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1. INTRODUCTION

It was Zadeh [1] who introduced fuzzy set in 1965 and A.K. Katsaras [2] who while
studying fuzzy topological vector space introduced the idea of fuzzy norm on a linear space
in 1984. A different approach on fuzzy norm was brought forward in 1992 by C.Felbin
[3] with an associated metric of the Kaleva and Seikkala type [4]. Further developement
on the notion of fuzzy norm took place in 1994 when Cheng and Mordeson [5] gave
the idea of fuzzy norm having a corresponding metric of the Kramosil and Michalek [0]
type. Following the definition of fuzzy norm given by Cheng and Mordeson [5], Bag and
Samanta [7] introduced the concept of fuzzy norm in a linear space. On the other hand,
several authors generalized the concept of metric space in different approaches. In 2007,
Long-Guang et al. [8] introduced the concept of cone metric space where the set of real
numbers is replaced by a real Banach space. With the idea of cone metric space given by
Long-Guang et.al [8], Bag [9] introduced the concept of fuzzy cone normed linear space
(Felbin’s type). In 2017, Tamang and Bag [10] extended the concept of fuzzy cone normed
linear space and established some basic results. In [11], Tamang and Bag established some
fixed point results for well known Banach, Kannan and Chatterjee type contraction in
fuzzy cone normed linear space. In this paper, we proved some fixed point results for
generalized contraction mappings in fuzzy cone normed linear spaces and some results
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are justified by suitable examples. In this context, it is worth mentioning some papers
([12-15]) used to develope the quality of our manuscript.

2. PRELIMINARIES

Throughout the paper, 8 denotes the zero element in Banach space F and A denotes
the infimum.

Definition 2.1. [8] Let E be a real Banach space and P be a subset of E. P
is called a cone if and only if:

(i) P is closed, non-empty and P # {0g};
(ii) a,b€ R, a,b >0, x,y € P = ax + by € P;
(ili) r€e Pand —x € P = 2 =0p.

Given a cone P C E, we define a partial ordering = with respect to P by x =< y iff
y—x € P. We shall write < y to indicate that x < y but x # y while z << y will stand
for y — x € Int P, where Int P denotes the interior of P.

The cone P is called normal if there is a number K > 0 such that for all x,y € F,
with 0 < o <y implies |z|| < K||y]|.
The least positive number satisfying above is called the normal constant of P.

The cone P is called regular if every increasing sequence which is bounded from above is
convergent. That is if {z,} is a sequence in E such that

T1 322 D%y X Ry

for some y € E, then there is z € F such that ||z, — z| — 0 as n — oo.
Equivalently, the cone P is regular if every decreasing sequence which is bounded
below is convergent. It is clear that a regular cone is a normal cone.

Definition 2.2. [16] The cone P is called strongly minihedral if every subset of E which
is bounded above via the partial ordering obtained by P, must have a least upper bound.
Hence, every subset which is bounded below must have greatest lower bound.

Definition 2.3. [17] A binary operation = : [0,1] x [0,1] — [0, 1] is a t-norm if it satisfies
the following conditions:

(1) * is associative and commutative;
(2) ax1=aVae€l0,1];
(3) a*xb < cxd whenever a < ¢ and b < d for each a,b,c,d € [0, 1].

If % is continuous then it is called continuous t-norm. The following are examples of some
t-norms that are frequently used and defined for all a,b € [0, 1].

(i) Standard intersection: a * b = min(a,b).
(ii) Algebraic product: a * b = ab.
(iii) Bounded difference: a * b = max(0,a + b — 1).



Fixed Point Theorems for Generalized Contraction Mappings ... 3

(iv) Drastic intersection:

a forb=1
a*xb= b fora=1
0 otherwise.

Definition 2.4. [11] Let X be a linear space over the field K and E be a real Banach
space with cone P, x is a t-norm. A fuzzy subset N, : X x E — [0,1] is said to be a
fuzzy cone norm if

FCN1 VYVt e E witht =< 0p, Nu(z,t) =0

FCN2 (V0 <t, No(x,t)=1)iff = =060x; (0x denotes the zero element of X)

FCN3 Vg <tand 0 # c € K, N.(cx,t) = N.(z, \%I)’

FCN4 Vz,y € X and s,t € E, N.(x+y,s+t) > N.(z,s)* N.(y,t);

FCN5 N.(z,t)=1ifs <tV se P.

Then (X, N, %) is said to be a fuzzy cone normed linear space w.r.t. E.

Definition 2.5. [11] Let (X, N, *) be a fuzzy cone normed linear space with a strongly
minihedral cone P and « € (0,1). A sequence {x,} is said to be a-fuzzy convergent and

converges to x if lim /\{t = 0p: N.(zp —x,t) >a} =0, teE.
n—oo
If lim /\{t = 0g : N.(v, —2,t) > a} =0 ,t € E,Va € (0,1), then {z,} is said to be
n— oo

[-fuzzy convergent and converges to x.

Definition 2.6. [11] Let (X, N, %) be a fuzzy cone normed linear space with a strongly
minihedral cone P and a € (0,1). A sequence {x,} is said to be a-fuzzy Cauchy sequence

if li_>m /\{t = 0p: Ne(Tptp —Tpn,t) >} =0g,t € E, foreach p=1,2,3, ...
It lim A{t = 0p : Ne(nip — an,t) > a} = 0 ,t € E Va € (0,1) and for each

n—oo

p=1,2,3,..., then {x,} is said to be I-fuzzy Cauchy sequence.

Definition 2.7. [11] Let (X, N, *) be a fuzzy cone normed linear space with a strongly
minihedral cone P and « € (0,1). Then X is said to be a-fuzzy complete if every a-fuzzy
Cauchy sequence is a-fuzzy convergent to some element in X.

Definition 2.8. [11] Let (X, N, %) be a fuzzy cone normed linear space with a strongly
minihedral cone P and « € (0,1). Then X is said to be I-fuzzy complete if every a-fuzzy
Cauchy sequence is a-fuzzy convergent Vo € (0, 1).

Example 2.9. [11] Let (X,|| ||c) be a cone normed linear space and take E = RZ.
Then P = {(t1,t2) : t1,t2 > 0} C E is a strongly minihedral normal cone with normal
constant 1. Define a function N, : X x F — [0,1] by
Ne(z,t) =1if||x]e <t
=0ift 2 lz.

If we choose * = min, Then (X, N, x) is a fuzzy cone normed linear space. If we take
X = R, then (X, N, ) is an [-fuzzy complete fuzzy cone normed linear space.
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Proof. () Vt € E with t < g, we have by definition, N.(x,t) =0 for all z € X.
Thus (FCN1) holds.

(il) V¢t € F with 0 < t,

Ne(z,t) =1

= |zl <t Vt > 0

= |[llz]lc]] < ||t]| V¢t = 0 (Since P is normal cone with normal constant 1)
= [[llz[le[l = 0.

= Jl2lle = 0.

= x = 0x (0x denotes the zero element of X)

Again . = 0x

= |zllc = Op.

= Hech <tVt=0g

= N(z,t) = 1.

So (FCN2) holds.

(iii) For all t € E with g <t and 0 #c€ K

Let N.(cz,t) =0

=t =<z,

=t <[l

= & < el = NG, 1) =0,

Let N.(cx,t) =1

= fleall, <t

= e[zl ¢

= el < &
= N.(z, ﬁ) =1.

So (FCN3) holds.

(iv) We have to show that

N.(x 4+ u,s +1t) > min{N.(z,s), N.(u,t)} Vx,y € X and s,t € E
If Ne(x +u,s+1t) =0

Then s +¢ =< ||z + ulle < [[z]le + [[ul

= llzlle + flulle = (s +t) € P

= |lulle =t = (s —[|lz]lc) € P

= 5 — alle < llulle —t (2.9.1)

If ||z||c < s ie, O < s—|z|, then from (2.9.1)

Op < |lulle —¢

=t < lullc

So if ||z]|c < s, then t < ||u].

So, N¢(z,s) =1 and N.(u,t) =0.

Similarly, if ||ull. < t, then s < ||z||.

So N.(u,t) =1 and N¢(z,s) = 0.

So in both cases,

Ne(z +u, s +t) > min{N.(z,s), Ne(u,t)} = 0.

If Ne(x +u,s+t)=1

Then N.(z + u,s+t) > min{N.(z,s), Ne(u,t)}

So (FCN4) holds.

(v) If s < ¢ for every s € E, then by definition N.(z,t) =1
So (FCNb) holds.
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We now prove that (X, N, ) is an [-fuzzy complete cone normed linear space.

Let {z,} be a a-Cauchy sequence in (X, N, *) for a € (0,1).

Then A{t > 0 : No(x,, — 2, t) > a} =0 as m,n — o0

Choose € > 0 arbitrarily, then there exists a natural number p such that A{t > 0 :
Ne(xp — T, t) > a} <€Vt = 0 and m,n > p.

= No(Tp — T, €) > a>0Ve = 0g and m,n > p.

= ||Tn — Tm||e < € Ve = O and m,n > p. ( by the definition of N,)

= ||[|n — Tm|lc|| < ||€]| Ve = 0 (Since P is normal cone with normal constant 1)

= ||zn — Zmllc = 0 as m,n — oo

= Ty — Tm| = 0 as m,n — 0o

= {x,} is a Cauchy sequence in R. Since R is complete, 3 € R such that x,, — = as
n— oo

=T, —x—0asn— oo

= ||zn — |l = 0 as n — oo

= there exists a natural number ny(¢) such that ||z, —z|. <t V ¢t > 0 and n > ng(t).

= Ne(x,, —x,t) =1V t > 0 and n > ng(t).

= AN{t>0g: N(z, —z,t) >a}=0g asn —

= {z,} is a-convergent to .

Since v € (0,1) is arbitrary, every a-Cauchy sequence is a-convergent. So (X, N, *) is
an [-fuzzy complete fuzzy cone normed linear space. [

3. MAIN RESULTS

In this section, we revised the definition of fuzzy cone norm given in [11] to the following
form and assumed the condition C1 given below to establish some fixed point results.

Definition 3.1. Let X be a linear space over the field K and F be a real Banach space

with cone P, * is a t-norm. A fuzzy subset N, : X x E — [0,1] is said to be a fuzzy

cone norm if

(FCN1) Vt e E witht < 0p, Nu(z,t) =0

(FCN2) (V 0g <t, Ne(z,t)=1)iff =0x ;(0x denotes the zero element of X)

(FCN3) Vg <tand 0 # c € K, N.(cx,t) = N.(z, \%I) ;

( )
(

FCN4) Vz,y € X and s,t € E, N.(x+y,s+t) > N.(z,s) * Ne(y, t);
Then (X, N, *) is said to be a fuzzy cone normed linear space w.r.t. E.

Remark 3.2. [10] N.(z,.) is non-decreasing w.r.t. F.

C1: Assume that for a subset A C F, if infA exists say «, then for each ¢ > g there
exists t. € A such that t. < a + c.

Example 3.3. Let (X, | ||) be a cone normed linear space and take E = R?. Then
P = {(t,0) : t > 0} C E is a strongly minihedral normal cone with normal constant 1.
Define a function N, : X x E — [0,1] by

Ne(x,t) = lif||lz|lc <t
= 0ift < ||zl
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If we choose * = min, Then (X, N, x) is a fuzzy cone normed linear space satisfying
condition C1. If we take X = R, then (X, N.,x) is an [-fuzzy complete fuzzy cone
normed linear space.

Theorem 3.4. Let (X, N, x) be an l-fuzzy complete cone normed linear space satisfying
C1 where x=min and P be a stronghly minihedral normal cone with normal constant M.
Suppose the mapping T : X — X satisfies the condition

At = 0 : No(Tx — Ty,t) > at + N{t = 0g : N.(Tz —z,t) > a} + A{t - 0 :
Ne(Ty —y,t) > a} <k A\{t = 0p: NJ(z —y,t) > a} Va,y € X andVa € (0,1) (5-4.1)
where 1 < k < 5. Then T has a fized point in X.

Proof. Choose zy € X. Define a sequence {x,} in X in the following way:

Tpyr = Dt =0,1,2, ..

Then x,, — Txp = 2(xy, — Tpy1)

Now we have,

Nt = 0g : No(zp — Ty, t) > o} = Nt = 0p : Ne(xp — Tny1, 5) > o}

=2A{t >0 : N.(zp, — Tpy1,t) > a}

First we show that {x,} is a-Cauchy sequence for all a € (0, 1).

Put ¢ = xp_1,y = zp, in (3.4.1), we have for a € (0,1),

MMt = 0g : Ne(Tzp_1 — Ty, t) > a} + A{t = 0 : Ne(Taxp—1 — xn_1,t) > a} + A{t >
Op : No(Txp — xp,t) > a} S EN{t = 0p : Ne(xp—1 — 2p,t) > a}

ie,

Nt = 05 : No(Txp—1 — Tap,t) > a} + 2A{t = 05 : Ne(xy — Tp—1,t) > a} + 2 A\{t >~
0 : Ne(Tnt1 — @n,t) > o} REN{t = 0p : Ne(xp—1 — zp,t) > a} (3.4.2)
Now,

ANt =0 : No(Txy—1 — Ty, t) > a} + A{t = 0p : Ne(zp — T2p—1,t) > a}

= N{t=0g: Ne(Tap_1 — Ty + a0y — Trp_1,t) > axa=a}

= N{t =0 : N(x,, — Tzp,t) > a}

ie,

Nt = 0g : No(z), — Txp,t) > a} — N{t = 0g : No(xy, — Txp_1,t) > a} (3.4.3)
Nt >0g: N(Txp—1 — Tap,t) > a}

Tn1—TTp_1

Again, x, — Tz, | = =" =Ty_1 — Ty (3.4.4)

Using (3.4.3) and (3.4.4), we have
Nt = 0g : N.(2(xy, — Tpy1),t) > a} — N{t = 0 : Ne(xpp—1 — zp,t) > a}
Nt >0g: N(Txp—1 —Tap,t) > a}

ie,
2N{t = 0g : Ne(zp, — Tpy1,t) > a} = N{t = 0 : Ne(zp—1 — zp, 1) > a}
= A{t =0 : No(Txp_1 — Ty, t) > o} (3.4.5)

Using (3.4.2) in (3.4.5), we have
2N{t = 0g : Ne(zp, — Tpt1,t) > a} — A{t = 0p : Ne(xp—1 — Tp,t) > a} + 2 A\{t > 05 :
Ne(xn —xp—1,t) > a} + 2 \{t = 0 : Ne(xp41 — zp,t) > o}

<kN{t>0p:N(xpn_1—zpn,t) > a}
=4AAN{t >0 : Ne(@nt1 — 2n,t) > a}t + A{t = 05 : Ne(2r—1 — 24, t) > a}
<EAN{t>0g: Ne(xp_1—xn,t) > a}

= 4A\{t -0 : Ne(xpt1 — Tpn,t) > a}
< (k=1)N{t=0g:N(xp_1—2pn,t) > a}
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< ED NG - 05 No(2o1 — 0,t) > o}

= Nt ~0g: N(zn+17wn,)z af =
> }-<5/\{t>9E Ne(xp—1 — 2p,t) > a}

= Nt > 0g : Ne(Tpi1 — zp,t)
where § = k41), 0<d< 1.

= N{t = 0g : Ne(zp11 — xn,t) > at X" A{t = 0 : N.(z1 — 30,t) > a}
Since P is a normal cone with normal constant M, from above we have,

I ALt = 05 : Ne(gs - 20.1) > o} < MO"[ At > i Nolws — 20.8) > o} |
= lim | A\{t =05 : No(zni1 — 20,t) > a}[| =0. (0< 5 < 1)

= hm /\{t =0p : Ne(2pi1 — Tn,t) > a} = 0g (3.4.6)

Now for p > 1 we have,

Nt =05 : Ne(zpip— xn-&-p Ly ) = at+ \{t > 0p: Ne(@nip-1—Tnip-2, p) Zzab+..+
At > 0g : Ne(xp41 — )>a}>/\{t>9E Ne(Tptp — Tnyt) > axax ... xa=a}
ie,

At = 0 - Ne(@nip — 20) > a} < pA{t = 05 5 Ne(nsp — Tnsp1,8) > a} + pA{t =
0 : Ne(Znip-1 — Tngp-2,t) > at+ ...+ pA{t = 0p : Ne(zpt1 — 2n,t) > a}

Since P is a normal cone with normal constant M, from above we have,

IA( > 0+ Nelang - Znt) 2 Y]l < pM At = O Ne(wny — uspt) 2 ol 4
PMIA{t - 0p : Ne(Tnip1—Tnip-2,t) = a}l|+...+pM[|\{t = 0 : Ne(zny1—2n,t) >
at]|

= [[A{t > 0g : Ne(Tpnip — Tn,t) > a}|| = 0 as n — oo for p=1,2,3,...using (3.4.6)

= Nt > 0g : Ne(@nip — Tn,t) > a} = 0g asn — oo for p=1,2,3, ...
= {x,} is an o~ Cauchy sequence Yo € (0,1).

Since X is I-fuzzy complete, thus 3z € X such that

hm/\{t>—9E Ne(xy — 2,t) > a} =0 Ya € (0,1).

Réw put 2 = 2,y = z,, in (3.1.1), we get

Nt = g : N, (Tz—Txm)>a}+/\{t>9E: (Tz — z,t) > a} + N{t - 0g :
Ne(Tt, 0, 1) > @} <KA{L = Op : No(z — 2,1) > 0} (34

Now, A{t = 0 : N.(Tz — z,t) > a} S N{t = 0 : No(Tz — Taxp,t) > a} + A{t = 05 :
N (Txy — z,t) > a}

(3.4.7)

;\e{’t = 0 : No(Tz— 2,t) > a} — N{t = 0 : N.(Tx,, — 2,1) > a} 2 A{t = 0p :
N.(Tz —Txzp,t) > a} (3.4.9)

Using (3.4.8) in (3.4.9), we get

At = 0 : N, (Tz—zt)>a}—/\{t>9E: (Tay, — zt)>a}+/\{t>9E:
N(Tz—zt)>a}+/\{t>9E N (Tx, — xn,)>0z}<k/\{t>9E Ne(z—zp,t) > a}
= Nt > 0g : N(Tz—2,t) > a} + N{t = 0g : N.(Tz— z,t) > a} + \{t > 0g :
Ne(Txp—xn,t) > af S EA{t = 0p : No(z—zp,t) > a}+ A{t = 0g : No(Tz,,—2,t) > a}

= Nt > 0g : N(Tz— zt)>a}—|—/\{t>0E: (Tz — zt)>a}+/\{t>9E:
N (T, — xp,t) > a} <EAN{t>0g:N(z—zp,t) > at+A{t - 0g: N (T, —xp,t) >
al + AN{t > 0g : Ne(x,, — 2,t) > o}

=2A\{t >0 : N.(Tz—2z1t) >a} < (k+ 1) A{t -0 : Ne(z — 2,,t) > a}

Using normality and (3.4.7), taking limit as n — co we have

12 A\{t > 0g : N, (Tz z,t) > al]| <0

= |A{t=0g: N(Tz—2,t) > a}|| =0V a € (0,1).

= AN{t>0g:N(Tz—2,t) >a}t=0gVac(0,1).
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Thus for each ¢ > 0,3 t. such that t. < 0g +c and N.(Tz—z,t.) > aV a € (0,1). (by
condition C1)

i.e, for each ¢ > 0p, N.(Tz — z,¢) > a ¥V a € (0,1) (Since N.(z,.) is non-decreasing)
Hence for each ¢ > 0, N.(Tz — z,¢) = 1.

SoTz—z=060x by (FCN2)

=Tz =z

Thus T has a fixed point. Thus T has a fixed point. [

Theorem 3.5. Let (X, Ng, x) be an l-fuzzy complete cone normed linear space satisfying
C1 where x=min and P be a stronghly minihedral normal cone with normal constant M.
Suppose the mapping T : X — X satisfies the condition

Nt > 0g : N(v — Tz, t) > a} + A{t = 0 : N.(y —Ty,t) > a} = gA\{t >~ 05 :
Ne(z —y,t) > a} Yo,y € X and Va € (0,1) (3.5.1)
where 2 < g < 4. Then T has a fized point in X.

Proof. Choose zp € X. Define a sequence {x,} in X in the following way:
Tpyr = Dt =0,1,2, ..

Then x,, — Txp = 2(xp, — Tny1)

Now we have,

Nt = 0g : No(zp, — Txn,t) > at = A\{t = 0g : No(zy, — Tpi1, %) >alt
=2AN{t > 0g : Ne(xp, — Zpt1,t) > a}

First we show that {z,} is a-Cauchy sequence for all « € (0,1).

Put 2 = 2,1,y = z, in (3.5.1), we have for a € (0,1),

Nt > 0g : Ne(p—1 — Tapn_1,t) > a} + N{t = 0p : N(x,, — Tzp,t) > a}
<= gA\{t = 0g: No(xp_1 — xpn,t) > a}

=2AN{t = 0g: No(zp—1 — xpn,t) > a}t + 2 A\{t = 0 : No(xp, — Tpy1,t) > a}
<gN\{t > 0g: N(xp-1—2pn,t) > a}

= Nt =05 : Ne(zn — 2pp1,t) > ) 2 2 A\{t = 05 Ne(zo1 — 20, 1) > o}
=0NA{t>0g: Ne(xp-1— xn,t) > a}

forn=0,1,2,... where 0 < 6 < 1.

From above we have,

Nt =05 : Ne(zp — zpy1,t) > af <" A{t = 05 : Ne(xo — 21,t) > o}
Va € (0,1).

Since P is a normal cone with normal constant M, from above we have,

I A{t = 0F : Ne(@n — Tnq1,t) 2 al|]

< MO™| A{t > 0g : Ne(xo — 1,t) > a}|| Vo € (0,1).

= nhﬁn;() I /\{t = 0g : No(zy — py1,t) > a}| =0Vae (0,1). (0<d<1)

= lim A\{t = 0p: Ne(zp — Tni1,t) > a} = 0p Va € (0,1).
Now for p > 1 we have,

Nt =05 - Ne(@pip —Tnip-1,3) 2 o} + Nt = 0p : Ne(@pip1 —Tnip2,7) > af+..+
Nt >0 : No(zp41 — Tn, %) >al = AN{t = 0p: Ne(Tptp — Tn,t) > axax..xa=a}l
ie,

Mt = 0 5 Ne(@nsy — oart) = a} < p At = 0 5 Ne(@nsp — Snsp-1,8) > ad +p Aft
0 : Ne(Tnip—1 — Tnyp-2,t) > a} + ..+ p A{t = 0p : Ne(Tnt1 — 2p,t) > a}

Since P is a normal cone with normal constant M, from above we have,

IA{t = 0 : Ne(Tnip — n,t) = a}|| < pMIA{t = 05 : Ne(@ntp — Tngp-1,t) > o} +
pMH /\{t ~0p : Nc(xn—‘rp—l —.T,L+p_2,t) > O‘}H + —|—pM|| /\{t - 0p Nc(xn—&-l _xnat) 2

(3.5.2)
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all|
= |A{t > 0p : Ne(xptp — 0, t) > a}|| = 0 as n — oo for p=1,2,3,...using (3.5.2)
= N{t>0g: N(zpntp —zpn,t) >a} 2 0pasn—ooforp=1,23,...
= {z,} is an a- Cauchy sequence Vo € (0, 1).

Since X is I-fuzzy complete, thus 3z € X such that

lim /\{t = 0g : N.(z, — 2,t) > a} =0 Ya € (0,1).

n— oo

Put z = z and y = z,, in (3.5.1) we get,

Nt >=0g: Ne(z2—Tz,t) > a} + A{t = 0g : No(xy, — T, t) > o}

<gA{t > 0g: N.(z —zp,t) > a} Ya € (0,1).

= Nt>0g: N(z—Tz,t) > a} +2\{t = 0p : Ne(zy, — Tp11,t) > a}

=gN\{t=0g: Nz —zp,t) > a} Yae (0,1).

Since P is a normal cone with normal constant M, from above we have,

IA{t > 0g: Ne(z —Tz,t) > a}|| < M|lgA\{t = 0g : Ne(z — zp,t) > a} —2A\{t > 0g :
Ne(xn — @pi1,t) = af|

= |A{t = 0 : Ne(z—Tz,t) > a}|| < Mq|| AN{t = 0 : Ne(z —zp,t) > a}|| +2M|| A{t -
0g : No(zy, — Tpi1,t) > a}l] Ya € (0,1).

= || A\{t > 0g: Ne(z —Tz,t) > a}|| =0 Yo € (0,1). using (3.5.2) and (3.5.3)

= Nt>0g:N(z2—Tz,t)>a} =0V aec(0,1).

Thus for each ¢ = g, 3 t. such that t. < g +cand N.(z —Tz,t.) > aVac (0,1). (by
condition C1)

i.e, for each ¢ = 0, N.(z — Tz,¢) > a V a € (0,1) (Since N.(z,.) is non-decreasing)
Hence for each ¢ > 0, N.(z — Tz,¢) = 1.

Soz—Tz=060x by (FCN2)

=Tz=z.

Thus T has a fixed point. n

(3.5.3)

Theorem 3.6. Let (X, N, *) be an l-fuzzy complete cone normed linear space satisfying
C1 where x=min and P be a stronghly minihedral normal cone with normal constant M.
Suppose the mapping T : X — X satisfies the condition

afN{t - 0g : N.(Tx — Ty,t) > a} +b[A{t = 0g : No(x — Tx,t) > a} + A\{t > 0 :
Ne(y — Ty,t) > a}] < s A\{t = 0g : No(z —y,t) > a} Va,y € X and Yo € (0,1) (3.6.1)
where 0 < s+a|—2b < 2(a+b). Then T has a fized point in X. If in addition |a| > M]|s|,
then the fixed point is unique.

Proof. Choose zp € X. Define a sequence {x,} in X in the following way:

Tpyr = Dt =0,1,2, ..

Then x,, — Tz = 2(xp, — Tny1)

Now we have,

Nt = 0p : No(xn — T, t) > a} = N{t = 0 : Ne(zy, — Tng1, 5) > o}

=2AN{t > 0g : N.(xp, — Zpt1,t) > a}

First we show that {z,} is a-Cauchy sequence for all « € (0,1).

If @ > 0 putting © = 2,1,y = =, in (3.6.1), we get for a € (0,1),

al{t>0g: Ne(Txp—1—Txp,t) > a}+bA{t - 0p : Ne(xp—1 —Txp_1,t) > a}+ A\{t -
O : Ne(xp — Ty, t) > a}] s A\{t >0 : Ne(xp_1 — xpn,t) > a}

ie,

a{t > 0g : Ne(Txp_1 — Tay,t) > a} +20[A{t = 0 : Ne(zp—1 — zn,t) > a} + A{t >
O : Nc(l‘n — $n+1,t) > a}] = S/\{t - 0g : Nc(xn,1 — (,Cn,t) > a} (362)
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. Tp_1+TTn 1 Tp—1—TTpn_1
Again, v, —Tw, 1 = 5"+ —Ta, | = 5" =T, 1 — Ty

Now,

Nt > 0g : No(zp, — Tz, t) > a} S A{t = 0p : Ne(zp, — Txp_1,t) > a} + A{t - 0 :
N (Txp—1 — T:cn,t) > a}

= Nt > 0g : Ne(xp, — Txp,t) > a} — N{t = 05 : Ne(zp, — Tapn_1,t) > a}
< N{t>0g: (Tmn 1—Tap,t) > a}

:>2/\{t>9E Ne(xp — Zpt1,t) > a} = N{t = 0p : Ne(xp—1 — zp,t) > a}
<NA{t>=0g:N(Txp_1 —Txp,t) > a} (3.6.3)
Since a > 0, from (3.6.2) and (3.6.3) we get

2a/\{t> 0g : Ne(zp, — Tny1,t) > a} —aA{t = 0g : Ne(zp—1 — 20, t) > a} + 20[A{t >~
0 : Ne(Tn—1 — xn,t) > a} + A{t = 0 : No(z, — Tpy1,t) > a}] <X sA{t = 0 :
N (xn—l — Tn, ) 2 Oé} (364)

Now,
ANt =0 : Ne(Tap—1 —Tan,t) > a} S A{t > 05 : Ne(Txp-1—2n,t) > a}+ \{t = 0 :
Ne(zp — Tap,t) > a}
If a < 0 then,

a[A{t = 0p : Ne(Txp—1 —xn,t) > a} + A{t = 0p : Ne(zp —Txpn,t) > a}] 2aA{t > 0g:
N (Txp—1 — Tan,t) > o}
ie,

[/\{t = 0p : Ne(Tp—1 — xp,t) > a} + 2 A\{t = 0p : Ne(xy, — pt1,t) > a}] < aA{t >
0 : Ne(Txp—1 — Tap,t) > a} (3.6.5)

From (3.6.2) and (3.6.5), we get

2a/\{t = 0g : Ne(xp — Znt1,t) > a} +aA{t = 0 : Ne(zp—1 — zpn,t) > a} + 2b[A\{t >
0 : Ne(Tn-1 — xn,t) > a} + A{t = 0 : No(zn — Tny1,t) > a}] <X sA{t = 0 :
Ne(@n-1 — xp,t) > a} (3.6.6)

Combining (3.6.4) and (3.6.6), we have

2a/\{t = 0p : Ne(Tp — Tpy1,t) > a} — o] A{t = 0 : Ne(xp—1 — xn,t) > a} + 20[A{t >~
0 : Ne(Tn-1 — xn,t) > a} + A{t = 0 : No(zn — Tny1,t) > a}] <X sA{t = 0 :
N (:L‘nfl — Tn, ) 2 Oé}

= 2(a+b) A{t - 0g : Ne(xn—pi1,t) > af < (s+]a]—20) A{t > 0g : Ne(xp—1—p,t) >
a}

= Nt > 0g : N(z,, — zpy1,t) > a} = %ﬂ)%)/\{t = 0p : Ne(Tp_1 — Tp,t) > a} for
n=20,1,2,..

Let %_5 Then 0 < 6 < 1.

From above we have,

At = 0g : Ne(xy, — 2py1,t) > af <" A{t = 0g : No(zo — 21,1) > o}
Va € (0,1).
Since P is a normal cone with normal constant M, from above we have,

H /\{t = 0p (xn xn-‘,—lvt) > 04}”
S M| A{t = 0 : Ne(zo — 21,t) > a}|| Vo € (0,1).

= lim ||/\{t>—9E Ne(zp — Tpy1,t) > o] =0 Va € (0,1). (0<6 < 1)
= i Nt = 05 : No(n — 2at1,t) > a} = Va € (0,1). (3.6.7)
n—oo
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Now for p > 1 we have,

Mt =05 : Ne(Tnip — Tntp-1, %) >at+ At =05 Ne(Tnip-1— Tnip-2, %) >aft..+
At =05 : Ne(Tpy1 — xn, %) >at = NM{t >0 : Ne(zpip —xn,t) > axax..xa=a}
ie,

At =05 Ne(Tngp — Tnst) > a} S pA{t = 05 : Ne(Tntp — Tntp—1,t) > a} +p A{t >
0 : Nc(xn—i-p—l - xn—i—p—27t) > Oé} + . —l—p/\{t =0 : Nc(xn+1 - l‘n,t) > a}

Since P is a normal cone with normal constant M, from above we have,

IALE = 05 Ne(@nsp — 2ns) > abll < pMI ALt = 05 : Nolonsy — Snsp1,8) = a} | +
pﬁ” At =05 : Ne(@nip—1 —Tnip-2,1) 2 a}|[+ ..+ pM[|\{t - 05 : Ne(zns1—Tn,t) 2
e

= |A{t > 0p : Ne(xp4p — T, t) > a}|| = 0 as n — oo for p=1,2,3,...using (3.6.7)

= N\{t > 0g : Ne(xpyp — Tn,t) > a} - 0gasn—ooforp=1,23, ...
= {z,} is an a- Cauchy sequence Yo € (0,1).

Since X is I-fuzzy complete, thus 3z € X such that

lim /\{t =0 : No(zp, — 2,t) > a} =0 Ya € (0,1).

RO® we will show that z is a fixed point of T'.

Case I. When a > 0.

Put x = z and y = z,, in (3.6.1), we get

alN{t = 0 : No(Tz — Tx,,t) > a} +b[A{t = 0 : No(z —Tz,t) > a} + \{t = 0 :
Ne(xy — Tap,t) > a}] s A{t = 0g : Ne(z — zp,t) > a} (3.6.9)

(3.6.8)

Now,

Nt = 0p : Ne(z—Tz,t) > af X A{t = 0g : Ne(z — T, t) > af + A{t = 0p :
N Tz, —Tz,t) > a}

= Nt >0 : Ne(z —Tz,t) > a} = A{t = 0g : No(z — Txp,t) > a} = A{t = g :
N.(Tzp, —Tzt) > a}

=a/N{t>0g:N(2—Tzt)>at—aA{t = 0g : Ne(z — Txp,t) > a} 2 aA{t = 0g:
Ne(Tw, —Tzt) > a} (3.6.10)

From (3.6.9) and (3.6.10), we get

al{t = 0 : Ne(z —Tz,t) > af —a\{t = 0g : Ne(z — Tz, t) > a} +0A{t - 0 :
Ne(z=Tz,t) > a}+ N{t = 0p : Ne(xy, —Tan,t) > a}] < sA\{t = 0g : Ne(z—zp,t) > a}
= (a+b)N{t =0 : N(z—Tzt) > a} 2 sA\{t = 0g : No(z — zp,t) > a} —bA{t >~
O : Ne(xp — Txp,t) > at+aA\{t = 0 : No(z — Tz, t) > a}

= (a+W)N{t =05 : No(z—Tzt) >a} <sN{t = 0g : Ne(z —xp,t) > a} —bN\{t = 0 :
Ne(xn—Txn,t) > a}+a N{t = 0 : Ne(z—zp,t) > at+a A{t = 0p : No(vpn—Txpn,t) > a}
=(s+a)A{t = 0p: N(z —xn,t) > a} +2(a—b) N{t = 0 : Ne(xy, — Tpt1,t) >
Since P is a normal cone with normal constant M, from above we have,

l(a + ) A{t = 0 : Ne(z2 —Tz,t) > a}|| < M||(s+a)A\{t = 0 : N(z — xp,t) >
at+2(a—b)A\{t > 0g : Ne(zp — Tpy1,t) > al
= [[(a+ ) A{t = 0 : No(z — Tz,t) > a}|| < M||(s+a)A{t = 0 : Ne(z — zp,t) >

all| + M|2(a = b) \{t = Op : Ne(zn = Tny1,t) 2 o}

Using (3.6.7) and (3.6.8), we get

lla+b)N{t = 0p : No(Tz—2,t) > a}|| <0

Case II. When a < 0.

Now,

Nt = 0 : No(Tz — Tz, t) > a} X A{t = 0g : N.(Tz — z,t) > a} + A{t >~ 0 :
Ne(z — Tap,t) > a}
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= Nt = 0g : N(Tz — Tan,t) > a} < N{t = 0g : N.(Tz— z,t) > a} + \{t - 0g :
Ne(z —xp,t) > at + N{t = 0g : No(zy, — Tzp,t) > a}

= AN{t = 0g : N.(Tz—2,t) > a} + A{t = 0 : No(z — zp,t) > at + 2A{t = g :
Nc(In - In+1;t) Z a}

= a[\{t = 0p : N.(Tz —2,t) > a} + N{t = 0g : Ne(z —xp,t) > a} +2A\{t - 05 :
Ne(zp — Tpt1,t) > a}] RaN{t = 0 : No(Tz — Ty, t) > a} (a <0) (3.6.11)

From (3.6.9) and (3.6.11), we get

afN{t = 0 : N.(Tz—2,t) > a} +aA\{t = 0g : No(z — xpn,t) > a} +2a A\{t >~ 05 :
Ne(zp—2nt1,t) > a}+A{t = 05 : No(z—=T2z,t) > a}+2 \{t = 0 : Ne(p, —Zpy1,t) >
a}] X sA\{t>0g: N.(z —xp,t) > a}

= (a+bAN{t » 0g : No(z —Tzt) > af 2 (s—a)A\{t = 0 : N(z — xn,t) >
a} —2(a+bd) A{t > 0g : Ne(rp — Tpy1,t) > o}

Since P is a normal cone with normal constant M, from above we have,

lla+0)A{t = 0 : N.(Tz — z,t) > a}|| < M||(s—a)A\{t = 0 : N(z — zp,t) >
a} =2(a+b) N{t = 0 : Ne(xy, — Tpt1,t) > o}

= |l(a+b)A{t = 0 : No(Tz — z,t) > a}|| < M||(s —a) A\{t = 0 : Ne(z2 — zp,t) >

all|+2M||(a+b) N{t = 0g : Ne(xy, — Tpt1,t) > a}]

Using (3.6.7) and (3.6.8), we get

la+ B) AL O : No(Tz — ,) > a}]| <0

Thus in both cases, we get

lla+ ) AN{t = 0p: N.(Tz—z,t) > a}|| <0

= [|A{t = 0g : No(Tz — z,t) > a}|| = 0 Va € (0,1) since (a +b) >0

=> Nt >0 : N(Tz—2z,t) >a}=0g ¥V ac(0,1).

Thus for each ¢ = g, 3 t. such that t. < g +cand N.(Tz— z,t.) > aVa € (0,1). (by

condition C1)

i.e, for each ¢ = 0, N.(Tz — z,¢) > a V a € (0,1) (Since N.(z,.) is non-decreasing)

Hence for each ¢ > 0, N.(Tz — z,¢) = 1.

SoTz—z=060x by (FCN2)

=Tz =z

Thus T has a fixed point.

Uniqueness: If there exists z,y € X such that Tz =z and Ty = y.

Since Tx =z and Ty =y, No(x — Tx,t) = 1, N.(y — Ty,t) = 1 by (FCN2)

Thus A{t = 0g : N.(x — Tx,t) > a} =0 and A{t - 0 : N.(y — Ty,t) > a} = 0p.
(3.6.12)

From (3.6.1) we have,

afN{t - 0g : N.(Tx — Ty,t) > a} +bA{t = 0g : No(x — Tx,t) > a} + A\{t > 0 :
Nc(y *Tyﬂf) > a}] = SA{t - 0p Nc(x - y’t) > a}

ie,

al{t = 0 : Ne(x —y,t) > a} +b[A{t = 0 : Ne(xz — Tz,t) > a} + A{t - 0 :
Ne(y—Ty,t) > a}] s N{t = 0g : Ne(x —y,t) > o}

Using (3.6.12) and the normality condition , from above we have,

(lal — MIs)| ALt = 0 : No(z — ,2) > a}| < 0

= [|A{t = 0p : N.(z —y,t) > a}|| = 0 since (Ja] > M|s|)

= AN{t>0g:N(z—y,t) >a} =05 Y ae(01).

Thus for each ¢ > 0, 3 t. such that t. < g + ¢ and N.(x — y,t.) > a ¥V a € (0,1). (by
condition C1)



Fixed Point Theorems for Generalized Contraction Mappings ... 13

i.e, for each ¢ = O, No(x —y,c) > a ¥V « € (0,1) (Since N.(z,.) is non-decreasing)
Hence for each ¢ > 0, N.(z —y,c) =1

Sox—y=0x by (FCN2)

=z =y. "

Theorem 3.7. Let (X, N, *) be an l-fuzzy complete cone normed linear space satisfying
C1 where x=min and P be a stronghly minihedral normal cone with normal constant M.
Suppose the mappings f,g: X — X satisfies the condition

Nt = 0 : No(fx —gy,t) > a} < pA{t = 0 : Ne(x —y,t) > a} + q[A{t > 0 :
Ne(z = fa,t) = o} + N{t = 0p : Ne(y — gy,t) = o}] +r[A{t = 0p : Ne(z — gy, t) >
a} + A{t > 0g: N.(y — fz,t) > a}] Vz,y € X and Va € (0,1) (3.7.1)
where p,q, 7 > 0 and p+ 2q+ 2r < 1. Then f and g have a unique common fized point
m X.

Proof. Choose zy € X. Define a sequence {z,,} in X in the following way:

Lon+1 = f‘TQny Ton+2 = gTon+1, N = 0,1,2,3,...

Now,

Nt = 0 : No(zani1 — anio,t) > o}

= N{t = 0g : No(fxo, — gTant1,t) > a}

<pN{t = 0g: No(zan — want1,t) > a} + qA{t = 0 : Ne(z2n — fron,t) > a} + A{t =
0g : No(zont1 — gTant1,t) = o] + r[A{t = 0r : No(xon — gxont1,t) > at + A{t = 0 :
Ne(z2nt1 — fron,t) > a}]

= p/\{t - 0g : Nc(.’tgn — $2n+1,t) > OZ} + Q[/\{t - 0g : Nc(.’tgn — x2n+1,t) > a} + /\{t -
g : Nc($2n+1 — $2n+2,t) > a}] + T[/\{t - O : NC($2n — .T2n+2,t) > Oé} + /\{t - O :
Ne(zont1 — Tans1,t) > af]

j p/\{t - 9E : Nc(fﬂgn — $2n+1,t) Z Oé} + q[/\{t - 9E : NC(ZCQ»,L — $2n+1,t) Z Oé} + /\{t -
O : NC($2n+1 - £L'2n+2,t) > 0[}] + T[/\{t = 0p : Nc(.’L'Qn - x2n+1,t) > Oé} + /\{t = Op :
Ne(Zont1 — Tang2,t) > o} +0g

= AN{t > 0g : Ne(z2n4+1 — Tonyo,t) > a} = (ffi;’f:) Nt > 0 : Ne(22n — Zant1,t) > o
Let § = P25, Then 0 < 6 < 1.

Thus we have,

N{t = 0g : No(x2n+1 — Tanta,t) > a} XIA{t > 0 : Ne(xap, — xont1,t) > a}

Similarly it can be shown that,

At = 05 : Ne(ont2 — Tangs, t) > a} X OA{t > 05 : Ne(Tont1 — Tant2,t) >

Thus for all n,

At > 0g : Ne(xpg1 — @, t) > a} 28" A{t = 05 : Ne(z1 — z0,t) > a} Ya € (0,1).
Since P is a normal cone with normal constant M, from above we have,
IA{E = 65 Ne(nss — 2a,t) > al|

< MO™| A {t > 0g : Ne(zo — 21,t) > a}|| Va € (0,1).

= lim || A\{t = 05 : Ne(@ni1 — 20, t) > a}| =0Va € (0,1). (0<5<1)
= lim /\{t =0g: Ne(Tpt1 — Tn,t) > a} =0 Ya e (0,1).

No® 3t p > 1 we have,

Mt =05 : Ne(Tnip — Tntp-1, %) >at+ At =05 Ne(Tnip-1— Tnip-2, %) >af+..+
Nt =05 : Ne(Tpy1 — xn, %) >at = NM{t = 0p : Ne(zpip — xn,t) > axax..xa=a}
ie,

At = 05 : Ne(Tnyp — T, t)
08 : Ne(Tnip—1 — Tnip—2,t)

(3.7.2)

Oé} = p/\{t - 9E : Nc(xn—i-p - xn-‘rp—lat) > Oé} +p/\{t s
at+..+pA\{t =0 : Ne(pt1 — xn,t) > a}

Vv
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Since P is a normal cone with normal constant M, from above we have,

IA{t = 08 : Ne(Tnip — 0, t) = a}|| < pMIA{t = 05 : Ne(@ntp — Tnip-1,t) > o} +
p%” At = 0g: Nc(xn+p—1 _xn+p—2at) > a}|+...+pM|\{t = 0p : Ne(@pi1—xn,t) >
o

= |A{t = 0 : Ne(@nyp — 2n,t) > a}|| = 0as n — oo for p=1,2,3,...using (3.7.
= lim N\{t =05 : Ne(nip — 2n,t) > o} = 0p for p=1,2,3,....

= xnoi is an o~ Cauchy sequence Va € (0, 1).

Since X is I-fuzzy complete, thus 3z € X such that

lim A\{t > 0 : N.(z, — 2,t) > a} =0 YVa € (0,1).

ﬁiﬁ%o,/\

Nt =05 : N.(2 — gz,t) > o}

<Nt >0 :Nc(z —2op41,t) > a} + N{t = 0p : Ne(z2p41 — g2, t) > a}

= Nt > 0g: No(z — 22p41,t) > a} + N{t = 0p : No(f2, — g2,t) > a}

< N{t > 0g: No(z — xant+1,t) > a} +p A\{t = 05 : Ne(zay, — 2,t) > a} + g[A{t - 0 :
Ne(xon — fron,t) > at+ A{t = 0 : N.(z —gz,t) > a}] +r[A{t - 0 : N.(x2n, — g2,t) >
a} + AN{t > 0g : Ne(z — z2n41,t) > a}]

<Nt > 0g : Ne(z — x2ny1,t) > at +pA{t = 0g : Ne(zan — 2,t) > a} + g\ {t - 0r :
Ne(zan — Tans1,t) > a} + A{t = 0g : No(2 — gz, t) > a}] +r[A{t = 0 : Ne(x2, — 2,t) >
al+ A{t = 0g: N.(z—gz1t) >a}+ AN{t - 05 : No(z — z2p41,t) > a}]

= 1—qg—r)A{t =0 : Ne(z2—gz,t) > a} S \{t = 0g : Ne(z —x2p+1,t) > a}+p A{t >
0 : Ne(zon, — 2,t) > at + gA\{t = 0g : Ne(v2n — Tont1,t) > af + 7 A{t = 0 :
Ne(zon — z,t) > at +r A{t = 0 : N.(z — xap41,t) > a}

Since P is a normal cone with normal constant M, from above we have,

I =g =) AE = 05 ¢ Nolz — g2,8) 2 all < MIALE = 05 : Nolz — 2041,) =
al +pN\{t = 0 : Ne(z2, — 2,t) > a} + g \{t = O : Ne(z2n — Tant1,t) = a} + 7 A{t >
0p : Ne(won — 2,t) > at+r \{t = 0p : No(z — x2ny1,t) >

S 0= = AL = O N — g2,8) > all] < MIALE = 05+ No(s — 2ans1,1)
alll + Mlp A{t = 0g : Ne(zay, — 2z,t) > a}|| + M|lgA{t = 0r : Nc(z2y, — Tant1,t)
atll+ Mlr A{t = 0g : Ne(x2n — 2,t) > a}|| + M||r A{t = 0g : No(z — zap41,t) > o}
Using (3.7.3) and (3.7.4), we get

11— g —r) At = 0 Nz — g2,8) 2 a] <0

= |IN{t>0g:N.(z—gzt)>a}| <0sincel —q—7r>0

= [|A{t =0 : N.(z—gzt) >a}|| =0Vaec(0,1).

= AN{t>0g:N.(z—gzt)>a} =0V ac(01).

Thus for each ¢ > 0,3 t. such that t. < g +c and N.(z — gz,t.) > aV a € (0,1). ( by
condition C1)

i.e, for each ¢ = 0, N.(z — gz,¢) > a V a € (0,1) (Since N,(z,.) is non-decreasing)
Hence for each ¢ > 0p, N.(z — gz,¢) = 1.

So z — gz = 60x by (FCN2)

=gz =z.

Thus g has a fixed point.

Since gz = z, N.(gz — z,t) = 1 by (FCN2)

Thus, A{t = 0 : N.(z — gz,t) > a} = 0g.

Now,

Nt =08 : No(fz—2,t) > a}

=N{t = 0g: N.(fz—gz1) > a}

<pA{t = 05 : N(z—2,t) > a} +¢[A\{t = 0 : Ne(z — fz,t) > a} + A{t > 05 :

(23.7.3)

(3.7.4)

>
>
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Ne(z — gz, t) > a}] +r[AN{t = 0 : No(z — gz,t) > a} + N{t = 0 : No(z — fz,1) > a}]
= (1—g—r)N{t = 0 : No(fz—2,t) > a} <pA{t = 0 : Ne(z—2,t) > a}+(¢+7) A{t >
O : No(z — gz, t) > a}

Since P is a normal cone with normal constant M, from above we have,

11— g =) At = 5 Ne(fz — 2,8) = o}l < M At = 05 No(z — 2,1) > a} + (q +
r)N{t = 05 : N.(z — gz,t) > o}

= [[(1—g—r)A{t >0 : N(fz—2,t) >a}|| <0

= [|A{t =0g: N(fz—21t)>a}| <0sincel —g—7r>0

= || A{t = 0g: N(fz—2z1t) > a}|| =0Vae (0,1).

= Nt >0g: N(fz—21t)>a} =0V ac(01).

Thus for each ¢ > 0g, 3 ¢, such that t. < g +cand N.(fz—z,t.) > aVac (0,1). (by
condition C1)

i.e, for each ¢ = O, N.(fz — z,¢) > a V a € (0,1) (Since N.(z,.) is non-decreasing)
Hence for each ¢ > 0p, N.(fz — z,¢) = 1.

So fz —z=0x by (FCN2)

= fz =2z

Thus f has a fixed point.

Uniqueness: If there exists z,y € X such that fy =y,gy =y and fz = 2,92z = 2.

Then

Nt =05 : N.(z —y,t) > o}

At = 0g : Ne(fz — gy, t) > a}

<pA{t = g : N(z—y,t) > a} +¢[\{t = 0 : N(z2 — fz,t) > a} + A{t > 05 :
Ne(y —gy,t) > a}] +r[A{t = 0 : Ne(2 — gy,t) > a} + A{t = 0p : Ne(y — f2,t) > a}]
=pAN{t = 0 : N(z —y,t) > a} + q[A{t = 0g : Nc(z — fz,t) > a} + A{t - 05 :
N.(y—gy,t) > a}] +r[A{t = 0 : Ne(z —y,t) > at + A{t = 0 : N.(y — 2,t) > a}]
Since P is a normal cone with normal constant M, from above we have,

1A =p—=2r) A{t = 0 : Ne(z —y,t) > a}|| <0

= [|A{t =0g: N.(z—y,t) >a}| <0since p+2r <1

= |A{t = 0 : Ne(z — y,t) > a}|| =0 Va € (0,1).

= A{t>0g:N(z—y,t) >a}t=0gVac(0,1).

Thus for each ¢ > 0,3 t. such that t. < 0 + c and N.(z —y,t.) > a V a € (0,1). (by
condition C1)

i.e, for each ¢ = 0, No(2 —y,¢) > a V a € (0,1) (Since N,(z,.) is non-decreasing)
Hence for each ¢ > 0g, N.(z —y,c) =1

So z —y=0x by (FCN2)

=z=y. n

Example 3.8. Consider a fuzzy cone normed linear space (X, N.,*) where X = R,
E=R? P={(t0):t>0}and N, : X x E — [0, 1] defined by

Ne(z,t) = Lifl|z|le < t
= 0ift < [l

where || || : X — FE is a cone norm. If we take x = min, then (X, N, %) is an [-fuzzy
complete fuzzy cone normed linear space satisfying C1. Let T': X — X be given by
Tx = 5. Take a =10,b= —1, and s = 4.

Then s+ |a| —2b =4+ 10 +2 =16 < 2(a + b) = 18

Now, s A{t = 0g : No(z —y,t) > a} —bA{t = 0 : N.(Tx — z,t) > a} + \{t = 0p :
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Ne(y — Ty»)>04}]
= 4/\{t = 0p : Ne(z —y,t) 2 a} + [A{t = 0p : Ne(5 —2,t) > o} + A{t = 05 :
Ne(y — )Za}]

i/\{t%@E:Nc(x y, 8y >al+ Nt - b : (f—x—i—y—f t) > al
=A{t>=0g: N.(4(z —y),t) > a} + A{t = 0p : Ne(3 — 2£.¢) > o}

= Nt =05 No(do — 2 — 4y + 2),1) > a}

= At = 0p: N(22 — 1), ¢) > o}

=N{t>0g: NC(§ - %), f—o) > at

=10A{t = 0p: N.(5 - %),t) > a}

=a/N{t>0g: N.(Tx—Ty),t) > a}.

Thus T satisfies the condition of the Theorem 3.6. We see that 0 is the unique fixed point
of T.

Example 3.9. Consider a fuzzy cone normed linear space (X, N.,#*) where X = R,
E=R?* P={(t,0):t>0} and N.: X x E — [0, 1] defined by

Ne(z,t) = Lif||z|lc < t
= 0ift < [l

where || || : X — E is a cone norm. If we take x = min, then (X, N, %) is an [-fuzzy
complete fuzzy cone normed linear space satisfying C1. Let f,g : X — X be given by
fr=7%and gz = % . Takep:%,q:r:l—lﬁ.

Thenp+2q+2r:%+%+é:%<1

Now,

pA{t = 0g : N, (x—y,)>a}+q[/\{t>9]gz (x—fxt)>oz}+/\{t>9E:
Ney =gy, t) = o}] +r[A{t = O : Ne(w — gy,1) = o} + At = 0p - Ne(y — fa,1) > o}
4/\{t>-9E: (:c—y,t)>a}+16[/\{t>-0E: (x—%,)>o¢}—|—/\{t>—9E:

Ne(y —%,t) > a}] + 5 [A{t = 05 : Ne(z — £,8) > a} + A{t = 0 : Neo(y — §,1) > a}]
= 3 Mt =0 Ne(z —y,t) = a} + 35 AM{t = 05 : N. (2;+6y,t)2a}+16/\{t>9E:
No(Z +%.t) > a}

Zi/\{tH)E Ne(z —y,t) > a} + 4 /\{t>9E Ne(%+%,1) > a}
—/\{t>49E:N(sc—y,1 >a}+/\{t>9E (?z—i—%yé)Za}

= Mt~ 0g: Ne(5(x - y) t) > at+ A{t =05 : Ne(3(3 + %), 1) > a}

=Nt =0 Ne(§(z—y) + 1 (E+3),1) > a}

= AN{t=0p: Ne(3(% - 2),t) > o}

= N\t =0p: No(5 — £,1) > a}

= N\t - 0p : Ne(fz —gy,t) > a}.
Thus f and g satisfies the condition of the Theorem 3.7. Consequently 0 is the unique
common fixed point of f and g¢.

ACKNOWLEDGEMENTS

The authors are grateful to the Editor and referees for their valuable comments and
suggestions on the manuscript.



Fixed Point Theorems for Generalized Contraction Mappings ... 17

REFERENCES

1]
2]

L.A. Zadeh, Fuzzy sets, Information and Control 8 (1965) 338-353.

A K. Katsaras, Fuzzy topological vector spaces, Fuzzy Sets and Systems 12 (1984)
143-154.

C. Felbin, Finite dimensional fuzzy normed linear spaces, Fuzzy Sets and Systems
48 (1992) 239-248.

O. Kaleva, S. Seikkala, On fuzzy metric spaces, Fuzzy Sets and Systems 12 (1984)
215-229.

S.C. Cheng, J.N. Mordeson, Fuzzy linear operators and fuzzy normed linear spaces,
Bulletin of the Calcutta Mathematical Society 86 (5) (1994) 429-436.

I. Kramosil, J. Michalek, Fuzzy metric and statistical metric spaces, Kybernetica 11
(1975) 326-334.

T. Bag, S.K. Samanta, Finite dimensional fuzzy normed linear spaces, The Journal
of fuzzy mathematics 11 (3) (2003) 687—705.

H. Long-Guang, Z. Xian, Cone metric spaces and fixed point theorems of contractive
mappings, Journal of Mathematical Analysis and Applications 332 (2007) 1468-1476.

T. Bag, Finite dimensional fuzzy cone normed linear spaces, International Journal
of Mathematics and Scientific Computing 3 (1) (2013) 9-14.

P. Tamang, T, Bag, Some results on finite dimensional fuzzy cone normed linear
space, Annals of Fuzzy Mathematics and Informatics 13 (1) (2017) 123-134.

P. Tamang, T. Bag, Some fixed point results in fuzzy cone normed linear space,
Journal of the Egyptian Mathematical Society (2019) Article no. 46.

M. Tavakoli, A.P. Farajzadeh, T. Abdeljawad, S. Suantai. Some notes on cone metric
spaces, Thai Journal of Mathematics 16 (1) (2018) 229-242.

A.P. Farajzadeh, C. Noytaptim, A. Kaewcharoen, Some fixed point theorems for
generalized a — 1 — 1) Geraghty contractive type mappings in partial b-metric spaces,
Journal of Informatics and Mathematical Sciences 10 (3) (2018) 455-478.

P. Chuasuk, A. Farajzadeh, A. Kaewcharoen, An iterative algorithm for solving split
feasibility problems and fixed point problems in p-uniformly convex and smooth
Banach spaces, Journal of Computational Analysis and Applications 28 (1) (2020)
49-66.

H. Joonaghany, A. Farajzadeh, M. Azhini, F. Khojasteh, A new common fixed point
theorem for Suzuki type contractions via generalized ¥ -simulation functions, Sahand
Communications in Mathematical Analysis 16 (1) (2019) 129-148.

K. Deimling, Nonlinear Functional Analysis, Springer, Berlin, Germany, 1985.

G.J. Klir, B.O. Yuan, Fuzzy Sets and Fuzzy Logic, Printice-Hall of India Private 353
Limited, New Delhi, 1997.



	Introduction
	Preliminaries
	Main Results

