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1. INTRODUCTION

In 1951, Fast[!] presented a new idea of convergence named as statistical convergence
that is more generalized than the usual convergence for the sequences.

Definition 1.1. [1] A sequence x = {x}} of numbers is said to be statistically convergent
1

to & if for every € > 0 we have lim —|M(z,¢)| = §(M(x,¢)) = 0, where |M(z,e€)]
n—oo N

represents the order of the enclosed set M (z,e) = {k < n:|zr — | > €}.

An interesting generalization of usual convergence named as rough convergence was

initially introduced by Phu[2] for the sequences on finite dimensional normed linear spaces

and later on introduced on infinite dimensional normed linear spaces[3]. He mainly worked

on rough limits, roughness degree, rough continuity of linear operators and also introduced
rough Cauchy sequences.

Definition 1.2. [2] A sequence = {x}} in a normed linear space (X, ||.||) is said to be
rough convergent to ¢ € X for some non-negative number r if for every € > 0 there exists
ko € N such that ||xr — &|| < r+ € for all k > k.
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Aytar[4] extended the rough convergence to rough statistical convergence like usual
convergence is extended to statistical convergence with the help of natural density.

Definition 1.3. [4] A sequence z = {zx} in a normed linear space (X, ||.||) is said to be
rough statistically convergent to £ € X for some non-negative number r if for every ¢ > 0
we have

S{keN: ||z —&|| >r+e})=0,

and ¢ is known as r-St-limit of sequence x = {x}}.

Aytar[5] also examined some criteria associated with the convexity and closeness of
the set of rough statistical limit points and rough cluster points of a sequence.

Inspired by the work of Aytar[4], Maity[(] presented rough statistical convergence
of order @(0 < a < 1) in normed linear spaces and explained some important results
for the set of rough statistical limit points of order a. The idea of pointwise rough
statistical convergence and rough statistical Cauchy sequences for real valued functions
was introduced in [7]. The rough convergence has been defined for double sequences in
normed linear spaces by Malik and Maity in [8] and after that the authors extended this
idea in [9] and defined rough statistical convergence for double sequences.

This idea has motivated many authors to use the concepts of ideals also. Pal et
al.[10] introduced rough I-convergence with the help of ideals of N. Later, Malik et al.
in [11] extended this concept of rough I-convergence to rough I-statistical convergence
and described some topological properties of the set of all rough I-statistical limits of
sequences in normed linear spaces. More investigations, generalizations and applications
of the rough convergence can be further revealed using statistical convergence as well as
generalized statistical convergence in different settings [12-20].

In this paper, we are introducing the concept of rough statistical convergence in the
probabilistic normed linear spaces. The probabilistic normed space is an important family
of probabilistic metric spaces which was defined by Serstnev[21]. Further extensively
studied and redefined by Schweizer, Sklar and Alsina [22—24]. The basic terms related to
probabilistic normed spaces are elaborated as:

Definition 1.4. [25] A map ¢ : R — R{ is said to be the distribution function if it is
non-decreasing and left continuous. Also inf ¢(x) = 0 and sup,é(z) =1 for z € R.
The set of all distribution functions is represented by F.

Example 1.5. Unit step function ¢(x) is a distribution function, which is defined as

0 =<0
o) = { 1 >0
Definition 1.6. [24] A ¢-norm is a map * : [0,1] x [0, 1] — [0, 1] which is non-decreasing,

continuous, commutative, associative and has 1 as identity.
Example 1.7. x xy = min{z,y} and z xy = maz{x + y — 1,0} on [0,1] are t-norms.

Definition 1.8. [25] Let X be a real linear space, * be a t-norm and F be the collection
of distribution functions. Consider a map p : X — F such that p(x;t) is the value of
p(x) at t € R. If the following properties are satisfied, then p and (X, p, *) are known as
probabilistic norm and probabilistic normed space(PN-Space) respectively.

(1) p(x;0) =0,

(2) p(z;t) =1 for all t > 0 if and only if z =0,
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(3) plrast) =p (x; ﬁ) where a # 0 and o € R,
(4) plox+y;s+1t) > p(r;s) * p(y;t) for all 2,y € X and s,t € RT = [0, 00).

Example 1.9. For a real normed space (X, |.||), we define probabilistic norm p for z € X
and t € R as

G s

where p is a distribution function as u(0) = 0 and p # hg. Also

0 t<0
hO(t){ 1 >0

Then (X, p, *) be a PN-Space under the t-norm * which is defined as z * y = min{z, y}.
For example, define the function u as

0 t<0
“(t):{ £ t>0

14z

Then, we obtain probabilistic norm as

= wEp ©#0
p(xvt){ th—,:)H(tg r=0

Definition 1.10. [20] Let (X, p, *) be a PN-Space. A sequence z = {z;} in X is said to
be convergent to £ € X with respect to the norm g if for every e > 0 and A € (0, 1), there
exists kg € N such that

p(zp —&e) >1—Mforall k> k.

It is denoted by p — lim zp = £ or xj LN &.
k—o0

Example 1.11. [26] For a real normed space (X, ||.||), we define the probabilistic norm

plorzeX teRas p(z;t) = m Then (X, p, *) be a PN-Space under the t-norm x
which is defined as x * y = min{z, y}.

Also, xy, £y 2 if and only if xp M> .
Karakus[27] introduced statistical convergence of sequences in PN-space.

Definition 1.12. [27] Let (X, p,*) be a PN-Space. A sequence z = {z;} in X is said
to be statistically convergent to £ € X with respect to the norm p if for every € > 0 and
A€ (0,1) we have

S({k e N:p(zr —&e) <1—A}) =0.

s
It is denoted by St, — klim T =& or x e, £
de el

2. MAIN RESULTS

In this section, we first define the rough convergence and rough statistical convergence
in probabilistic normed spaces as follows:
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Definition 2.1. Let (X, g, *) be a PN-Space. A sequence x = {x;} in X is said to be
rough convergent to £ € X with respect to the norm g if for every e > 0, A € (0,1) and
some non-negative number r there exists ky € N such that

oz —&r+€) >1—\forall k> ko.

It is denoted by r, — klim zp =& or Ty -2 €.
— 00

Definition 2.2. Let (X, p, *) be a PN-Space. A sequence x = {x} in X is said to be rough
statistically convergent to £ € X with respect to the norm g if for every ¢ > 0, A € (0,1)
and some non-negative number 7,

S({k eN:p(zp —&r4e€) <1—A}) =0.
It is denoted by T-Stp-klim xp =€ or xp, ﬁ) .
— 00

Remark 2.3. For the case r = 0, the notion rough statistical convergence with respect
to the norm p agrees with the statistical convergence with respect to the norm g.

The r-St-limit of a sequence may be not unique. So we consider r-St,-limit set of
-5
a sequence x = {wy} as St,-LIM] = {§ : xp o, &}. The sequence x = {axy} is
ro-convergent if LIM;® # ¢ where LIM;" = {£* € X : SN &*}. For unbounded
sequence LIM;* is always empty.
But in case of rough statistical convergence in PN-Space (X, p, %), we have St,-LIM] # ¢
even though sequence may be unbounded. For this we have given the next example.

Example 2.4. For a real normed space (X, |.||), we define the probabilistic norm p for

zeX, teRas p(x;t) = m Then (X, p, *) be a PN-Space under the ¢t-norm * which

is defined as « x y = min{x, y}. Then, define a sequence
[ kA
=k otherwise

Then

(0 r<l
Sto-LIM, = { [1 —r,r—1] otherwise

and St,-LIM; = ¢ for all r > 0. Thus, this sequence is divergent in ordinary sense as it
is unbounded. Also, the sequence is not rough convergent in PN-Space for any r.

With the help of statistically cluster points defined by Fridy[28], we are giving following
definition as follows:

Definition 2.5. Let (X, p,*) be a PN-Space. A sequence x = {z;} in X is said to be
rough statistically bounded with respect to the norm g for some non-negative number r
if for every ¢ > 0 and X\ € (0, 1) there exists a real number M > 0 such that

d{keN:p(x; M) <1-2A})=0.

In view of above definitions, we obtained the following interesting results on rough
statistical convergence in PN-Spaces.

Theorem 2.6. A sequence x = {x}} is statistically bounded in a PN-Space (X, p,*) if
and only if St,-LIM] # ¢ for some r > 0.
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Proof. Necessary part:
Let the sequence x = {xy} is statistically bounded in a PN-Space (X, p,*). Then, for
every € >0, A € (0,1) and some r > 0, there exists a real number M > 0 such that

d{keN:p(z; M) <1-2A})=0.
Let K ={k e N: p(xi; M) <1—A}. For k € K¢ we have p(xi; M) >1— A
Also
plxg;r+ M) > o0;r) « p(ag; M)

>1x(1=M)

=1-\
Hence, 0 € St,-LIM;. Therefore, St,-LIM, # ¢.

Sufficient Part:

Let St,-LIM, # ¢ for some r > 0. Then there exists { € X such that { € St,-LIM].
For every € > 0 and A € (0,1) we have

d{keN:p(zr—&r+e) <1-A})=0.

Therefore, almost all x;’s are contained in some ball with center & which implies that
sequence x = {xy} is statistically bounded in a PN-Space (X g, ). n

Next, we discuss the algebraic characterization of rough statistically convergent se-
quences in PN-Spaces.

Theorem 2.7. Let x = {1} and y = {yix} be two sequences in a PN-Space (X, p, *).
Then for some non-negative number r the following holds

-St,, -St,
(1) If x 2% 20 and o € N then axy, —25 ax,
-St -St -St
(2) If 1y =2 2 and y —2 yo then (zr + yp) —2 (2o + Yo)-
Proof. Proof of above results are obvious so we are omitting them. [

If 2" = {zy,} be a subsequence of x = {xx} in a PN-Space (X, p,*) then LIM;® C
LI M;,f But this fact does not hold in case of statistical convergence. This can be
justified by the following example.

Example 2.8. For real normed space (X,|.||), we define the probabilistic norm ¢ for

reX, teRas p(x;t) = m Then (X, p, *) be a PN-Space under the t-norm % which
is defined by x * y = min{z, y}. Then the sequence
o — k k#n?
71 0 otherwise

have St,-LIM; = [—r,r]. And its subsequence 2’ = {1,4,9, ....... } have St,-LIM?, = ¢.

But this fact is true for nonthin subsequences of the rough statistical convergent se-
quence in a PN-Space which is explained by the next result.

Theorem 2.9. If &' = {zy,} be a nonthin subsequence of x = {xr} in a PN-Space
(X, p,*) then St,-LIM] C St,-LIM],.

Proof. Proof of above result is obvious so we are omitting it. [

Theorem 2.10. The set St,-LIM; of a sequence x = {x}} in a PN-Space (X, p,*) is a
closed set.
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Proof. We have nothing to prove as St,-LIM; = ¢.

Let St,-LIM] # ¢ for some r > 0 and consider y = {y;} be a convergent sequence in
Sto-LIM, with respect to the norm p to yo € X.

For t € (0,1) choose A € (0,1) such that (1 — A) % (1 — ) > 1 —¢. Then for every € > 0
and A € (0, 1) there exists a k1 € N such that

p(yk—yo;%) S1—Aforall k> k.
Let us choose y,, € St,-LIM; with m > k; such that
6({k€N:p(mk—ym;r+%)Sl—/\})zo. (2.1)

Forje{kéN:p(xk—ym;r—i—%) >1-—A} wehavep(xj—ym;r—i—%) > 1 — A. Then,
we have
€ €
@(l’j*yo;?”+6)2@($j*ym;r+§)*p(ym*yo;i)
>(1=X)x(1-2X)
>1—t.

Hence, j € {k € N: p(xr —yo;7 +¢) > 1 — t}. Now we have the following inclusion

{kGN:p(wk—ym;r—i—g) >1-AC{keN:p(zr—yo;r+e >1—1t}

i.e.
{kEN:p(xk—yo;r—l—e)Sl—t}g{kEN:p(xk—ym;r—&—g) <1-2X}
Then
€
(5({/{6N:p(ka—yo;r+e)§1—t})gé({keN:p(xk—ym;r+§) Sl—A})
Using (2.1) we get
d{k eN:p(zr —yo;r+e€) <1—-1t})=0
Therefore, yo € St,-LIM;. L]

In next result, we are proving the convexity of the set St,-LIM;.

Theorem 2.11. Let © = {xx} be a sequence in a PN-Space (X, p,*). Then, rough
statistical limit set St,-LIM, with respect to the norm p is convex for some non-negative
number r.

Proof. Let &,& € St,-LIM;. For the convexity of the set St,-LIM,, we have to show
that [(1 — )& + BE&) € St,-LIM], for some 5 € (0,1).

For t € (0,1) choose A € (0,1) such that (1 —A) % (1 —A) > 1—¢t. Now for every € > 0
and A € (0,1), we define

M= (ke p (o0 - g o) <10,
M2={keN:p<xk—£2;7";/j) <1}



Rough Statistical Convergence in Probabilistic Normed Spaces 1713

As &1,& € St,-LIM], we have 6(M;) = 6(Mz) = 0. For k € M{ N M3 we have
plze —[(1=B)& +5€2] r+e) = p((1=P)(er — &) + Blar — &2)ir + )

>0 (1= on - 5 ) w0 (Blan - @5

2o (st ) o (e )
>1-N)x(1-2X)

>1-—t.
Thus, 6({k € N: p(xp — [(1 — 8)&1 + BE];r+€e) <1—t}) =0.
Hence, [(1 — )& + S| € Sto-LIM], i.e. St,-LIM] is a convex set. L]

Theorem 2.12. A sequence x = {xi} in a PN-Space (X, p,*) is rough statistically
convergent to £ € X with respect to the norm @ for some non-negative number r if there
exists a sequence y = {yr} in X, which is statistically convergent to & € X with respect to
the norm p and for every X € (0,1) have p(xp —yg;r) > 1 — X for all k € N.

Proof. Let € > 0 and A € (0,1). Counsider y Sto, ¢ and p(xp —yr;r) > 1 — A for all
k € N. For given A € (0,1) choose ¢ € (0,1) such that (1 —¢)* (1 —¢) > 1 — A. Define

A={keN:p(y,—&e) <1-t}
B={keN:p(zp—yr) <1-t}
Clearly, 6(A) = 0 and §(B) = 0. For k € A°N B¢ we have
p(er — &1 +e) = plar —yrir) * p(ye — & €)
>((1—t)x(1—1t)
>1-—A

Then p(x —&;r+¢€) >1— Xforall k € A°N B°.
This implies that {k e N: p(z —&r+e€) <1-A} CAUB.
Then, 6({k € N: p(z, — &7 +¢) <1-\}) < 5(A) +6(B).

Hence, we get 6({k € N: p(a — &7 +¢€) <1— A}) = 0. Therefore, xy 175te, & ]
Theorem 2.13. Let x = {z} be a sequence in a PN-Space (X, p,*) then there does

not exist elements y,z € Sty,-LIM, for some r > 0 and every A € (0,1) such that
oy —zmr) <1—X form > 2.

Proof. We prove this result by contradiction. Assume there exists elements y, z € St,-LIM,
such that

ply—z;mr) <1—Xform > 2 (2.2)

Asy,z e St,-LIM;.

For given X\ € (0,1) choose t € (0,1) such that (1—t)*(1—¢) > 1—\. Then for every € > 0
and ¢ € (0,1) we have (K1) = §(K2) =0 where K1 ={k € N: g (z, —y;r+ §) > 1t}
and Ky ={k € N: g (z, — z;7 4+ §) > 1 — t}. For k € K{ N KS we have

p(y—z;2r+e)2p(xk—z;r—|—%>*p(xk—y;r—i-%)

> (1 —t)«(1—1t)
>1-\
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Hence,

ply—z;2r+e)>1— A (2.3)
Then, from (2.3) we have

p(y—z;mr) >1—Xform > 2.
which is a contradiction to (2.2). Therefore, there does not exists elements y,z €

St,-LIM] such that p(y — z;mr) <1 — X for m > 2. m

Next, we define statistical cluster point of a sequence in PN-Space and establish some
results related to it.

Definition 2.14. Let (X, p,*) be a PN-Space. Then v € X is called rough statistical
cluster point of the sequence x = {x;} in X with respect to the norm g if for every
e >0, A € (0,1) and some non-negative number r,

d{keN:plxp—v;r+e) >1—-A}) >0,
i.e.

d{keN:p(x—v;r+e)>1—A}) #0.
In this case, v is known as r-St,,-cluster point of a sequence = = {z}.

Let I'j(x) denotes the set of all r-St-cluster points of a sequence z = {z}. If r =0
then we get ordinary statistical cluster point defined by Karakus[27] i.e. I'])(z) = I',(x).

Theorem 2.15. Let (X, p, ) be a PN-Space. Then, set I')(x) of any sequence x = {ry}
1s closed for some non-negative real number r.

Proof. (i) If I')(z) = ¢, then we have to prove nothing.

(ii) If I')(z) # ¢. Then, take a sequence y = {yx} C I (z) such that yy Ly, Tt is
sufficient to show that y. € I (z). For ¢t € (0,1) choose A € (0,1) such that (1 —\)* (1 —
A)>(1-1)

As yr 2 5., then for every € > 0 and A € (0,1) there exists k. € N such that p(y —
y*;§)>1—/\fork;2k6.

Now choose ko € N such that kg > k.. Then, we have p(yr, — ¥+; 5) > 1 — A. Again as
y={yx} C I')(x), we have yi, € I}(x).

éé({k‘éN:p(mk—ka;r+§>>1—)\}>>0 (2.4)

Choose j € {k € N: g (x — yro;7 + §) > 1—A}, then we have p (z; — yro; 7+ 5) > 1-A\.

€ €
() — yu;7 +€) Zp(wg‘—yko;rﬁL*) *p(yko —y*;i)

2
>(1=X)x*(1-=2x)
>1-—t.

Thus, j € {k € N: p(x, —y;7+€) > 1—t}.

Hence
€

2) >1-AC{keN:p(zr —ys;r+e) >1—1t}

{kGN:p(xkfyko;r+
Now,
€

5({k€N:p(mk—ka;r+2

) >1-A}) <0({k eN:p(axp—y;r+e) >1—t}).
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(2.5)
Using equation (2.4), we obtained that the set on left side of (2.5) has natural density
more than 0.
=0({keN:pxp —yr+e) >1-A})>0.
Therefore, y. € I')(x). ]
Theorem 2.16. Let I',(x) be the set of all statistical cluster points of a sequence x = {1}

in a PN-Space (X, p, x) and r be some non-negative real number. Then, for an arbitrary
v € I'y(z) and A € (0,1) we have p(§ —v;7) > 1 — X for all § € I)(x).
Proof. For A € (0,1) choose t € (0,1) such that (1 —¢)* (1 —¢t) >1—X. Let vy € I',(z).
Then, for every ¢ > 0 and ¢ € (0,1) we have
0({k e N: p(ap, —v;€) >1—1t}) > 0. (2.6)
Now we will show that if for § € X we have p(§ —v;7) > 1 —t then § € I'[(7).
Let j € {k € N: p(zr, —v;€) > 1 —t} then p(x; —v;€) > 1 —t. Now,
plzj —&r+e) > plr; —ve) xp(€ =)
>1—t)x(1—1)
>1-—A
we have p(z; —&r+e€) >1— A Thus j € {k € N: p(xy — &7 +¢) >1— A} Now the
next inclusion holds.
{keN:p(zy—ve)>1—-t} C{keN:p(zy—&r+e) >1—- A}
Then
d{keN:p(xp—ve)>1—1t}) <d{keN:p(xp—&r+e) >1-A})
Using equation (2.6) we get 6({k € N : p(zr, — &r +¢€) > 1 —A}) > 0. Therefore,
§e (). [
Theorem 2.17. If B(e,\,r) = {z € X: p(x — ¢;r) > 1 — A} represents the closure of
open ball B(c,\,7) ={z € X: p(x —¢;r) > 1 — A} for somer >0, A € (0,1) and fized
c € X then I')(x) = U B(e, A\ r).
cel, ()

Proof. For A € (0,1) choose ¢t € (0,1) such that (1 —¢) (1 —¢) > 1— X Let v €

U B(c, A, r) then there exists ¢ € I',(z) for some r > 0 and every t € (0, 1) such that
cely(x)

plc—vr)>1—t.

Fix € > 0. Since ¢ € I',(z) then there exists a set K = {k € X : p(x — ¢;€) > 1 —t} with
0(K) > 0. Now, for k € K

ok —vir+e€) = plzr — cie) x p(c — ;1)
>(1—t)x(1—1¢)
>1-=A
This implies that 6({k € N: p(z, —v;7 +€) > 1—A}) > 0. Hence, v € I} (2).
Therefore, U m Cc F;(z).

c€ly(z)
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Conversely,

Let v € I')(z). Then we have to show that v € U Ble, A r).
cel,(x)

Let if possible, v ¢ U B(e,A\,r) i.e. v ¢ Blc, A\, r) for all c € I',(x).

c€ly(x)
Then p(y—c;r) < 1— X\ for every ¢ € I',(x). By Theorem 2.16 for arbitrary c € I',(z) we
have p(y —¢;r) > 1 — A for every c € I)(x ) which is a contradiction to the assumption.

Therefore, v € U B(c, A\, 7). Hence, Iz U Ble, \, 7). [
cely(x) cely,(x)

Theorem 2.18. Let x = {z1} be a sequence in a PN-Space (X, p,*) then for any \ €
(0,1),
(1) If c € I',(x) then St,-LIM} C B(c,A,r).
(2) Sto-LIM; = () Ble,\r)={£€X: I () C B(§, A\ )}
c€l(x)

Proof. (1) Let e > 0. For given A € (0, 1) choose t € (0, 1) such that(1—t)x(1—t) >
1 — A Consider £ € St,-LIM] and ¢ € I',(x).
For every € > 0 and t € (0,1) define sets

A={keN:p(xp—&:r+e€) >1—t} with §(4°) =0
and
B={keN:p(rr—ce >1—t} with6(B)#0
Now for £ € AN B we have
p&—cr) > plag —ce)xplrr — &+ ¢€)
>(1—t)x(1—1)
>1-— A

Therefore, £ € B(c, A, r). Hence, St,-LIM C B(c, A\, 7).
(2) By previous part we have St,-LIM] C n B(e, A\, ).

cel,(x)
Assume y € ﬂ B(c, A\, ) then p(§—c;7) > 1—=Afor all ¢ € I',(x). This implies
cely(x)
that I',(z) C Blc, A, 1), (1 Ble A7) S{EeX: IL(x) C B(E )}

c€ly(x
Further, let y ¢ St,-LIM] therkl(fc))r e >0 we have 6({k e N: p(zr —y;r +¢€) <
1= A}) # 0, which implies that the existence of a statistical cluster point ¢ of
the sequence = = {z} with p(zx — y;7 +¢) < 1— . Thus, I',(z) € By, \,7)
and y ¢ {¢€ € X : I',(x) € B(& A, r)}. This implies that {£ € X : I',(x) C
B(£, A1)} C St,-LIM} and we get | B(c,A\,1) C St-LIM].
cel,(x)
Therefore, St,-LIM] = ﬂ B(e,\,r) ={{ e X: IT',(z) C B A7)}
cel,(x)
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Theorem 2.19. Let x = {x}} be a sequence in a PN-Space (X, g, *) which is statistically
convergent to & € X with respect to the norm g then there exists A € (0,1) such that
St,-LIM; = B(§, \, ) for some r > 0.

Proof. Let € > 0. For given A\ € (0,1) choose t € (0,1) such that(1 —¢)* (1 —¢) > 1—A.
Since xy, Ste, ¢ then there is aset A ={k € N: p(x, — & :€) <1—t} with §(A) = 0.

Consider y € B(&,t,71) ={y e X:p(y—&r)>1—t}.
For k € A°
plar —ysr+€) = p(re — &) * py — &)
>(1—t)x(1—1)

>1—A

This implies that y € St,-LIM], i.e. B(,,\,r) C St,-LIM;. Also St,-LIM] C
B(&, A\, 7). Hence, St,-LIM] = B(§, A, 7). n

Theorem 2.20. Let x = {x} be a sequence in a PN-Space (X, p,*) which converges
statistically with respect to the norm g then I')(z) = St,-LIM; for some r > 0.

Proof. Necessary part:

Suppose x, Sto, & Then I',(z) = {¢}. By Theorem 2.17 for some r > 0 and A € (0,1)
we have I (z) = B(§, A, 7). Also by Theorem 2.19 we get B(§, \,r) = St,-LIM; . Hence,
() = Sty-LIMY.

Sufficient part:
Let I')(z) = St,-LIM. By Theorem 2.17 and Theorem 2.18(ii) we have U B(e, A1) =
cely(x)
ﬂ B(c, A, r). This implies that either I',(z) = ¢ or I',(x) is a singleton set. Then
cel,(x)
Sto-LIM, = m B(c,A\,r) = B(&, A, r) for some & € I',(x), further by Theorem 2.19
cel,(x)
we get St,-LIM] = {¢}. ]
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