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Abstract In this article, inspired by the concepts of G—metric spaces, we introduce the notion of
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1. INTRODUCTION

Throughout this article, denoted by R, R and N are the set of all real numbers,
positive real numbers and natural numbers, respectively. Also, (F,d), (F for short),
represents a metric space with the metric d.

Fixed point theory is a renowned and huge field of research in mathematical sciences.
This field is known as the combination of analysis which includes topology, geometry
and algebra. The first most well known result in fixed point theory with metric space
structure is the Banach fixed point theorem [1](which is also called the contraction map-
ping principle). In the literature, there are several extensions of the Banach contraction
principle [1], which states that every self mapping S defined on a complete metric space
(F,d) satistying for all 7,0 € F, d(S7,S80) < rd(7,0), where k € (0,1), has a unique
fixed point. Some improvements of the Banach fixed point theorem concern the contrac-
tive inequality while others deal with generalizing the space. A particular extension of
metric space is the so-called G—metric space initiated by Mustafa and Sims [2] in 2006.
In the first paper on G—metric spaces, Sims and Mustafa [2] introduced some properties
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of G—metric spaces and also discussed its topology, compactness, completeness, product
and the criteria regarding the convergence and continuity of sequences in G—metric space.
Some theorems concerning these properties were also proved. Another famous general-
ization of the contraction mapping principle due to Banach was presented by Wardowski
[3], the concept of which is called F'—contraction. The idea of F-contractions has been
extended both for single-valued (see, e.g. [4]) and set-valued mappings (see, e.g. [5]) For
some comprehensive surveys in this direction, we refer the interested reader to the work
of Taskovic [6] or Rhoades [7].

As a natural extension of crisp sets, fuzzy sets was introduced initially by Zadeh [3].
After the introduction of this concept, several researches were conducted on various appli-
cations and improvements of fuzzy sets in different directions. Along this trend, Heilpern
[9] introduced the concept of fuzzy mapping and proved a fixed point theorem for fuzzy
contraction mappings which is a generalization of the fixed point theorem for multi-valued
mappings of Nadler [10]. Thereafter, other authors [11-13] have studied the existence of
fixed point of fuzzy mappings.

The aim of this paper is to establish fixed point theorems, common fixed point theorems
for F'—contraction type fuzzy mappings in G—metric spaces. Our results generalize and
extend a few known results in the comparable literature.

2. PRELIMINARIES

In this section, we recall some basic concepts that are necessary in the establishment
of our main results. Most of these preliminaries are recorded from [2, 14-10].

Definition 2.1. Let F # () and G : F x F x F — R™T be a function such that the
following conditions are satisfied:

(Gl) G(r,o,v)=0ifr=0=u0,

(G2)  G(r,71,0) >0 forall 7,0 € F with 7 # o,

(G3) G(r,1,0) <G(1,0,v) forall 7,0,v € F with v # o,

(G4)  G(r,0,v) =G(1,v,0) = G(o,v,T) = ...(symmetric with respect to 7,0, v),

(G5)  G(r,0,v) < G(1,a,a) + G(a,o,v) for all 7,0,v,a € F (rectangular prop-
erty)

Then G is called a G—M function and (F,G) is said to be a G—metric space.

Example 2.2. Consider F = R, then a G—metric space on R is defined as:
G(r,o,v)=|T—0o|+|oc —v|+ |t —v| for all T,0,v € F.

Definition 2.3. Let (F,G) be a G—metric space. A sequence {7.} in F is G—Convergent
sequence if, for any § > 0, there exists 7 € F, O(0) € N such that G(7,7.,7,) < 4, for all
e,p > 0(0). We call 7 the limit of the sequence and write 7. — 7 or lime_yoo 7o = 7.

Definition 2.4. Let (F,G) be a G—metric space. A sequence {7.} in F is called
G—Cauchy sequence if, for any ¢ > 0, there exists O(d) € N such that G(r., 7, 7,) < 0,
for each e, p,s > O(9), that is, G(7¢, T, 7,) = 0 as e, p,s — 0.

Definition 2.5. Let (F,G) be a G—metric space. A sequence {7} in F is called
G—Complete if every G—Cauchy sequence in (F,G) is convergent in F.

Lemma 2.6. [2]. Let (F,G) be a G—metric space and {1} be a sequence in F. Then
the following statements are equivalent:
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(i) {1} is G—convergent to T.

(i) G(Te,Te,7) — 0 as e approaches infinity.
(iti) G(1e,7,7) — 0 as e approaches infinity.
(iv) G(1e,Tp,7) = 0 as e, p approaches infinity.

Definition 2.7. Kaewcharoen and Kaewkhao [15] introduced the concept of Hausdorff
G—distance as follows: Let F be a G—metric space and CB(F) be the family of all non
empty closed and bounded subsets of F. Then, the Hausdorff G— distance function is
defined as follows:

He (21, 29, Z3) = max{ sup G(r, 25, Z3), sup G(7, 21, Z3), sup G(r, Zl,Zg)},

TEZ TEZS TEZ3
where
G(T, 22, Z3) =pc (T, 22) + pc (22, Z3) + pc(T, 23),
UG (Ta ZQ) = Uier1£2 UG (Ta U)v
Z1,25) = inf .
pe(21, 22) e pg (7, 0)
Remark 2.8. [15]. Let (F,G) be a G—metric space, 7 € F and Z C F. For each 0 € Z
we have:
G(r, 2, 2) = pe(7, 2) + e (2, 2) + pe(r, 2)
< 2ug(T,0)

= 2[/1“@1 (7—7 T, U) e (Tv a, 0)]
< Q[MG(Tv g, 0) + MG(Ta g, U) + NG(T7 g, U)]

= 6“@ (Ta g, 0').

Let (F,dg) be a metric space. A fuzzy set in F is a function with domain F and values
inZ =[0,1]. If Z is a fuzzy set and 7 € F then the function value nz(7) is called the
degree of membership of 7 in Z.

The a—level set of Z, denoted by [Z], is defined as

[Zla={T: nz(1) > a, a € (0,1]}
[Z]o = {7 :nz(r) > 0},

where A is the closure of the non-fuzzy set A.

Let C(F) be the family of all nonempty compact subsets of F. Denote by 3(F) the totality
of fuzzy sets which satisfy that for each « € Z, [Z],, € C(F). Let 21, Z5 € 3(F), then 2,
is said to be more accurate than Zs, denoted by 21 C 25 iff nz, (1) < nz,(7) for each
TEF. Z1 =Zyifand only if Z1 C Z5 and 25 C Z;.

Let 21,25 € 3(F), then define

Do (21, Z2) :031;217%([21]@, [Z2]a)

(2.1)
~ sup max{ sup 4 [Zala). sup p(o, [zlm}.

0<a<l TE[Z1]a o€[Z2]a
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Definition 2.9. [14]. Let (F,d) be a metric space and Z1, Zo € 3(F) such that [Z1],
and [Z3], are compact subsets of F, the following identities are defined as,
Pa(Zl,ZQ) = inf /J,(T,U),

TG[Zl]m”E[Z2]a
P(Z24,25) =sup P,(21, 2,),
«@

Do (21, 22) =pn([21]as [Z2]a)-

Definition 2.10. [11]. Let (F,d) be a metric space. The distance function Dy, : 3(F) X
3(F) — R is defined as:
Doo<Zlv ZQ) = sup Da(zlv 22)

Definition 2.11. [10]. Let (F,d) be a metric space, T : F — I” and Q : F — I be
two fuzzy mappings. A point v € F is called

(i) fuzzy fixed point of T if v € [T,], for some « € [0, 1].

(ii) common fuzzy fixed point if v € [T,]a N [Qy]a-

Definition 2.12. [3]. Let F': RT™ — R be a mapping satisfying:
(F1) F is strictly increasing, i.e. for all 8,7 € Ry such that 8 < «, F(8) < F(y).
(F2) For each sequence {8, }nen of positive numbers lim,, o, 8, = 0 if and only if
lim,, oo F(Brn) = —00.
(F3) There exists k € (0,1) such that limg_,o+ B¥F(B) = 0.
Subsequently, Altun et al. [1] modified the above definition by adding comprehensive
condition (F4) which is stated as:
(F4) F(inf A) = inf F(A) for all A C (0, 00) with inf A > 0.
We denote the set of all functions satisfying properties (F'1) — (F4) by X.

Definition 2.13. [17] Let (F,G) be a G—metric space. A mapping 7 : F — F is said
to be an F'—contraction if there exists w > 0 such that for all 7,0,v € F,
G(Tr,To,Tv) >0 = w+ F(G(TT,To,Tv)) < F(G(r,0,v)). (2.2)

Example 2.14. [17] Let F : Ry — R be given by F(8) = In(8). It is clear that F
satisfies F(1) — F(3), (F(3) for any k € (0,1)). Each mapping T : F — F satisfying (2.2)
is an F'—contraction such that
G(Tr,To,Tv) < e “(G(r,0,v)), for all T,0,v € F,TT# To # Two. (2.3)
It is clear that for 7,0,v € F such that 77 = To = Tv the inequality (2.3) also hold.
Example 2.15. [17] Let F : Ry — R be given by F(8) = In(8) + 8, 8 > 0. Then F
satisfies F'(1) — F'(3), (F(3) for any k € (0,1)). Each mapping 7 : F — F satisfying (2.2)
is an F'—contraction such that
G(T7,To,Tv) lC(TT,To, Tv)—G(
G(r,0,v)
forall 7,0,v € F,TT # To # Twv. Itis clear that for 7,0,v € Fsuch that Tt =To = Tv
the inequality (2.3) is also true.

7,0,V)] < efw, (24)

Remark 2.16. From (F'1) and (2.2) it is easy to conclude that every F'—contraction T
is contractive mapping, i.e.

G(TT,To,Tv) <G(r,0,v), (2.5)
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for all 7,0,v € F,TT # To # Tv. Then every F'—contraction is a continuous mapping,.

Lemma 2.17. [16] Let (F,G) be a G—metric space and Z1, 25 € CB(F), then for each
T € Z1, we have

G(T, ZQ, ZQ) S HG(Zl, ZQ, ZQ)
Lemma 2.18. [16] Let (F,G) be a G—metric space. If 21,2, € CB(F) and T € 21, then
for each € > 0 there exists 0 € Z5 s.t.

G(T, g, 0') S HG(Zl, ZQ, ZQ) + €.

Lemma 2.19. [5] Let V be a metric linear space, T : F — W(V) and 79 € V. Then there
exists 71 € V such that {r1} C T (19).

3. MAIN RESULT
We begin this section with some auxiliary concepts as follows.

Definition 3.1. Let (F,G) be a G—metric space, F € X and T : F — I7 be a fuzzy
mapping. Then 7 is said to be an F'—contractive type fuzzy mapping if there exists w > 0
such that

w+ He([TT]x, [Tolx, [Tv]x) < F(G(T,0,v)), (3.1)
for all 7,0,v € F with He([T7]a, [To]x, [Tv]a) > 0 and X € [0, 1].
Example 3.2. Let F = [0,1] and define G : F x F x F — R* as follows
G(ryo,v)=|r—0o|+|oc—v|+|v—T]

Define 7 : F — I7, for A € [0,1] as follows:
For 7 € F, we have

-k
such that
[T’T]A = [0, g:| .

Let F(3) = —ﬁ, > 0. Then F satisfies F(1) — F(3), (F(3) for anyk € (1,1)). In this
case each F'—contraction 7T satisfies,

G((T ), [Tl [Toly) < !

(1 4+ w\/G(r,0,v))?

for all T,o,v e F,TTr#To # Tv.
Our main theorem runs as follows.

Theorem 3.3. Let (F,G) be a G—complete metric space and let S,T : F — I be fuzzy
mapping such that for each 1,0 € F, there exist o € (0,1] with [ST]x,[T7]x € C(F).
Assume there exist some F' € X and 7 > 0 such that

w+ F(Hg([ST]x, [Tol. [Tuln) < F(G(r,0,v)) (32)

for all T,0,v € F with He([ST]x, [Tola, [TV]A)) > 0. Then S and T have a common fized
point.

G(T7 U’ U)?
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Proof. Let 19 € F be an arbitrary point of F. Then by assumption there exists A € (0, 1]
such that [S7g]y € C(F). Let 71 € [S7p]a. For this 71, there exists A € (0, 1] such that
[T71]x» € C(F). By Lemma 2.17, F(1) and (3.2), we have
w~+ F(G(r1, [Tri]a, [T71)n)) <w + F(Ha([STolx, [Tx, [TT1]0))
SF(G(T(),Tth)).
From (F'4), we know that

F(G(r1, [Tri)x, [T7in)) = oegl’ih F(G(ry,0,0)).

Thus,

w+ %gf} F(G(m,0,0)) < F(G(10,71,71)). (3.3)
o€[TT1x

Then, from equation (3.3), there exists 72 € [T 1]\ such that
w+ F(G(r1,72,72)) < F(G(10,71,71))-

For this 7o, there exists A € (0,1] such that [S72]x € C(F). By Lemma 2.17, F(1) and
(3.2), we have

w + G(72, [S72]r, [ST2]r) < w + He([TT1]r, [ST2]r, [ST2]))
< w+ He([ST2]x, [ST2la, [TT1]A)
< F(G(12,72,71))
< F(G(71,72,72)).

From (F4) we know that

F(G(T27 [87—2])\7 [STQ})\)) - " ei[IleT] F(G(T270'1,01)).

Hence,

w4+ inf  F(G(r,01,01)) < F(G(r1,72,72))-
o1 E[ST2]A

Then, from equation (3.3), there exists 73 € [ST2|x such that
w+ F(G(r2,73,73)) < F(G(11,7T2,72)).

Continuing in this way, we get a sequence {7,} € F such that 19,41 € [ST2,]x and
Top4+2 € [TT2n+1])\ and

w+ F(G(T2n+1, Tont2; T2n+2)) < F(G(Ton, Tont1, Tont1)) (3.4)
and

w+ F(G(m2n+2, Tant3: T2n+3)) < F(G(T2n+1, T2n+2, T2n+2)) (3.5)
for all n € N. By (3.4) and (3.5), we have

W+ F(G(Tn, Tnt1, Tnt1)) < F(G(Th—1, Tn, Tn))-

Therefore,

F(G(Tn, Tnt1s Tnt1)) (G(Th—1,Tn,Tn)) —w
(G(Tn—Za Tn—1, Tn—l)) — 2w (36)

S F(G(To,Tl,Tl)) — nw.

F
F

ININIA
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Taking limit as n — oo in (3.6), we get

le F(G(7n, Tn41Tnt1)) = —o00.

Then by F(2), we have

lim G(7p, Tnt1, Tna1) = 0.

n—oo

Now, by F(3), there exists k € (0,1) such that

lim [G(7y, Tn+1,Tn+1)]kF(G(Tn7Tn+1,’7'n+1)) =0.

n—oo

From (3.6), we have

[G(Tn,Tn+1an+1)}kF(G(TnvTn+177n+1)) - G(TnvTn+1vTn+1)}kF(G(TOlele))
< —nw|G(Tn, Trgt, Tna1)]F
<0.
(3.7)
Letting n — oo in (3.7), we get

ILm H[G(Tn,Tn+1,Tn+1)]k =0.

Thus,

. 1
lim n*[G(7n, Tny1, Tny1)] =0
n—oo

and there exists ny € N such that
TL%G(Tn,Tn+1,Tn+1) <1 for all n > n;.

So we have

1
G(TnaTn+1;Tn+1) S - for all n Z ni.
nk

Now, consider m,n € N such that m > n > n;, we have

G(Tny Tm, Tm) S G(Tna Tn+1, TnJrl) + G(Tn+17 Tn+2, Tn+2) + ...+ G(Tmfla Tmy Tm)
1
< —.
- Z i®
i=n

Since Y o2 i% is convergent, we have G(7,,, Tm,Tm) — 0 as n,m — oo. Hence {7,}
1

is a Cauchy sequence in F. Since (F,G) is complete, there exists u € F such that,
limy,—, 00 7 — u. Now, we show that u € [Tu]y. Assume on contrary that u ¢ [Tulx, so
there exist ng € N and a subsequence {7,,, } of {7, } such that G(7an,+1, [Tulx, [Tulx) >0
for all ny > ng. Since G(7on,+1, [Tulr, [Tulx) > 0 for all ny > ng, so by Lemma 2.17,
F(1) and (3.2), we get

W+ F(G(Tnt1, [Tuln, [Tuly) € w + F[He([STanx, [Tulx, [Tuly))]
< F(G(72n,,, u,u)).
This implies that

F(G(many 41, [Tulx, [Tuln)) < F(G(72ny, u, 1)) — w

< F(G(ran,,u,u)).
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By F(1), we get

G(Tong+1, [Tulx, [Tulx) < G(12n,, u, u) (3.8)
Taking n — oo in (3.8), we obtain

G(u, [Tulx, [Tulx) <O0.

Therefore, u € [Tu]x. Similarly, we can show that in u € [Su]x. Thus u € [Su]x N [Tulx.
Hence, u is a common fixed point of the mappings S and 7. m

Corollary 3.4. Let (F,G) be a G—complete metric space and let S : F — I7 for each
7,0 € F, there exist A € (0,1] such that [ST]x € C(F). Assume there exist some F € X
and T > 0 such that

w + F(Ho([ST], [Solx, [Sv]a)) < F(G(T,0,v))
for all T,0,v € F with He([ST]x, [So]x, [Sv]r)) > 0. Then S has a fized point.
Proof. Put S =T in the proof of Theorem 3.3, we get the required result. [

Corollary 3.5. Let (F,G) be a G—complete metric space and let Py, P2 : F — C(F).
Suppose that there exist some F € X and T > 0 such that

F(Hg(Pi1, Pao, Pov)) < F(G(1,0,v))

for all T,0,v € F with Hg (P17, Pec, Pov) > 0. Then Py and P2 have a common fixed
point.

Proof. Consider A : F — (0,1] and S, T : F — I defined by

S()(E) = {A if t € Py,

0if ¢t ¢ Py
and
MNif t € Por,
T = {0 if t ¢ 7)227.
Then
[S7Ix={t: S(T)(t) = A} = Pu7
and

[TTIx={t: T(7)(t) > A} = Par
Thus, by Theorem 3.3, we get u € F such that
u € [Su]x N [Tulx = Prun Pau.

Hence, the required result. [

Corollary 3.6. Let (F,G) be a G—complete metric space and let P : F — C(F). Suppose
that there exist some F € X and T > 0 such that

F(Hg(Pr,Po,Pv)) < F(G(r,0,v))
for all T,0,v € F with Hg(P1,Po,Pv) > 0. Then P has a common fized point.

Proof. Put P; = Py in the proof of Corollary 3.5, we get the required result. [



1742 Thai J. Math. Vol. 20 (2022) /Y. Mahmood et al.

Corollary 3.7. Let (F,G) be a G—complete metric linear space and S, T : F — W(F).
Suppose that there exist some F € X and 7 > 0 such that

w~+ F(Go([ST]A, [To]a, [TV]A)) < F(G(1,0,v))

for all T,0,v € F with Goo([ST]x, [To]x, [TV]x)) > 0. There exists u € F such that
{u} C [Su]x and {u} C [Tulx.

Proof. Let 7 € F, then by Lemma 2.17, there exists o € F such that o € [S7];. Similarly
we can find v € F such that v € [S7];. It follows that for each T € F, [S7]x, [ST]A € C(F).
As A =1, by definition of G, —metric for fuzzy sets, we have

He([STIx, [T o), [Tolr) < Goo(ST,To, To)
for all 7,0 € F. From (F1), we have

w—+ F(He([ST], [To]r, [Toly) S w+ Goo(ST,T0o, To)
< F(G(t,0,0))

for all 7,0 € F. Since [S7]; C [ST7]) for each A € (0,1). Therefore, G(7, [S7]x,[ST]A)) <
G(1,[S7]1,[S7]1)) for each A € (0,1). It implies that G(r,S7,87)) < G(r,[S7]1, [ST]1))-
Similarly, G(7, T7,7T7)) < G(r,[T7]1,[T7]1)). This further implies that for all 7,0 € F,

w+ F(He([STh, [Toly, [Tolh)) < F(G(r, 0,0)).
By Theorem 3.3, we get u € F such that u € [Su]x N [Tuly, i.e.,
{u} C [Su]x and {u} C [Tulx.

Example 3.8. Let F = [0,1] and define G : F x F x F — R™ as follows
G(r,o,v)=|r—0o|+|oc —v|+|v—T]

Define S, T : F — I7, for A € [0, 1] as follows:
For 7 € F, we have

Aif t €0, 551, aif t €0, 4],
Sty ={3ifte (L, 5] and T(n)() =3 2itte (&, %]
g if t € (55, 1] difte (&1

such that

[ST]y = [o, 310} and [T7], = [o, %} .

Let F(t) = In(¢), for t > 0. Then there exist w > 0 with 7 # o # v such that
w+ F(He([ST]y, [Tolx, [To]y)) < F(G(r,0,0))

for all 7,0, € F with Hg([ST]x, [To]a, [To]x)) > 0 is satisfied. Then, clearly 0 € [SO]x N
[70]x. Hence, 0 is a common fixed point of the mappings S and 7.
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CONCLUSION

In this paper, we studied fixed point theorems and common fixed point results for
F—contraction type fuzzy mappings in G—metric space. Starting from the notion of G—
metric space, our results complement several significant fixed point theorems of G—metric
space in the frame of fuzzy mappings. We hope that the presented idea herein will be a
source of motivation for interested researchers to extend and improve these results suitable
for areas of applications such as in the investigation of existence of solutions of differential
and integral equations of different types and related problems.
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