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Abstract In this paper, we study the existence, uniqueness and boundedness of solutions of following
Rieman-Liouville fractional integrodifferential equations with deviating arguments under integral bound-
ary conditions via monotone interative technique by introducing upper and lower solutions:

t
Dg u(t) = f (t,u(t),u(@(t)),/ K(t, s)u(s)ds) , teJ=1[0,T],
0
T
u(0) = )\/ u(s)ds+d, d € R.
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1. INTRODUCTION

The investigation of the theory of fractional differential and integral equations has
started quite recently. One can see the monographs of Kilbas et al. [1], Podlubny [2], etc.
The study of integrodifferential equations is linked to the wide applications of calculus
in physics, mechanics, signal processing, electromagnetics, biology, economics and many
more.

Integral boundary conditions are encountered in population dynamics, blood flow mod-
els, chemical engineering, cellular systems, heat transmission, plasma physics, thermoe-
lasticity, etc. They come up when values of the function on the boundary are connected
to its values inside the domain, they have physical significations such as total mass, mo-
ments, etc. Sometimes it is better to impose integral conditions because they lead to more

*Corresponding author. Published by The Mathematical Association of Thailand.
Copyright © 2022 by TJM. All rights reserved.



1722 Thai J. Math. Vol. 20 (2022) /V.V. Kharat and A.R. Reshimkar

precise measures than those proposed by a local condition. Many recent papers have dealt
with the existence, uniqueness and other properties of solutions of special forms of the

fractional integrodifferential equations (1.1), see ([3-35]) and some of the references cited
therein.
In [13], Jankowski considered the existence and uniqueness of solutions by using Ba-

nach fixed point theorem and monotone iterative method of the following initial value
problem for nonlinear Riemann-Liouville fractional differential equations with deviating
arguments:

D§, x(t) = f(t,z(t), z(a(t)),t € J=1[0,T], T >0,

[z(t)t' ]

= Zg.
t=0

So, the motivation for the elaboration of this paper is to study the following problem
for Riemann Liouville’s fractional integrodifferential equations with deviating arguments
under the integral boundary conditions :

D3+u(t)=f(t u(t / K(t,9) >’t6J: o1 (1.1)
A/ s)ds +d,d € R

WherefGC(JxR?’R7 0 CJJ), 0t) <t,teld A>0 0<a < 1, where

K:JxJ—=Rand Kr=sup{|K(t,s):0<ts<T}.

The rest of this paper is arranged as follows: some basic definitions and results are
introduced in section 2. Section 3 devoted to discuss the existence and uniqueness of a
solution for the problem given by (1.1) using Banach fixed point theorem. In section 4,
we develop the monotone method and apply it to obtain existence and uniqueness results
for Riemann-Liouville fractional integrodifferential equations with deviating arguments
under the integral boundary conditions.

2. PRELIMINARIES

Before proceeding to the statement of our main results, we setforth definitions, prelim-
inaries and hypotheses that will be used in our subsequent discussion.

Definition 2.1. ([1],[2]) The Riemann-Liouville fractional integral of order «, is defined
by
I .
I"‘ut:—/ t—s)* tu(s)ds, a >0, 2.1

o u(t) F(a)o( )4 u(s) (2.1)
provided the right hand side is pointwise defined on (0, c0).
Definition 2.2. ([1],]2]) The Riemann-Liouville fractional derivative of order
a (n—1 < a < n)is defined as

DG, ult) = (i) (o u(t)) = I‘(nl—a):;;/o (t— )" u(s)ds, ¢ > 0. (2.2)

We need the following results in our subsequent discussion.
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Lemma 2.3 ([1]). Letu € C"[0,T],a € (n—1,n),n € N. Then fort € J,
I Diu(t) = u(t) — Y, u(0). (23
k=0 "
Consider the space Ci_q(J,R) = {u € C((0,T],R) : t!~u(t) € C(J,R)}.

Lemma 2.4 ([10]). Let m € Cy1_(J,R) where for some t; € (0,77,
m(t1) =0 and m(t) <0 for 0 <t <ty. Then D*m(t;) > 0.

Lemma 2.5. Let f € C(J x R3R). A function u € C1_(J,R) is a solution of the
problem (1.1) if and only if u is a solution of the integral equation

u(t)zr(la)/ot(t—s)a 1f<su /KS’T )ds
+)\/0Tu(s)ds+d. (2.4)

Proof. Suppose that u is a solution of (1.1). Then from Lemma 2.3, we have

I§, Dg, u(t) = u(t) — K (0)

Asu € Ci_o(J,R) so n =1, on using n = 1 in equation above equation, we have

I§, Dgu(t) = u(t) — u(0) (2.5)

From first equation of problem (1.1), we have

Dg+u(t)=f<tu /Kts )

using it in (2.5), we get

e, [f <t ult / K(t, s)u )] = u(t) — u(0) (2.6)

From equations (2.1) in above equation, we get equation (2.4).

Conversely, suppose that u satisfies equation (2.4). On taking Riemann-Liouville deriva-
tive of order « of both sides, we get first equation of the problem (1.1). On putting ¢t = 0
in equation (2.4) we get the integral boundary condition

T
u(0) = )\/ u(s)ds + d.
0
This completes the proof. ]

Lemma 2.6. Suppose that {u.} is a family of continuous functions defined on J, for
each € > 0, which satisfies

DG ue(t) = f (t,uea),ue(e(t)), / K(t, s)ue(S)ds) e =10T]

T
u(0) :)\/0 ue(s)ds+d,de R
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where < MV te J. Then the family {uc} is

7 (£ ut), u®(1)), fy K (¢, s)u(s)ds)

equicontinuous on J.

Proof. For 0 <t; <ty <T, using equation (2.4), consider

|ue(tr) — ue(ta)|

F(la)/otl(tl—S)“ 1f(3u /KST )ds
_1“(1a)/0t2(t2_s)a 1f<su /KST )ds

M tl t2
< — (t1 — s)* lds — / (ty — s)* lds
(a) 0
M tl 1 n 1 & 1
= — (tl — S)a7 ds — |:/ (tl — S)ai ds +/ (tg — S)ai d5:|
F(a) / 0 t1
M
— 2t « 1Y e
aF( )| ( ) + 1 2|
< ﬂw —1)7] <
“T(a+1) 2 ¢
T 1
Choose ¢ = { % Then for [to — t1] < &, we have |uc(t1) — uc(t2)] < e.
The proof is completed. [

3. UNIQUENESS OF SOLUTIONS

Theorem 3.1. Suppose that

(1) feC(JxR3R), 0(t) € C(J,J), 0(t)<t, teJ

(2) there exists non-negative constants M, N, L such that the function satisfies
|f(t,ur, ug,us) — f(t,v1,02,v3)] < Mluy —vi| + Nlug —ve| + Ljug —vs| YVt €
Jyu,v; €eRi=1,2,3.

If

F(a+ D (a+2) —T(a+2)T*M + N) —T'(a+ 1) LK7pTH

A< TT(a+ Dl(a+2)

then the problem (1.1) has unique solution.

Proof. Define an operator T given by

(Tu)(t)zr(la)/t(t—s)a 1f<su /KST )ds

+/\/ s)ds +d.
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Now, we prove that T': C1_(J,R) = C1_,(J,R) is a contraction operator. Consider for
any u, v € Cl—a(‘L R)a

[|Tu — Tl

P(la)/ot(t—s)"‘ 1f<su /KST )ds

+/\/ s)ds+d

_{F(la)/o(t—s)(’ 1f<sv /Km dT)ds+)\/ ds+d}’

T
< —
< rilea}()\/o lu(s) —v(s)|ds+

= max
teJ

F(la) /Ot(t_s)a_l [f (S,U(S),U(Q(S))v/os K(S;T>U(T)d7')

5 (ot 00, [ Kte i) |

gmax)\/o lu(s) —v(s)|ds

ds

teJ

1 t a-l — (s w(6(s)) —v(0(s
+@/O(t—8) {MW(S) ()] + Nlu((s)) —v(0(s))]
+L[/O |K(s,7)] |u(7‘)—v(7’)|dT]

T ¢
< [Ju = vl|c max [A/O ds+F(1 )[M—l—N]/O(t—s)o‘_lds

<||u—v|c[)\T+ [M + N]— +

T(a) a ' T(a) (a+1)a
T LKpTotH!
INa+1) * Ia+2) }
This proves that T is a contraction map. Then by the Banach fixed point theorem, the

operator T has a unique fixed point which implies that the problem (1.1) has unique
solution. This completes the proof. [

T LKT Toz+1 :|

= ||u—v|c[)\T+ [M + N

Corollary 3.2. Let M, N, L be constants, o € C1_o(J,R). Then the linear problem
t
DS, u(t) + Mault) + Nu(0(t)) + L/ K(t, s)u(s)ds = o(t), 0<a <1, t € J,
0

T
u(0) :)\/ u(s)ds +d,d € R
0

has a unique solution.
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Proof. The proof follows from the Theorem 3.1. (]

4. MONOTONE ITERATIVE METHOD

In this section, we prove the existence and uniqueness of solution for the problem
(1.1) by using monotone iterative method together with the method of upper and lower
solutions.

Following theorem is a comparison result which will be used in proving more results.

Lemma 4.1. Let § € C(J,J) where 0(t) <t on J. Assume that p € C1_o(J,R) satisfies
the inequalities

DE.p(t) < —Mp(t) — Np(o(1) / K (t,5)p(s)ds = Fp(t), w
p(0) <0,
where M, N, L are constants. If
—(1+T%)[M + N] < D(a+1) (4.2)

then p(t) <0 for allt € J.
Proof. Define a function p.(t) = p(t) — (1 +t*), € > 0. Then

Dgype(t) = Dgyp(t) — Dgye(1 +t%)
€

< Fp(t) — a1 el(a+1)
= Fp(t) +e(1+t%)] —¢€ Lo‘l“(;l) +T(a+ 1)}

=Fpe(t)+e{—M(1+ta) N(1+t*) — /Kts (14 5%)ds

1
~ T (a—1)
< Fpe(t)

and p(0) = p(0) — e < 0.

We prove that p.(t) < 0 on J. On the contrary, assume that p.(¢t) £ 0 on J. Hence, there
exists a t1 € (0,T] such that p.(t1) = 0 and p(t) < 0, ¢t € (0,¢;). Then by the Lemma
2.4, we must have Dg, pc(t;) > 0. Further, as p.(t;) = 0, it follows that

~T(a+ 1)}

0 < Fpe(ts) = —Np. (6 / K(t1, s)p.(s)ds (4.3)

If N=0,L =0, we get 0 < 0 which is absurd.

If N=0,L <0, then we must have K(¢1,s) < 0 which is not possible.

If N <0,L =0, then we must have p.(6(t1)) > 0 which is impossible.

If N <0,L <0, then we get the right hand side of equation (4.3) negative, so again a
contradiction. Hence, we must have p.(t) < 0 on J. Then p(t) —e¢(1+t*) <0on J. On
taking € — 0, we get p(¢t) < 0 on J. ]
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Definition 4.2. A pair of functions [ug, wp] in Cy_,(J,R) are called lower and upper
solutions of the problem (1.1) if

Dg+v0()<f<t vt /Kt $)vos > UO(O)S/TUO(s)d5+d
’ (4.4)
D un(®) > £ (ot /Ktswo ). wO(O)Z/OTwo(S)d5+d
(4.5)

Theorem 4.3. Suppose that

(1) feC(JxR3R), 0(t) e C(J,J), 0(t) <t, teJ,

(2) functions vy and wy in C1—q(J,R) are lower and upper solutions of the problem
(1.1) such that vo(t) < wo(t) on J,

(3) there exists nonnegative constants M, N, L such that the function f satisfies
the condition

f(t7u17u27u3) - f(t,'l)l,’l}g,'l]g) Z _M(ul - /1)1) - N(UQ - U2) - L(US - 1)3)7 (46)

for

’Uo(t) S (% S U1l S ’wo(t>, 1)0((9(75)) S (%] S u9 S wo(O(t)),

/ K(t, s)vp(s)ds <wz <wug < / K(t, s)wo(s)ds
0 0

then there exists monotone sequences {v,(t)} and {w,(t)} in C1_o(J,R) such that {v,(t)} —
v(t) and {w,(t)} = w(t) asn — oo for allt € J, where u and w are minimal and mazimal
solutions of the problem (1.1) respectively and v(t) < u(t) < w(t) on J.

Proof. For any n € C1_4(J,R) such that n € [vg, wp], we consider the following linear

problem :
Dg u(t) = f( / K(t,s)n ds>

+ Mn(t) — u(t)] + Nn(0(t)) — u(0(t))]

+L[/O K(t,s)n ds—/ K(t,s)u } (4.7)

T
u(()):/o u(s)ds +d
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By the Corollary 3.2, the linear problem (4.7), has a unique solution w(t).
Now we define the iterates as follows and construct the sequences {v,}, {u,} by

Dy vpia(t) = f (t,vn / K(t, s)vn(s )
— M ’Un+1(t) - 'Un(t ] 'UnJrl t)) - Un(9<t))]

—L[/Ktsvn+1 ds—/Ktsvn } (4.8)

Ons1(0) —/O vn(s)ds + d

Dy wni1(t) = f (t,wn / K(t, s)wn(s )
- M[wn+1(t) wn wn+1(€(t)) wn(e(t))]
— L[/Ot K(t, s)wny1(s)ds —/O K(t,s)wn(s)ds] (4.9)
T
Wn11(0) :/o (s)ds+d

The existence of the problems (4.8) and (4.9) respectively follows from the arguments
made above. For n = 0 in the problems (4.8) and (4.9), we get the existence of solutions
vy and wy respectively. Now, we prove that vg(t) < v1(t) < wy(t) < wo(t).

Define p(t) = v1(t) — vo(t). Since vg(t) is the lower solution of the problem (4.8), we have

Dy p(t) = D1 (t) — Dgivo(t)

>f<tvo /K,vo ds)

— Mvy(t) — vo(t)] — (6()) —vo(0(t))]

L[/Ktsvl dsf/Ktsvo ds}
- (oo, [ K ons)

— —Mp(t) — Np(O(t)) — L / K (t,5)p(s)ds

and p(0) = v1(0) —ve(0) > fo vo(s)ds+d— fo vo(s)ds—d = 0. From Lemma 4.1, we have
p(t) > 0 which imphes that v1(t) > wvo(t) on J. Slmllarly, one can prove that v; (t) < wi (t)
and w (t) < wp(t) on J. Therefore, we obtain vo(t) < v1(t) < wi(t) < wp(t).

Assume that the result is true for k > 1 i.e., vp—1(t) < vi(t) < wi(t) < wr—1(t) on J.
Claim : vg(t) < vpp1(t) < wpa1(t) < wi(t) on J.
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Define p(t) = vg+1 — vg(t). Then

D8‘+p() D0+Uk+1() D0+Uk

>f<tvk /KtS’Uk >

— Mo (t) — vk (8)] = Nvg42(6(2)) — vk (6(2))]

—L[/Ktsvk+1 ds—/Ktsvk()d]
f(tvkl( , Ug—1(0 /Ktsvkl)ds>

+ Mo (t) — vg-1(t)] + N[vr(0(t)) — ve-1(0(2))]

+L[/Ktsvk ds—/Ktsvk 1()4

> —Mp(t) — N /Kts

P(0) = v41(0) — v (0) = /0 vg(s)ds +d — /0 Vp—1(s)ds — d
T
> /0 [vg(s) — vg(s)]ds = 0.

By the Lemma 4.1, we obtain p(t) > 0, implying that vg41(t)
Similarly, we can prove that vgy1(t) < wii1(t) and wyeq(¢)
Hence, by the principle of mathematical induction, we have

vg(t) for all k on J.

>
< wg(t) for all ¢ on J.

0 S0 S <L Swp < - <wy S wyp < wo

on J.

Therefore, the sequences {v,} and {w,} are monotonic and uniformly bounded. Fur-
ther, also observe that {D§,v,} and {D§, w,} are also uniformly bounded on .J in view
of relations (4.8) and (4.9). By applying the Lemma 2.4. we can conclude that the se-
quences {v,} and {w,} are equicontinuous. Therefore, by the Arzela-Ascoli theorem the
sequences {v,} and {w,} must converge uniformly to v and w on J respectively.

Now, we prove that v and w are the minimal and maximal solutions of the problem
(1.1). Let uw be any solution of (1.1) different from v and w. So there exists a positive
integer k such that vg(t) < u(t) < wg(t) on J. Define p(t) = u(t) — vg+1(t). Then we
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have,

Dgyp(t) = Dg,u(t) — DGy vp4a(t)

(e 1)
f<mo oo [ o)

+ Mvg+1(t) — ve(t)] + Nvg1(0(t)) — v (0(1))]

—i—L{/ K(t,S)UkJr](S)dS_/O K(t,s)vk(s)ds}
> =Mlu(t) = vp2(t)] = N[u(0(t)) — vrt2(0(2))]

_LU K(t, s)u )ds—/OtK(t,s)ka(s)ds]
> i) = Np(60) — 2] [ K s)pts)s]

and

T
p(0) = u(0) — vp1 (0) = / [u(s) — vy(s)]ds > 0

By the Lemma 4.1, we obtain p(t) > 0, implying that w(t) > wvi41(¢) for all k on J.
Similarly, we can prove that u(t) < wg41(¢) for all &k on J. Since, vo(t) < u(t) < uo(t)
on J. By induction, it follows that v (t) < u(t) and u(t) < wg(t) for all k. Therefore,
v (t) < u(t) < w(t) on J. On taking limit as k — oo, we obtain v(t) < u(t) < w(t) on
J. Hence, the functions v(t), w(t) are the minimal and maximal solutions of the problem
(1.1). This completes the proof. ]

Theorem 4.4. Assume that

(1) All the conditions of the Theorem 4.3 hold,
(2) there exists nonnegative constants M, N, L such that the function f satisfies
the condition

ft,ur,ug,ug) — f(t,v1,v2,v3) < M(up —v1) + N(ug —v2) + L(uz —vs3), (4.10)
for

vo(t) <1 <uy < w(t), vo(0(t)) < va < ug < wo(6(1)),

/ K(t, s)vp(s)ds < vz <wug < / K(t, s)wo(s)ds
0 0

Then the problem (1.1) has a unique solution.
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Proof. We know that v(¢t) < w(t) on J. It is sufficient to prove that v(t) > w(t) on J.
Consider p(t) = w(t) — v(t). Then consider
Dgyp(t)
= Dg, w(t) — Dgyu(t)

e R Sy e

< —Mv(t) — —w(0(t))]
—L[ dS—/ K(t,s) ]
= —M'p(t) — N'p( [/K“ }

where M/ = —M,N' = —N, L’ = —L. Also, consider

o0)= | " w(s)ds +d— / " (s —d = / " (i) — w()]ds = / " p(s)ds <0,

Hence, by the Lemma 4.1, we must have p(t) < 0. on J. ie. w(t) —ov(t) < 0, on J,
i.ew(t) < v(t) on J. Hence, we get v(t) = w(t) on J. Hence, the problem (1.1) has a
unique solution. n
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