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1. INTRODUCTION

The classical idea of approximation theory is applied in more technical ways in
the modern field of wavelet analysis. In wavelet analysis, complicated functions are
approximated by their simple expressions in the form of wavelet series. This concept plays
a desirable role as applications in many branches of pure as well as applied
mathematics.

Thus there is a need to describe wavelets more in words than symbols so that
fundamental ideas like removing noise from music recording and storing fingerprints
electronically using the approximation of functions can be solved by involving the
concept of wavelets. Presently, the wavelet era has been begun and several applications
of wavelet analysis and approximation of functions by their wavelet series are found in
signal processing, image processing, engineering, and technology.

Several mathematicians like Chui, Daubechies, Debnath, Khalil Ahmad, Meyer,

Morlet, Natanson, Lal and Kumari [1-15] have studied some theories of wavelets in detail.
In 1950, Natanson [3] initiated a well ordered study of approximation theory in wavelet
analysis.

One of the main advantages of wavelet analysis is that a function is approximated
by few coefficients of its wavelet expansion. This is good enough approximation in
comparison of other techniques. This method is applicable in signal expansion.
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The aims of this paper are mentioned below;
1. To introduce the generalized Haar scaling function ¢(*) and generalized Haar mother
wavelet (M)
2. To introduce the expansion of a function f by generalized Haar scaling function and
generalized Haar mother wavelet.
3. To introduce the generalized Lipschitz class of function,i.e. sza [

1).

4. The approximation of a function f € Lip,[0,1) and f € szaw) [0,1) by partial sums
of the wavelet expansions of associated functions.
5. To generalize the results of Christensen [9] and Walnut [16].

2. DEFINITIONS AND PRELIMINARIES
Definition 2.1. Function of Lip,[0,1) class: A function f € Lip,[0,1),0 < a < 1 if

|f (@) = f(y)| = O(lz — y|*), Yo,y € [0,1]  (Titchmarsh [17]).
Consider a function f(x) = x2®,Vz € [0,1].

For this,
[f(@) = f)] = |o* —y**|Va,y € [0,1]
= 2% =y e + o7
< 20 =yl
< 2lz —y|% since 2% —yY < Jr —y|*, 0 < a < 1.

Thus f € Lip,[0,1).
Definition 2.2. Generalized Lipschitz class: A function f € Lip&w) [0,1) if
|[flz+1t)— f(x)] = O0W(@)[t|*);0 < a < 1,z,t,x+t €[0,1],

where w(t) is positive monotonic increasing function of t such that w(t)[t|]* — 0 ast — 0.
Remark: It is important to note that if w(¢) = ¢ where c is a positive real number, then

Lipt”) [0,1) reduces to the class Lip,[0,1).

Definition 2.3. Haar scaling function ¢ (Father wavelet) and Haar wavelet 1)
(Mother wavelet): Haar scaling function can be defined as;

1 0<t«1

(2.1)
0 otherwise.

d(t) = xp1)(t) = {
For each j,k € Z,{¢;k(t)}; ez = 212¢(27t — k) = D4; Ti¢(t), where dilation operator
D, f(t) = a'/?f(at) and the translation of operator Ty f(t) = f(t — k).
If » € L?(R) satisfies the “admissibility condition”, i.e.,

- LT

|l

then 1 is called a basic wavelet. The basic wavelet is known as the mother wavelet. The
father wavelet and mother wavelet are jointly known as parent wavelet. Some different
dilations and translations of ¢ mother wavelet using the relation

Yik(t) = 27/%9(27t — k), j, k € Z,
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the basis can be generated. A function defined on the real line R as;
1 forte [O,%),
Y(t) =< -1 forte[3,1), (2.2)
0 otherwise

is known as Haar function.

Haar wavelet is discontinuous at ¢ = 0,1/2,1 and it is very well localized in the time
domain.

Definition 2 4. Generalized Haar scaling function qbg\i")k and Generalized Haar
wavelet z/) : For A = 1,2,3...., generalized Haar scaling function ¢ in the interval
[0,1] can be deﬁned as follows;

ANZ e <r < B

0 : otherwise

SR = N2\t — k) = {

where k =1,2,..\ — 1.
The generalized Haar wavelet over the interval [0,1] is defined as;

N2 ko M2
PO = NPV —k) = Qw2 B2 oy kR
0 : otherwise.

Definition 2.5. Generalized Haar wavelet series: Let f € L?[0,1]. A wavelet series

of f using generalized Haar scaling function ¢ and Haar mother wavelet 1)) is given
by

AN 1 oo M1
A A A
1) = 3 < £ = o0+ > < fel)) >0l )
k=0 j=N k=0

= (Pnf)®#) + (BN (), say
where < f, ¢, >= fj FOOR,Mdt and < f,9%) >= I B0 )¢\ (t)dt and the

basis functions 7,[1%3 are orthonormal signals , each of which is assoc1ated by scale A% and

aps k
position 5.

Definition 2.6. Multiresolution analysis: A multiresolution analysis of L?(R) is
defined as a sequence of closed subspaces Vj(G) of L?(R),j € 7, with the following
properties;

1) vi9cvi

() 1) € V“”@f( t) =V,
(3) ()evo e 1) e Vi,
(4) U V is dense in L?(R) and ﬂ Vj(G):{O},

Jj=—00 Jj=—00
(5) Suppose a function ¢ € VO(G) exists such that the collection {¢(t — k); k € Z}
is Riesz basis of V( ).
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If some wavelet ¢ € L?(R) has to be constructed, then it is advisable to study the
structure of the L?(R) decomposition it generates. As usual, let
A . .
PO(t) = W2t — k)
and

W;G) = closr2(r) {%();c), ke Z} .

Then this family of subspaces of L?(R) gives a direct sum decomposition of L?(R) in the
sense that every f € L?(R) has a unique decomposition

f@)=..+g9-2+g9-1+g0+91+g2+ ...

where g; € Wj(G) for all 7 € Z, and we shall describe by writing

=Y w=_owQewew®eow®owe.. (2.3)

JEZ
Being in Wj(G), the component g; of f has a unique wavelet series representation, where
the coefficient sequence gives localized spectral information of f in the j** octave (or

frequency band) in terms of the integral wavelet transform of f with dual ¢ of ¥ as
the basis wavelet. Using the decomposition of L?(R) in Eq.(2.3), we also have a nested

sequence of closed subspaces Vj(G), j € Z of L?>(R) defined by
@) _ (@) (@)
Viti=.eW, e W, .

Let ¢ € VO(G), since VO(G) C VI(G), a sequence {h;} € [2(Z) exists such that the ¢ function
satisfies,

St) =X Y hud(ut — k). (2.4)
j=—0o0
This functional equation is known as the refinement equation or the dilation equation
or the two-scale difference equation. The collection of functions {gb;kk),k € Z}, with
¢§>‘k) (t) = M/2¢(Nt — k), is a Riesz basis of Vj(G). Integrating equation(2.4) and dividing
by the (non-vanishing) integral of ¢, we have

k=—o0

A function ¢ € L?(R) is called a generalized Haar scaling function, if the subspace

VD = closgam) {¢§f,3;k c Z} ez

satisfy the properties (1) to (5) stated above in this section. It is important to note that
the generalized Haar scaling function ¢*) generates a multiresolution analysis {Vj(G)} of
L?(R).
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Definition 2.7. Projection Py(f): Let Px(f) be the orthogonal projection of L?(R)
onto V. Then

AN -1

(PuA)(E) = D < £00) > k(). N =1,2,3...,[15].

k=0

Definition 2.8. Wavelet approximation: The wavelet approximation En(f) of f by
Py (f) under || ||2 is defined by

Enx(f) = mian||f — Pn(f)ll2.

Let
AN -1 J MN-1
SrHt) =3 < fo%% > o0+ 3. Y < £l >0l @)
k=0 j=N k=0

Wavelet approximation of f by (S;f)(t) is defined by

E;(f) = minl[f = S1(f)ll2.

If En(f) = 0 as N — oo then En(f) is called the best approximation of f of order N
(Zygmund [19], p.115).

Definition 2.9. Mean value theorem for definite integrals: Let f : [a,b] — R be
a continuous function, then there exists ¢ in [a, b] such that

/ f(H)dt = F()(b—a) (Rudin [20]).

3. THEOREMS

In this paper, we prove the following theorems;

Theorem 3.1. If a function f € L?[0,1] is continuous in [0,1] and its wavelet expansion
by generalized Haar scaling function ¢ and generalized Haar wavelet ™ is given by

AN 1 co AN —1
) = 3 < £, >0+ 33 <160 >0
k=0 j=N k=0

= (Pnf){#) + (RnS)@),

where ¢y (t) = ANV26(ANt — k) and $\))(t) = A2Vt — k), = 1,2,3..., then the
wavelet approzimation En(f) of f by Pn(f) satisfies;

B =1~ Pyl =0 (537

and

oo AN-1 1
||RN(f)H2=HZ Z <fawj(-, (/\)”_ ()\N/Q)'

j=N k=0
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Proof. By defining the error between f(t) and expansion over any subinterval as;

E k+1
(@) =< £6% > 000~ f0.t € |, S ) v = 1,25

We obtain

llex (I3

k41

/ M lenf)Pat

A

>

T

1

[ 1< 160 > o000 - f0Par

NN
21 kE kE+1
— (M) N/2
= (< [roNe > A / —f(Ck)) )\T\anE L\J\”)\N), (3.1)
by first mean value theorem for integrals.
Now,
Fus 1 kok+1
A o y\Ny2 [ —
</, Nk >= A / /L f(t)dt - Wf(pk)vpk € |:/\N’ )\N) ) (32)
A
by first mean value theorem of integrals.
By Egs.(3.1) and (3.2), we have
1
llew (D5 = (f(ox) = F(G))* 33 (3.3)

Since f(t) is continuous in the closed interval [0,1] and hence it is uniformly continuous
in [0,1] and in each sub-interval of [0,1], therefore for e = 137z 36 >0 s.t.,

|f(pe) = F(C)l < ﬁ,m,ck € [A]fv ’“;Nl) <4 (3.4)
Then, from Eqs.(3.3) and (3.4), we have
lew(F)IB < sz (35)
which leads to;
1 AN -1 2
EVO? = [ | X @he)
0 k=0
1 (AN 1
-/ ICHLIEEDS) S | nwena.

Due to disjointness of the supports of these basis functions, we have;

(BN () = / Aflezu) dt:tilnek(f)u%skf (Aﬂv)zo(jv)
=0

k=0 k=0

ie.,
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Remainder operator Ry (f) is given by
oo A -1
A
(Baf)(&) = D" < fo5) > o).

j=N k=0

Thus
oo AN -1 2
(Ryf(t)? = (Z < £08) > v

= 3% <) >0l

- Do <L < fugd > el i)

N -1

+ 30 3TN < mul) s< £ > 0B mwih )

N<j# j'<oo k=0
YD Y Y <L >< g > e 0w (0).

N<j# j'<oo 0<k# k/<A\i—1

Then,

1Ry (I3

Il
S—
R
—
=
2
~
=
-
QL
~

3 <f,z/f§f,3 >< f,¢§?/>/ Y (@) ()t

1
+ ST <) s< fol, >/0 P (OpS ()t

; YT < ><f,w,k,>/ $Q (O, (1)t

N<j# j'<oo 0<k# k'<\i—1

oo M —
= z Z | < f, wj( > |2 ||1/J()‘)||2,by orthogonality of @D]()}g
J=N k=0
oo A-1
A
= Y Y <o) (3.6)
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Since
k+1 k+1
< Ul > = |/k v (0)at] = / A 1)t
k+1
< |f Y |’(/J (t)|dt, by first mean value theorem for integrals
E+1
- (57 >‘W
Next,
co A -1 oo A—1 2 oo A —1 2
\) 9 kE+1 1 _ 1 k+1
DD IR > < sz<m‘> v 2w I\
j=N k=0 j=N k=0 j=N k=0

I
[M]8
S
VS
x|~
N———
®
=
3
M

|
.
i
>
e
>
N——
|
.
PR
Zl=
~—
—
w
-

By Eqs.(3.6) and (3.7), we have

Irn(DIE=0 (55 )-

Hence,

(Dl =0 (533 )

Thus the proof of Theorem 3.1 is completely established. ]

Theorem 3.2. Let f € L?[0,1] is continuous in [0,1] and

AN -1 J M-1
SiHE) = Y < fofh > o0+ 33 < £l > e
k=0 j=N k=0

(Pn f)(t) + (Bn(f) — Ry(f)) (2),

then the Haar wavelet approximation Ej(f) of f by S;(f) of its wavelet expansion is
given by

EP(f) = minl||f — S;(f)]l2 =0 (W) '

Proof. Now,
o N1 J M-
f(t)=S;(f)t) = Z Z < f, 1/)](7);2 (A) Z Z < f, 1/}3( (/\)(t)
j=N k=0 j=N k=0
oo A—1

S0 <Ll >uio.

j=J+1 k=0
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Then,

o A—1 2
(f(t) = (Ssf)(t (Z S o< ful) e (>>.

j=J+1 k=0

Following the proof of Theorem 3.1, we have

o A-1 1
I =SsDB= > S I<rel)>P= (AM)'

j=J+1 k=0
So
BP (1) = minllf =550l = 0 (377 )
\T+1)/2
Thus the Theorem 3.2 is proved. [

Theorem 3.3. f € Lip,[0,1),0 < a <1, ice.,|f(z+1t) — f(x)] = O(|¢|¥) then

B9 =0 (5w ) and s (Dl =0 (555 )

Proof. Following the proof of Theorem 3.1,

lex(HIB = (Flow) — F(G)* - (39

Since f € Lip,[0,1), therefore

k k+1
|f(or) — f(Ce)l = O(lpr — Ckl®), Vor, G € L\N’ )\erv>

Then, from Eqs.(3.8) and (3.9), we have

L1 1\ 1 1
llex ()3 = Olpr — ¢kl )2)\]\120()\2(1N>)\N:O<)\(2a+l)N>’

which leads to;

(ED() = / (Af(ekf ) Ailuek NI = (AlN)

k=0

Thus, ES (f) = O (52 )-
Also,

oo A —1

IRN(DIB =D D 1< fufy > P

j=N k=0
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Now,
ﬁ.l
AJ
| <foupd>1 = @3 (Bt
k+1
_ k k 2y
- |/ =t (5) 1 () eion
>\.7
< / (6 - ( )| ok
k:+1
k 7
N Co [l AT
i k1
I
= / f@) — < >’¢(>‘) )|dt + 0, smce/ 1/) Jdt =0
bej b}
k+
B 1 AN B 1 1
= o) [, 1o =0 (555 5
Next,
oo A -1 1
IRv(DIE =3 X 1< 1.6 > =0 (53 ).
j=N k=0
Thus, |[Ryfll2 = (/\QN) Thus Theorem 3.3 is completely established. (]

Theorem 3.4. Let w(t) is a positive monotonic increasing function of t such that
fl@+1) = f(z) = Ow®)[t]*),0 <a <1

and w(t)[t|]* — 0 as t — 0. Then the wavelet approxzimation En(f) of a function
fe Lip&w) [0,1) satisfies;

w N
B (1) = minllf = Pu(D)lla =0 (“0L5)

and

0o A—1 1 )\N
IOl =1l Y X < £0) > vl =0 (2057,

j=N k=0

Proof. Following the proof of Theorem 3.1,
lew (/)13 = (o) = S 53 (3.10)

Since f € Lip((f)[O, 1), therefore

1(00) = ()] = 0w(or = Gllpw = G e € [ 5 ) (3
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Then from Eqs.(3.10) and (3.11), we have

N 2
et = Olwton ~ Gl — 5y =0 (205 ) 3

which leads to;

=Y =Y 0 (SR <o (4R,

N
Thus, B (f) = O (%)

Also,
oo A -1
IRNOIE=D" S 1< fel)) >
j=N k=0
Since
k41
NI
<t >= [ s@u o
b¥a
Then,

k+1

< £ > ‘/”V@> (55| e w+\(ﬂ)wﬂ W0 (0t

k+1

kE+1
‘ ( v > <)\J>‘/M ¢(A) (t)|dt, by first mean value theorem

_ < ;/]31) kvw I (A)()|dt <W()1\Z\j)) ﬁ

IN

Next,
= ) w? (57)
|mmn@:§jiﬂ<ﬂ%k>F=O<Aﬁv>.
J=N k=0
Thus,
w(1/AN

(Dl =0 (255 ).

This proves the Theorem 3.4. ]

4. COROLLARIES
Following corollaries are deduced from Theorem 3.4;
Corollary 4.1. If w(t) = t%,O <pf<a<l,ie.,
[f(z+1) = f@)| = O(jt]*?),0 < B <a<1
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then the wavelet approximation En(f) of f satisfies;

BN (D=0 () and RN =0 (st

Proof: Proof of the Cor.4.1 can be developed parallel to the proof of Theorem 3.4 by taking
w(t)=75,0< B <a<1,Vte (0,1).

Corollary 4.2. If f € Lip{’[0,1) and

2N 1 co 271
FO) =" < fiove>ona®) + D> < fotbin > ia(t),
k=0 j=N k=0
where ¢ i (t) = 2N/ 2p(2Nt — k) and 1 x(t) = 27/24)(27t — k) then

Ex() =0 (U350 wnd Irn(sl =0 (027).

Proof: Proof of the Cor.4.2 can be obtained following the same lines of the proof of
Theorem 3.4.

Corollary 4.3. If f € Lip,[0,1) and

2N 1 co 291
FO) =Y <fione>one®)+ D> Y < frbjn > b(t),
k=0 J=N k=0

where ¢n 1 and ;1 are defined as Cor.4.2 then

1 1
En(f) =0 (i) and IR (Dl =0 (55 ).
Proof: Proof of Cor.4.83 is very trivial.

5. REMARK
Remark 5.1. Christensen([9], p.126) proved;
Theorem 5.2. If zo € [0,1] — Q and f = X[o,4,] then

J—127-1
1
If— < fiX0,1) > X[01) — Z Z < fythjm > Vjnlla =0 (27/2) :

j=0 n=0
Remark 5.3. Walnut([16], Lemma(5.37), p.135) proved the following Lemma;
Theorem 5.4. Given f(z) € C on R,then limy_oo||Pn(f) — fll2 = 0.
Remark 5.5. Let f(t) =¢,V¢t € [0,1). Then f € Lip1 [0, 1].

oo 1
8= [ irwpa= [ ea=g, 6.1)

Thus f € L?[0,1). Then wavelet series of f using generalized Haar scaling function ¢
and generalized Haar wavelet 1) is given by

AN -1 oo AM-—1

=3 < £.o00 > okn®+ 33 < £08) > e ).

k=0 J=N k=0
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By orthogonality of z/JJ(Ak) , we have

AN -1 0o M-1
A
1A= D 1< fidhn > P+ D0 D 1< fowpd > 1 (52)
k=0 j=N k=0
Now,
fug s 1 1
by A
< f,60) >= /L F)6 (t)dt = /L N2 (AN — k)t 7 (k: 2)
AN N
Then,
AV -1 AN -1 2
) 2 1 1 1 1 1
Y I<f, N?k>|—zw(k+2) =3 e (5.3)
k=0 k=0
Now,
55 N 11
N o [ €Y _ [ a2 j - _-
< foby >= /L FOw; (t)dt_/i tA w(/\Jf—’f)dt——4)\3j/2~
\J A
Next,
oo A -1 ) oo A —1 1 )\2
2
Z <l >F=2 Z 16>\3J 16>\2N (/\21) (54)
j=N k=0 J=N k=0
Substituting values from Egs.(5.3) and (5.4) in Eq.(5.2), we have
AN -1 oo A1
N o Mop - L 1 1 1 L
S U< £ > P4 A< f 5P = - s 16 (et ) o
k=0 j=N k=0
_o 1o tgr 1
3 AV 12 16
1
< =713
Thus the series
AN -1 0o AN -1
SI<foRe>P+Y. D < ful) > P
k=0 j=N k=0

is convergent and

AN 1 0o A -1

A A
ST < o> PHY Y 1< 0l > P <A1
k=0 j=N k=0
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6. CONCLUSIONS

1. Theorem 5.2 (Christensen[9] p.126) and Theorem 5.4 (Walnut[16] Lemma 5.37,
p.135) are particular cases of our Theorem 3.4.

2. EJ(\})(f):O(ﬁ) —0as N — oo,
Egz)(f):O(W) — 0 as J — oo,
EJ(\:,)’)(f):O(/\iN) —0as N — oo,

Ej(é)(f) =0 (“’gglﬁ)> —0as N — oo.

Then wavelet approximation E](\P(f),E‘(,Q)(fLE](\?)(f) and E](\?)(f) are best
possible in wavelet analysis(Zygmund[19]).

uN—1 oo p—1
300 =" T < L0R00 > o0+ X5 < LUl > v,

J=N k=0
f(t) = (Pnf)(@t) + (RN F)(t), e, f(t) — (PN f)(t) = (RN f)(t).

Researchers have estimated either [|f — Py (f)|l2 or [|[Rn(f)|[2 for wavelet
estimation Fn(f) for very easy functions under uncomplicated supposition. In
this paper, in Theorems 3.1, 3.3 and 3.4, ||f — Pn(f)||2 and ||[Rn(f)||2 are
calculated by slightly different methods and their estimates are same. This is
a remarkable achievement of this research paper in approximation of functions in
wavelet theory.
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