The case of k = 2 and k = 3 are familiar
with C? and C? are the simply bicomplex plane and tricomplex plane. So we define

CF = {21 4 200y | 21,20 € CF71 k> 1,42 = —1 and imiy, = inim for m #n}.
(3.1)

The arithmetic is defined in usual way and if 21, 20, 23 and z4 € C*~1 and wq, ws and ws €
Ck | then

(21 + 220k) + (23 + 24ik) = (21 + 23) + (22 + 24) g (3.2)
(2’1 + Zgik)(Zg), + Z4ik) = (Z1Z3 — Z22’4) + (2’12’4 + ZgZ3)ik (3.3)
wl(wg + ’LU3) = wWi1Wy + WiWs. (34)

With this definition it is simple to show that for all natural numbers k,CF is a commutative
ring with unity. Further, assuming have defined the norm
| - llk—1: C*=! — Rsq, we define the norm || . ||x: C¥ — Rx¢ by

I 21 + 22w 7= 21 2oy + 122 IRy, (3.5)

with this definition of the norm, the space C* becomes a modified Banach algebra.
Other useful representations of the multicomplex numbers can be found by repetitively ap-
plying to the multicomplex coefficients of lower dimension, that is decomposing z; and zo
into lower dimension repetitively. We obtain

Cck .= {z11 + z120k—1 + 2219k + 222ikik—1 | 211, 212, 221, 222 € (Ck*2}. (3.6)

For any xg,- - , 2k, -+ ,21..x € R we get
CF .= {zo+a1ir+ - HTpin+Tioiriot - ATy 1pip_19pF - FT1 i1 ix |} (3.7)
It is clear that we can represent each element of C* with (g) + (]f) +-t (ﬁ) {where (k) =

T
ﬁ}, coefficients in R. One coefficients xy for the real part k, and coefficients
1, - ,x for the pure imaginary directions and additional coefficients corresponding
to ’cross coupled’imaginary directions. We note that the cross directions do not exit in R

or C, but appear only in C* for k > 2.



82 Thai J. Math. Vol. 21 (2023) /Md. Nasiruzzaman and M. Mursaleen

The multicomplex space for k > 2 has many idempotents elements, that is elements I
with the property that 12 =T

1+ ip0p_ 1 —aptp_
I, = L4 wte—1 and I, = 1T Wl—1 (3.8)
2 2
1+ 05— 1+ tp05—
I = ( +Z§Zk 1)? = H;Zk L=1 (3.9)
1—tptp_ 1—iptp_
= (—— ety o CT L (3.10)
2 2
1+ 0kt 1 —ipip—
L+D=( + ik 1) ( Lk 1) -1 (3.11)
2 2
|t tvie ot 1 —duds
Il = (—EL (L (3.12)
Thus we define a multicomplex number can be written in six different ways:
CF = (m1+yrir—1) + (v2 + yoix—1)ix = 21 + 200k = (21 — 20ip—1)]1 + (21 + 200-1) L2
= (z1 4 @2ik) + (Y1 + Y2in)in—1 = N1 + N2ik—1 = (1 — n2ix) L1 + (m + n2ix) L2
(w1 + y2iric—1) + (T2 — y1ixip—1)ir = B1 + P2ik
. 1+ 1 . 1— 4
= (b1 — Boirir—1)( - LIS 5221@%71)(%)
= (@1 +yoirip—1) + (yl — Zolkik—1)ik—1 = Y1 + V2lk—1
.. . 1—1
= (71 — 7olrir- 1)( ) (71 + 72ikin—1)( 5 )
= (21 +yrip_1) + (y2 — Xolp—1)ikip—1 = 1 + Volkir—_1
. 141 . 1—34
= (i) () + (1 = i) ()
= (z1 4+ @2ik) + (Y2 — Y1ik)inip—1 = p1 + Hotirir—1
. 1+4pq . 1—ip
= (o i) () o i) (),

We define the definition given below in multicomplex space, in which if we put & = 2
definition from [15].

Definition 3.2. Let w,, = {a1,[1+aa Iz | a1 pn, a2, € CF~1 and w,, € Ck forn > 1} be
a sequence of multicomplex numbers then the sequence {wy, },>1 is said to be convergent
component wise if the sequences {a1,} and {as,} in CF~! are convergent in C*~! to
the numbers a9 and ag ¢ where aq,0,20 € Ck=1, hence we can write w, — wy :=
o1,0l1 + ag,0l> and we say that w,, has limit wy.

Theorem 3.3 (Theorem 3, [14]). Let w = {21 + z2ix | 21,20 € CF=1}, then for all
21,29 € CF1 and w € C*, the following hold :

ezl+z2ik _ ezlezzlk (313)

e = cos(z1) + i sin(z;) (3.14)
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cos(—w) := cos(w) (3.15)

sin(—w) = —sin(w). (3.16)

We define the following theorem and corollaries given below in multicomplex space, in
which if we put k = 2 we get, (cf. [2]).

Theorem 3.4. Let w = {z; + 220}, | 21,22 € C¥"}be any multicomplex numbers, then
the sequence wy, := (1 + 2)" is convergent to e* (cos(z2) + iy sin(zz2)) as (n — o0).

Proof. We have

w =21 + 220 = (21 — 2206—1) 1 + (21 + 220p—1) ]2 = o [1 + asls,

then,
w aq Qg
1+ )" =1+ —)"I 14+ —=)"I
(14 )i (L4 24 (14 2
lim (1+ ) = Tim (1 4+ 257+ Tim (14 22)1,
n—oo n n—oo n n—oo n
1 PRI
= e o) L e e
= ezl{%((fik—lz2 + efh—172) 4 Lisfl (e7th—172 _ glh-172)}
= e*'(cos(z2) + ix sin(z2)),
thus
ez1+zzik — 11_>Hl (]_ + %)n = 1 (COS(ZQ) + 1 Sil’l(Zz)). (317)
| ]

Corollary 3.5. If e*1'* = cos(z1) + i sin(z1) and e~ *1% = cos(z1) — iy sin(z1). Then,

ezlik + e—zlik . ezlik _ e—z1ik
cos(z1) == ——— and sin(z;) i = ———
(21) 5 (21) %
Proof. Simply on adding and subtracting we get desired result. [

We define the sine and cosine formulae and transition formula in multicomplex space
as.

Definition 3.6. Let w = {z; + 226}, | 21,22 € C¥71}. Then cosine and sine formulae for
the multicomplex space are defined as
ewik + e*’wik

cos(w) := —5 (3.18)

wik _ 7wik
sin(w) = % (3.19)
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Corollary 3.7. Let I and Iy be the basis for the multicomplex space C*, where I, =
H““% and Iy = 17““% and w = {21 + 220} | 21,20 € CF71} = (21 — 20ip 1)1 + (21 +
29ik—1)I2. Then the transition formula for multicomplex space as

1 1
- . )
22 Zin_1  2ip_1 a2

where a1 1= (21 — z90k—1) and ag := (21 + 220K-1).

We prove the following theorem given below.

Theorem 3.8. Let I} = H““% and Iy = L;’“’l Then

) 1
cos(l—k) = e (el 4 ef2) (3.20)
2 2
1 1
sm(lg) : 22,k_leff(eI1 —el2). (3.21)
Proof. I = 1.1 + 0.15, 15 = 0.I1 + 1.15, then we have
Itigig 3
e +1h=c 7 = %(cos(; )+ ig—1 bln(Z;)) (3.22)
Itigig )
e =1L+4eh=e 2 = e%(cos(%k) — g1 sin(%k)) (3.23)
u

Theorem 3.9. Let w = {21 + 290 | 21,22 € C¥~ }be any multicomplex number. Then
n_ \n
lim vomA nA" L,
w—A W —
Proof. Let w := a1l1 + asls and A := A\ I1 + \ol5, where I, I5 as idempotent basis.
Then w" := o'l + afls and A" := X111 + A3 1o

where \ = {wl + Yot | ¢1, g € Ckil},
and Ay = 1 — Paig_1, A2 = Y1 + Paip_1,

Now
lim w — A" — lim (o = A+ (o — A5 1o
w—A W — A w—A (O[l — )\1)]1 —+ (042 — )\2).[2
— A7 — Ay
1 I I
wgn)\{( )\1) 1+(O¢2 )\ ) 2}
AT oy —
— 1 ot S Y ¢ 1 u T
(111—>rr1)\1(a1_>\1) 1+a21—>nl)\2(a2_)\2) 2

=0T L+ nA T L = nAn !

lim ———— = nA" L. (3.24)

We define the sine and cosine formulae for hyperbolic functions in multicomplex space
and prove the theorem given below.
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Definition 3.10. Let w := 21 + 226 | 22,22 € Ck1 be a multicomplex number. Then
hyperbolic sine and cosine functions for multicomplex variable are defined as

w —w

sin hw := % (3.25)
cos hw := % (3.26)

We prove the following theorem.

Theorem 3.11. Let w = {21 + 29i, | 21,22 € CF~1}. Then the following hold:

sinw := sin(z1 + 22ix) := sin z1 cos hzg + i) cos 21 sin hzy (3.27)
cosw = cos(21 + 220k ) := cos 21 cos hzy — i sin z1 sin hzy (3.28)
sin 2w := 2sin w cosw (3.29)

2

cos 2w := cos® w — sin® w. (3.30)

Proof. We have

. T (pWik _ Wik
sinw : o (e e )
—_ %(6(314’221.1«)1-1“ _ e*(ZhLZzik)ik)
g3
1 210k —22 —2z11K+22
= %(6 - € )
1, ., o o o
= E(e (coszy +igsinz) — e*?(cos 21 — g sinz1))
z2 —Zz2 zZ2 _ p—Z2
= sin 21(i) + i, cos zl(%)

2

= sin z1 cos hzy + i) cos 21 sin hzo,
and

1 ,
cosw := 5(6“’““ +e )

= 1(€(Zl+22ik)ik T e—(zl+zQ1‘k)ik)

2

_ %(ezlik*ZQ 4 e*Z1ik+22)

1
= 5(6_22 (coszy +ipsinzy) + e (cosz; — i sinzy))

e + e *2 ) — g si (6Z2 —e *2 )
> i) sin 21 5

cos(z1 + 228k ) 1= cos 21 cos hzg — iy sin 27 sin hzo.

= cos 21 (

Similarly we can obtain the formula for sin 2w and cos 2w using the following theorem. m
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Theorem 3.12. Let wy = {21 +22i), | 21,20 € CF1} and wo = {23+ 2401 | 23,24 € CF71}
be any two multicomplex numbers. Then the following hold:

sin(wy + ws) := sinwy cos wy + €os wy sin we (3.31)

cos(wy + way) := cos wy €OS wa — Sin wj Sin ws (3.32)

Proof.

1 4 , ,
COS W] COS Wy 1= Z{euc(un+wz) + ezk(un*wz) + euc(wszl) + e*lk(’lﬂl“’wz)} (333)

1. 4 . ,
— sinw sinwy 1= 1{euc(w1+wz) _ ezk(un*wz) _ euc(wszl) + e*lk(’lﬂl“’wz)}, (334)
on adding these expressions we get:

COS W1 COS Wy — sinwy sinwg = §{ezk(“’1+w2) +e ”“(w1+“’2)} = cos(wy + wa).

4. MULTICOMPLEX POLYNOMIAL

We define the definition given below in multicomplex space, in which if we put k& = 2,
bicomplex polynomial (see [15]).

Definition 4.1. Let w = 21 + 220 = a1l + asls be a multicomplex number, where
a1 = (z1 — z2k—1), 2 = (21 + 228x—1) and Iy, I are idempotent basis and let A, :=
dpI1 + vpl2 be multicomplex coefficients for p = 0,--- ,n. Then f(w) := ZZ:O ApwP is
called the multicomplex polynomial and written as
n n
Fw) = (6,001 +> (1p0b) 2 = fi(aa)]1 + fa(az)Ia.

p=0 p=0

If we denote the set of all r1 and ro distinct roots of fi(ay) and fo(as) by & and o,
and if we denote by ¢ the set of all distinct roots of polynomial f(w), then f(w) has ri.rs
distinct roots and it is easy to see that £ := &1 11 +&215 and so the structure of the zero set
of a multicomplex polynomial f(w) of degree n is fully described by the following lemma.

(i) If both the polynomials fi(aq) and fo(as) are of degree at least one, and if
& ={p1, -, po t has ry distint roots and £ = {v1,- - , v, } has r9 distinct roots,
then the set of the distinct roots of f is given by

Ei=wsy =push +vly|s=1,---,0, andt=1,--- 7.

Example 4.2. Let f(w) = w® — 8, where w € C*. Then
we have fi(a1) = a3 — 8 and fo(a) = a3 — 8
the set of zeros of f; and f5 are, respectively

€ i={m =20 =1 +ip_1V3,u3 = —1—i_1V3}

Coi={r1 =219 =—1+i,_1V3,v3=—1—i)_1V3}
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then the set of solutions of f is
€ :={ws = pshh + vy | s,t =1,2,3}, which has 9 distinct roots

£ = {27 (1 + z‘,;71\/§) N (3¢k712+ \/§)ik7(1 - i,;,lx/ﬁ) N (3ik,12— \/3)%

1—9_1Vv3 =31 — V3

(— REI - VS 1 i VB 1 i,
1—ip1vV3.  —3in +V3. . .

( Z"Q 1f)+( Z’“; f)zk,—1+zk\/§,—1—zk_1\/§}.

Example 4.3. Let f(w) := (H”“%)uﬁ +{(=1 —dig_1) + (4 - Zik_l)ik}?u‘_l +
{(— 114605 1) — (1241 Lig 1 )ig puoP 4 { (222t ) (220800 ) A2 { (123001

n (34“3“’1)2'16}10 i (—11—22ik,1) i (2—1121';071). Then
we have
f(w) = fi(a1)l1 + fa(aa) 12
where
1+ 2ptp— 1—ipip_
I = (#)7 I = (%)

fi(an) := a4+ (=3 — 8ip_1)a] + (=22 4 18i_1)a’ + (38 + 26i)_1)a?

(13 — 34ip_1)aq + (=11 — 2ig_1)

falaw) == a5 — 6ij_1ai — 903

§1:= {1 =dp—1,p2 =14 2ip_1}

& = {v1 = 0,10 = 3ip_1}

§ = {Ws,t = ,usll + VtIQ | Sat = 172}7
has 4 distinct roots.

14261 —24+4-1,. 1451 14351, .

5 ) T ()i () + (5 )i}
(ii) If fi(ay) = 0, then & = C*~! and & = {v1,---,v,}, where 7 < n; and
E=wp=wl +vly |weCFLEt=1-- 7. If fo(ap) =0, then & = C*~! and
& ={p1, -, po}, where o < n; and

lp—1 — ik . .
5 = {1?3211671 +Zk7(

§ = ws = psdy +w12|we(C""1,s:1,--~ ,0.

Example 4.4. Let f(w) := (1 —igix_1)w? + i —ix_1. Then

we have
fw) == filen) i + fa(a2) I
where 14 dgtp—1 1 —dgip_1
I = (#), I := (f)
filar) :==2(af —ix_1)L
filar) =0
1+idp—1

& i=ws = pshh +wlz = {( Vi +wl|we CFl(w= Vik-1)}-

V2
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(iii) If all the coefficients A, with the exception of Ay = dol1 + Yol2 are not
multicomplex multiples of I; (respectively I3), but Ay has vy # 0 (respectively
0o # 0), then polynomial f has no root.

Example 4.5. Let f(w) := (1 —igix_1)w? + 144 —ir_1 — ixixr_1. Then
we have
fw) = fi(ar) i + fa(az) 12
where
fi(ar) =2(af —ir_1) and fo(az) =2,

clearly polynomial has no root.
(iv) (Analogue of Fundamental Theorem of Algebra for Multicomplex Polynomi-
als

Let) flw) = ZZ:O Apw? be multicomplex Polynomial, where A, := 6,11 + 7,12,
and w? = oI +ab 15, with aq = (21 — 228k—1), aa = (21 + 22ik—1). If all the coef-
ficients A, with the exception of Ay = doI; + ol are not multicomplex multiples
of I (respectively Io), but Ag has vy # 0 (respectively g # 0), then polynomial
f has no root. In all other cases f has at least one root.

Remark 4.6. Let w = 21 + 220 = a1]1 + asls be a multicomplex number and f(w) :=
ZZ:O ApwP be any multicomplex polynomial. If we put £ = 2, then it becomes Bicomplex
polynomial, and if put k = 3, then becomes tricomplex polynomial.

Remark 4.7. A multicomplex polynomial may not have a unique factorization into linear

polynomials.

Example 4.8. Let f(w) := w® + 1. Then
we have
filar) = af + 1, fo(az) = a3 +1
1+ V3iy, 1 - V3ix

— :—1 e e
& ={m s 2 5 ks > }
14 +/3i 1—+/3i
L={n=—-1Lwmn= 5 b g = 5 k}

Ei=wsy = pushh +1la | 5,t=1,2,3

w? +1:= (w+1)(w— % - ?zk)(w - % + ?zk)
w4+ 1= (w+1)(w— % - ?ik_l)(w — % + ?ik_l).

Note: It is clear from what we have indicated that the multicomplex polynomials do

not satisfy the Fundamental theorem of algebra in its original form.

Theorem 4.9 (Theorem 2, [16]). Let w = z1 + zoi) be any multicomplex number. Then
the functions sin, cos and exponential in the form of the power series is defined as
00 (_1>n—1(zl + Zzik)%_l

(2n —1)!

sinw := sin(z1 + 220x) = (4.1)

-y

z1 —I— zzzk)

cosw = cos(z1 + 22ik)

n=0
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21t 2min 2\ (21 4 22ik)"
exp(w) := e T2 = Z (1(71)2lk) (4.3)
n=0 ’

Definition 4.10 (Definition 1, [14]). A function f : C* — CF is said to be multicomplex
differentiable at wy € C* if the limit
lim fw) = flwo) (4.4)
w—rwo w — Wy

exists. This limit is called first derivative of f at wy and will be denoted by f’(wy).

Definition 4.11 (Definition 2, [14]). A function f is said to be holomorphic in an open
set U C CF if f'(w) exits for all w € U.

This definition is not very restrictive, most usual functions are holomorphic in C¥. Ex-
amples of the non holomorphic functions are the modulus and absolute value functions
at zero.

Theorem 4.12 (Theorem 2, [11]). Let w = {21 + 221k | 21,22 € C¥71} be a multicomplex
number and f be a function such that f : U C C* — C* defined by
f(z1 + 22ik) = fi(z1, 22) + fa(z1, 22)ik. (4.5)
Then the following are equivalent,
(i) f is holomorphic in U,
(i) f1 and fo are holomorphic in z1 and zo and satisfy the multicomplex Cauchy-
Riemann equations:

of _0p 0h _ Oh
0z1 Oz 0z 0z

(ii1) f can be represented, near every point wo € U, by Taylor series.

(4.6)

We prove the theorem given below.

Theorem 4.13. Let w = 21 + 220 a multicomplez number, and exp(w),sinw and cosw
are holomorphic in an open set U C Ck. Then the following hold:

%w" = nw" " where n € N (4.7)

% exp(w) := exp(w) (4.8)

Em sinw := cosw (4.9)

Em cosw := —sinw. (4.10)
Proof. . .
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n=0
d B d [e%s} (_1)n(21 +22’Lk>2n+1
@Sln’w — @(ngo (2n+1>| )

B = (=1)™(2n 4+ 1) (21 + 22i8) 2"
_Z (2n+11)! -

n=1
oo
B (=1)"(21 + 22i1)%" B
= Z @n)! = cosw.
n=1
Similarly we can prove,
d .
— cosw := —sinw
dw
diw" = nw" L
w
n

Definition 4.14 (Definition 3, [11]). Let C* := w = {21 + 22ix | 21,20 € C*7!} be a
multicomplex number, and let f : U € C* — C* be a multicomplex holomorphic function

in U. Then f can be expanded in a Taylor series about a real point a as follows:
1
a

..Jrik)Qif ( ) + ...

fla+hiy+ -+ hig) := f(a) + h(iy + - +ix) f'(a) + B? (i1 + - 5

n(;: . nf(n)(a’) n+1/; - n+1f(n+1)(a) (n+2)

where f™ denotes the nt" order derivative, and
n!
(i1 k) Z z1!- - !

T1,T2," Tk
T1t+zot - FTp=n

(4.12)

.11 T
21 ...'Lk .

Using the above definition we can prove the theorem given below.
Theorem 4.15. Let f,g : U C C¥ — CF be multicomplex holomorphic functions in U
and if f(a) =0 and g(a) =0, but ¢’'(a) #0. Then

fw) _ f'(a)
e ytw) ~ oo o
and hence, in general, if f™(a) = 0= g"(a), but g""+tV(a) # 0. Then
(4.14)

fw) _ fr*(a)

lim 2 = :
w=a g(w) g™ (a)
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Proof. From Taylor series we have,

« i >( ) 2)
fla+h(iy + - +i)) Zhr ip A i) + O(h"+?) (4.15)
K8 9"(a 2
gla+h(iy + - +iy)) Zhr i i) T+ O(RR)
Put a+h(iy + -+ i) =
Then h(i; + -+ + i) =w — a.
n+1
- 7(a) n
flw) = Z;)(w —a) T+ O(h )

ntl ) (a
g(w) = Z(w - a)rfil() + O(h("+2)

T
r=0

f(w) o Z:Li‘é(w _ a)r f(7> 7 (a) + O(h(n+2))
g(w) "~ w — ayrd ix 20 4 o(pe+)
If f(a) =0=g(a), but ¢’(a) # 0. Then
i 2 S0
P gw) = gla)
If f'(a) =0=g¢'(a), but ¢’(a) # 0, then
o L) _ 1100

woa g(w)  g”(a)
Hence in general, if f*(a) = 0 = ¢g"(a), but ¢"*V)(a) # 0. Then

i 2000 _ 100
o g(w) ~ g (a)

5. MULTICOMPLEX MATRICES

We define the definition for the multicomplex matrices given below, in which if we put
k = 2 definition for bicomplex matrices (see [17]).

Definition 5.1 (Multicomplex Matrices). The set of m x n matrices CE . with
multicomplex entries, is denoted as A = {(a;;) € CF ., 1 <1 <m,1 < j < n} =

B I, + Ci I, = B;,_,I, + Ci,_,I,, where B;,,C;, € C:-! and B;,_,,Ci,_, € Ck- L
1+igip— 1—igip—
and [, = Dot p o Ioideo

Corollary 5.2. We can do easily the following results in the field of multicomplex space:
(i) Let A be an n x n multicomplex matriz

A= szll =+ CikIQ = Bik_llz + Cik_lly
then its determinant is given by

detA = detB;, I, + detC;, I, := detB;, | I, + detC;, I, (5.1)
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(i1) Let A and B be any two square multicomplex matrices then
det(AB) = detA.detB, (5.2)

(i4i) Let A= B;, I,+C; 1, := B;, ,1,+C;, I, €Ck B, .C; €Ck  andB;, ,,C; |
e CFL be a multicomplex matriz. Then A is invertible if and only if B;,,C;, are in-

nxn’
k—1
and B;, ,,C;, _, are invertible in C, 5, .

nxn

vertible in CE_

We define the definition for the eigenvalues of a matrix in multicomplex space in which
if we put k = 2 then the definition of eigenvalues for bicomplex matrices (see [17] ).

Definition 5.3 (Eigenvalues for Multicomplex Matrices). Let A := {(a;;) €
Ck = A1, + AxI,} and Au = Au which is equivalent to

mxn
Ajuy = AMug,
AQ’LLQ = )\2u2.

Then A is called the eigenvalue of the multicomplex matrix A corresponding to eigenvec-
tor u where A := A I, + A2y € CF and v = w1 I, + ugly. If X is not a zero divisor and
up # 0,uz # 0 then A is an eigenvalue of A if and only if A\; and Ay be an eigenvalue of
Ay and As corresponding to eigenvector of uq, and us.

We define and prove the following theorem given bellow.

Theorem 5.4. Let A := {(a;;) € CF
to

= A1, +AxI,} and Au = Au which is equivalent

mXn
Ajur = AMuy,
A2u2 = )\2’&2.

Where A = M1y + Aoy, € CF and u = u I, + ualy. Then multicomplex matrix A has
{\ = p1.q1}} distinct eigenvalues if and only if Ay has {\y = p1} distinct eigenvalues and
As has {Aa = q1} distinct eigenvalues.

Proof. We have A = {asl, + 51, |1 <s<p1,1 <t <¢q}
= {a17a27 e 7ap1}-[w + {51)623 e 7ﬁq1}—[y = )\l-la: + >\2-[y

{ Ajug = >\1U1,

Asus = Aous.
Conversely: If Ay = {a1, a9, -+ ,ap, }, Ao = {51,052, , Bg: }
Au= (A1, + Aoly)u = (M Iy + Xoly)u
Au = du.
Implies that

A={ML + Xy =a, + By, |1 <s<p,1 <t<q}
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Example 5.5. Take
1 =G 1+t +ip—1t 1401+ —tp_1%k
Ag o = . . . . . . . .
1= — i +ip_1ty —L1+tp_1+ 0 — ip—1%k
A=A I+ A,

(20 —ik1) O 0 21 +ip1)
A‘( 2 o) et loi 2, )M

det(A—NI) := A% — 2\ +4(ip_1 — 1)
det(Ay — MI) := A} + 2ip_1 M\ + 4(ig—1 — 1)
det(Ag — Nol) := A3 — 2ip Ao +4(ip_1 — 1)
A={(—tpo1 + B —dig—1)Ln + (i—1+ /3 — dir—1) Ly, (—ix—1 + /3 — dig—1) I + (ig—1 —
V3= 42';9,1)[74, (—’L'k,1 —v/3 - 4ik—1>lgc+(ik—1 ++/3 — 42']@,1)[1/7 (—ik,1 —/3 - 4’ik,1)lgj+
(th—1 — /3 —dig_1)1y}.
Note: If we put k = 2, we get bicomplex eigenvalues for bicomplex matrix.
Theorem 5.6. Let A := {(a;) € Ct , = ()l + (Bij)1,,1 < 1,j < n} be any
Multicomplex matriz and det(\I,, — A) be the characteristic polynomial, then the matriz
A is zero of det(A,, — A).
Proof. We have
det(AI, — A) := det(M I, — ayj)I; + det(No1,, — Bi5)1y

where
det(\I,, — Zap/\p ZéA )L + Zypv
det(A, — A) = (A, — A).Adj()\ln - A) = Ad]()\ln — A).(\, — A).
And
Adj(M,, — A) pr)\p = qup ). + qupv )
Take

A= AL, + AsIy A = My + Ao,
Then we have
¢n—1 = 571[
Gn—2 — A1n—1=0n-11
Pn—3 — A1pn—2 = dn_ol

$o — A1y = 01l

—Ay1¢po = dol.
And
Yn—1=Ynl

¢n—2 - Ald)n—l = 'Yn—lI
V-3 — A1Pn_o = Yn_2l

o — Arpr = 1l
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— A1 =0l
Multiplying by A7, A1 ... Ay, T

Al 1 = AT6,1
A?71¢n72 - A5L¢n71 = A?ilanfll
A?72¢n73 - A?71¢n72 = A?726n721

Aigo — Al = A1611

—A1¢o = ool
Sn AT+ 6n 1 AT+ 4+ 8141 + 601 = 0. (5.3)
Similarly multiplying by A%, AZ~' ... As, I.
We have
AL + -1 A5 - 1Az + ol = 0. (5.4)
From above equation we have
an A" + ap 1 AV 4 @ A+ apl = 0. (5.5)

Theorem 5.7. Let A := {(a;;) € Ck, = AL, + A1} be any Multicomplex matriz,
then A is zero of det(AIl, — A) if and only if Ay is zero of det(M\ 1, — A1) and As is zero
of det(XoI, — As) where X = A\, + \ol,.

Proof. Very simple, can be easily proved. [
Example 5.8. From above example clearly
f(A) := A% — 2, A+ 4(ip_1 — 1) =0
fi(Ay) == A3 4201 Ay +4(ig_1 — 1) =0
f2(A2) = A3 — 2 Ao + 4(ixg—1 — 1) = 0.

6. KRONECKER PRODUCT ON MULTICOMPLEX SPACE

The following information is interpreted from the paper On the history of Kronecker
product by Henderson, Pukelsheim and Searle (see [7] ). Apparently, the first documented
work on Kronecker products was written by Johann Georg Zehfuss between 1858 and 1868.

Now we do it for the multicomplex space.

Definition 6.1 (Kronecker Product). Let A and B are Multicomplex valued matrices,
and if A = (ay;) € C},,,, B = (brs) € Ch,, then their Kronecker product is denoted by
A ® B and is defined as
a171B a172B s alynB
a27lB GQQB tee ag’nB
A® B = (a;B) €Ck ,

mpxng

am1B ama2B - amaB
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Which imply

a1 Bl + pi11B2ly, -+ ainBils + finBaly

o21B1l: 4+ B21B2ly, -+ aonBily + PonBaly
A®B = (aljB1)Iz+(ﬁlng)Iy = . ) . ,

am,lBljm +/Bm,1BZIy am,nBllm +/8m,nBQIy

where A = {ay; I, + 5i;I, | 1 <1 <m,1<j<n}and B= Bl + B2I,.
Clearly A® B+# B® A.

We do the theorem for multicomplex space.

Theorem 6.2. Let Ac Ck  BeCk, Ce (CfLXp,D € Ck,,. Then (A® B)(C®D) =
AC ® BD.

Proof. We have

ar1Bily + B1aB2ly  --- a1 nBile 4 BrnBaly
a21Bile + f2aBely - aznBils + f2n B2l
A®B = (ou; B1)la+(Bi B2) 1y = : ) :
am1 Bl + 1 B2ly oo ampBile 4 Bmn Baly
Y1aDile + 611 D20y - y1pDile + 61, D21,
veaDily +821D2l, -+ YapDils +2,Dol,
CRD = (’Yule)I.’E_F((SUUDQ)Iy = : ’ :
YnaD1ly + 6n1 D2y -+ o pDily + 0n,pDaly
P - Q
(AeB)(CeD)=|: -
R .. §
= AC ® BD,

where,

P = Z(al,k'Yk,lBlDlIx + B1,k0k,1 B2D2 1)
k=1
n
Q= Z(a1,k7k,pB1D1Ix + 81 k0k pB2DalIy)
k=1

3

R=" (amnsvk1B1D1 1 + B k6k 1 B2 Ds 1)
k=1

S = Z(am,k’Yk,pBlDljx + ﬁm,kék,pBQDQIy)~
k=1

The following results can be do easily for the multicomplx space.
(i) Let A and B be non singular Multicomplex valued matrices. Then (A® B)~! =
At B
(ii) Let AcCk,,,BeCF, . Then (A® B)T = AT ® BT.
(iii) If A€ Ck,,,B € Ck . are normal. Then A ® B is normal.
(iv) If A€ Ck,,,B € CF,.,, are symmetric. Then A ® B is symmetric.
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Now we prove the theorem in multicomplex space on the eigenvalues.

Theorem 6.3. Let A € CE_ B e Ck_ — for which Au = \u and Bv = pv. If X be
(p1.q1) distinct eigenvalues of A and p be (p2.q2) distinct eigenvalues for B then A ® B
has (p1g1.p2q2) distinct eigenvalues and written as in the form of ayv, I, + Bso I, where

1<k<p,1<r<p,l<s<q,l1<t<q.
PTOOf. Let A= Allar +A21y,B = Bllx +Bgly7)\ = Allx +)\21y,,u = /Lllx +‘LLQIy
Au = Au, Bv = pv with

Ajuy = Muyg,
A2u2 = )\2’6&2.

And
Bivy = pyvy,
BQ’UQ = WU203.
If My = a1,00, -+, o, having p; distinct eigenvalues
A2 = B1, P2, -+, Bq, having ¢; distinct eigenvalues
then X\ has mn distinct eigenvalues in the form of
{/\:aklx+ﬂsly ‘ 1Sk§p1,1§5§ih}- (61)
Similarly, if p; = v1,v9, -+, vp, having py distinct eigenvalues
lo = 01,02, -+ ,04, having gz distinct eigenvalues
then p has psge distinct eigenvalues in the form of
{p=vly +oil, |1 <7 <py,1 <t <o} (6.2)
(A® B)(u®v) = (A1 ® Bi)lz + (A2 ® B2)I)(u®v)
= (A1 @ B1)I,(u®v) + (A @ Ba) I, (u @ v)
= (Alu ® Bﬂ})]w + (AQU, ® BQ’U)Iy
= (Mu® o)Ly + (Aou ® pov)ly,
= Aip1(u® )y + dapo(u @ v)ly,
(A® B)(u®v) = (Aipily + Aspaly)(u ®v)
(A® B)(u®v) = (Aup)(u®v)
)\M:{O‘kyrlr+ﬂsat[y | 1 S k§p1;1 §7’§P271 SSSqlal §t§(J2}
Implies that A ® B has (p1g1.p2¢2) distinct eigenvalues. n

Example 6.4. Take
A— 11— +ip +ip_1tpy L4 tp—1+ 0 — ip—1%k
1—dp g — i +ip_1tp —L1+tp_1+ 0 —ip—1%k

B 14 g1+ + 19 1 —tp_1 — i — th_1lk
1+ 01+t — 10 1 —tp_1+ 1 +ip_10k

4(1 —ip_1) 0 0 0
0 8 0 0
A®B= 1 0 4 0 I,
0 41 —dg_q) 0 4(=1+ip_1)
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0 0 4(—1+ip_1) 8
0 0 8ip_1 0

+ 4 4(—=1 —ip_q) —4 4(1 +ig_1) Iy
401 —ip_q) 0 4(—=1+ig_1) 0

where

A=A, + Ay,
A:<%L%kﬁ«$)h+<424 %EZiﬁ>@
det(A—NI) := 2% — 2ip A+ 4(ip_1 — 1)
det(Ar — MI) := A} + 2ig_1 M1 +4(ig—1 — 1)
det(Ay — XoI) := N3 — 2ip Ao + 4(if_1 — 1)
M o={a,an |y = —ip_1 + /3 —4ig_1,a0 = —ip_1 — /3 —4ix_1}
Xy = {1, B2 | B1 =in—1+ /3= dig_1, B0 = ix_1 — /3 —dir_1},

where \; are set of eigenvalues for A; and Ao be the set of eigenvalues of As.
Similarly, if B = B11, + BoI, having eigenvalues u for which p = p11, + pal, where
w1 are set of eigenvalues for By and uo be the set of eigenvalues of By then we have

pr = A{v,ve | v =2 =gy dig,ve =2 — i1 — i}
po = {01,020 | 01 = i1 +V7, 00 =iy — \ﬁ}
A=Aty + Aopaly,
where
Ap = {(111/17(111/2,0621/1,042%}
Aoz = {B101, B103, B201, B202}
hence set of all eigenvalues of A ® B is in the form of

{ogvrIy + Bsody | kyrys,t = 1,2}

7. KRONECKER SUM ON MULTICOMPLEX SPACE

As for the Kronecker product, we can define the Kronecker sum and some of its results
on the eigenvalues in the multicomplex space.

Definition 7.1 (Kronecker Sum). Let A€ CF B € CF _  then the Kronecker sum
of the Multicomplex valued matrices A and B is denoted as A @ B and is the mn x mn

matrix and is defined as A® B = (I, ® A) + (B® I,,) and in general A® B # B® A.

We prove the following theorem on eigenvalues for Kronecker sum in the multicomplex
space.

Theorem 7.2. Let A € Ck B e Ck .., for which Au= \u and Bv = pv. Let \ be
(p1.q1) distinct eigenvalues of A and p be (p2.qz) distinct eigenvalues for B then A & B
has (p1p2.q1q2) distinct eigenvalues and written as in the form of (cu, +vy)Ip 4+ (Bs+0¢) Iy

where 1 <k <p;,1 <r<p2,1 <s<qp,1 <t < go.
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Proof.
(A®B)(u®v) = (In®A)+ (B L)) (u®v)
=((Im ® A1 4+ By @ In)) I + (I;y ® As + By @ I,) 1)) (u ® v)
=u® (A1 + B1)vl, + (A2 + Bo)u @ vl

=u® (A1v+ B1v)l; + (Asu + Bou) ® vl

=u® (Mv+ mv)ly + (Aou + pou) ® vl

=M+ m)L(u®v)+ A2+ p2) I (uv)

= (M + )l + (A2 + p2) 1) (u @)
= A+ p)(u®v).

Since A1 = a1, 0, -+, ap, having p; distinct eigenvalues,
A2 = B1, B2, -+, By, having ¢; distinct eigenvalues,
[ = v1,V9, -+ ,Vp, having po distinct eigenvalues,
fo = 01,02, -+ ,04, having g distinct eigenvalues.
Therefore Ay + 1 = {ap+v, | 1 <k <p1,1 <r < py} has p1ps distinct values. Ao+ g =

{Bs+0:t |1 <s<q,1<t<go}has qqo distinct values. A+pu = (g +v, )L+ (Bs +0u)1y
has (p1p2.q1¢2) distinct eigenvalues. .

Example 7.3. Take A and B Multicomplex matrices from the above example
A®B=(L®A)+(B®I))

where

21 —ip_1) 0 0 0
2 2 0 0
ILhoA= . I,
2® 0 0 2(1—ip1) O
0 0 2 2
0 2(1 4 ig—1) 0 0
ip1 2ip 0 0
oo 0 0 2140 |
0 0 —24_1 201
2 0 0 0
0 2 0 0
BOL=14 0 201—i,) 0 L
0 0 2 2(1 — 1)
%1 0 2(1 — ip_1) 0
0 Qik_l 0 2(1 - Zk—l)
Tl ri) 0 0 0 Iy
0 2(1 +ix_1) 0 0
22 —ip_1) 0 0 0
2 0 0 0
A® B = 0 0 d1—ip1) o |
0 0 2 —2i)-1)
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2ik_1 2(1+ik—1) 2(1 *Z'k_l) 0
I —2i5_1 4451 0 2(1 —ig—1) I
2(1+’ik,1) 0 0 2(14—1'}6,1) v
0 214 ip—1)  —2ig—1 i1
where

A + o= )\1./1,1[1 + )\Q.ILLQIy,
and
M+ ={og +vi,00 Fve, a0 + v, a0 + o}

A2+ pi2 = {B1 + 01, B1 + 02, B2 + 01, B2 + 02}
hence set of all eigenvalues of A @ B is in the form of

{(a + o) + (Bs +0) Ly | k,7y 5,6 = 1,2}
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