
ISSN 1686-0209

Thai Journal of Mathematics

Volume 20 Number 4 (2022)
Pages 1585–1602

http://thaijmath.in.cmu.ac.th

A Fixed Point Approach to Stabilities of Functional

Equations in Intuitionistic Fuzzy Banach Spaces

P. Saha1, T.K. Samanta2, Pratap Mondal3,∗ and B.S. Choudhury1

1Department of Mathematics, Indian Institute of Engineering Science and Technology, Shibpur, Howrah -
711103, West Bengal, India
e-mail : parbati−saha@yahoo.co.in (P. Saha); binayak12@yahoo.co.in (B.S. Choudhury)
2Department of Mathematics, Uluberia College, Uluberia, Howrah, West Bengal, India−711315
e-mail : mumpu−tapas5@yahoo.co.in
3Department of Mathematics, Bijoy Krishna Girls’ College, Howrah, Howrah - 711101, West Bengal, India
e-mail : pratapmondal111@gmail.com

Abstract In this paper we consider some functional equations for studying their Hyers-Ulam-Rassias

stability. This stability has been studied for a variety of mathematical structures. Our framework of dis-

cussion is intuitionistic fuzzy normed linear space. We consider both Archimedean and non-Archimedean

varieties of such spaces. The approach to the present problem is a fixed point approach, that is, we obtain

our results by applications of an extension of the Banach contraction mapping principle on generalized

metric spaces where infinite distances are allowable.
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1. Introduction

The purpose of this paper is to establish some stability results for functional equations
in non-Archimedean and Archimedean intuitionistic fuzzy Banach spaces. The kind of
stability for which the results are established here is Hyers-Ulam-Rassias stability. Such
stabilities have originated from the works of Hyers [1], Ulam [2] and Rassias [3] wherein
Ulam formulated this problem for group homomorphisms which was solved by Hyers
for Cauchy functional equations and thereafter it was extended by Rassias to the case
of linear mappings. This concept of stability has very wide applications which includes
problems from differential equations [4–6], problems relating to isometrics [7] and the like.
It is well known that fuzzy concepts are new tenets of modern mathematics which have
made inroads in almost all branches of mathematical studies. Intuitionistic fuzzy sets
[8, 9] are further extensions of fuzzy sets [10] which characterize the uncertain situations
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from two different but complementary angles. Our work is in the domain of intuitionistic
fuzzy Banach spaces. Just like many other branches of mathematics, the linear space
was generalized through the incorporation of fuzzy concepts while intuitionistic fuzzy
linear spaces are obtained by a process of further generalization. We consider some
functional equations in these spaces for the purpose of studying their Hyers-Ulam-Rassias
stability properties. We consider some of our problems in the framework of intuitionistic
extensions of non-Archimedean normed linear space which is a linear space defined on a
non-Archimedean field having valuations associated with each of its members. Other are
worked out in intuitionistic fuzzy normed linear spaces on Archimedean fields.

Amongst several approaches to the problems of the Hyers-Ulam-Rassias stability for
functional equations, a fixed point approach has been adopted in a good number of pa-
pers of which some instances are [11–15] . Here we adopt this approach [16]. In essence,
our main results are obtained by applications of a fixed point theorem on generalized
metric spaces. It may be further mentioned that the study of Hyers-Ulam-Rassias sta-
bility encompasses different domains of mathematics. The literature on this topic is very
extensive. Some instances of these works are noted in references [17–28].

2. Mathematical Preliminaries:

Definition 2.1. [29] Let K be a field. A non-Archimedean absolute value on K is a
function |.| : K → R, such that for any a, b ∈ K we have

(i) |a| ≥ 0 and equality holds if and only if a = 0;
(ii) |a b| = |a| |b|;

(iii) |a+ b| ≤ max{ |a|, |b|}.

It is note that |n| ≤ 1 for each integer n. We assume that |.| is non-trivial, that is,
there exists an a0 ∈ K such that |a0| 6= 0, 1.

Definition 2.2. [30] Let X be a vector space over a field K with a non-Archimedean
valuation |.|. A function ||.|| : X → [ 0, ∞ ) is said to be a non-Archimedean norm if it
satisfies the following conditions :

(i) ||x|| = 0 if and only if x = 0;
(ii) ||rx|| = |r| ||x|| ( r ∈ K, x ∈ X );

(iii) the strong triangle inequality ||x+ y|| ≤ max { ||x||, ||y|| } ∀x, y ∈ X holds.

Then (X, ||.|| ) is called a non-Archimedean normed space.

Definition 2.3. [31] A binary operation ∗ : [ 0 , 1 ] × [ 0 , 1 ] −→ [ 0 , 1 ] is
continuous t - norm if ∗ satisfies the following conditions :

(i) ∗ is commutative and associative ;
(ii) ∗ is continuous ;
(iii) a ∗ 1 = a ∀ a ∈ [ 0 , 1 ] ;
(iv) a ∗ b ≤ c ∗ d whenever a ≤ c , b ≤ d and a , b , c , d ∈ [ 0 , 1 ].

Definition 2.4. [31] A binary operation � : [ 0 , 1 ] × [ 0 , 1 ] −→ [ 0 , 1 ] is
continuous t co- norm if � satisfies the following conditions:

(i) � is commutative and associative;
(ii) � is continuous;
(iii) a � 0 = a ∀ a ∈ [ 0 , 1 ];
(iv) a � b ≤ c � d whenever a ≤ c , b ≤ d and a , b , c , d ∈ [ 0 , 1 ].
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Definition 2.5. [10] A fuzzy set A of a non-empty set X is characterized by a membership
function µA which associates each point of X to a real number in the interval [0, 1]. With
the value of µA(x) at x representing the grade of membership of x in A.

Definition 2.6. [9] Let E be any nonempty set . An intuitionistic fuzzy set A of E is
an object of the form A = { (x , µA (x ) , νA (x ) ) : x ∈ E }, where the functions
µA : E → [ 0 , 1 ] and νA : E → [ 0 , 1 ] denote the degree of membership and the
degree of non-membership of the element x ∈ E respectively and for every x ∈ E , 0 ≤
µA (x ) + νA (x ) ≤ 1.

Definition 2.7. [32–34] The five-tuple (X, µ, ν, ∗, � ) is said to be an intuitionistic fuzzy
normed space, ( in short, IFN space ) if X is a vector space over a field R, ∗ is a continuous
t-norm, � is a continuous t-conorm, and µ, ν are functions from X × R → [ 0, 1 ]
satisfying the following conditions.
For every x, y ∈ X and s, t ∈ R

(i) µ (x , t ) = 0, ∀ t ≤ 0;
(ii) µ (x , t ) = 1 if and only if x = 0, t > 0 ;

(iii) µ ( c x , t ) = µ
(
x , t

| c |

)
if c 6= 0, t > 0 ;

(iv) µ (x , s ) ∗ µ ( y , t ) 6 µ (x + y , s + t ) , ∀ s, t ∈ R ;
(v) lim

t→∞
µ (x, t ) = 1 ;

and

(vi) ν (x , t ) = 1, ∀ t ≤ 0;
(vii) ν (x , t ) = 0 if and only if x = 0, t > 0 ;

(viii) ν ( c x , t ) = ν
(
x , t

| c |

)
if c 6= 0, t > 0 ;

(ix) ν (x , s ) � ν ( y , t ) > ν (x + y , s + t ) , ∀ s, t ∈ R ;
(x) lim

t→∞
ν (x, t ) = 0.

If we change the triangular inequalities (iv) and (ix) in the above as

(iv) µ (x , s ) ∗ µ ( y , t ) 6 µ (x + y , max{ s, t } ) , ∀ s, t ∈ R ; and
(ix) ν (x , s ) � ν ( y , t ) > ν (x + y , max{ s, t } ) , ∀ s, t ∈ R

then (X, µ, ν, ∗, � ) is said to non-Archimedean intuitionistic fuzzy normed space ( in
short, non-Archimedean IFN space ).

Remark 2.8. From (ii) and (iv), it follows that µ (x, t ) is a non-decreasing function of
R and from (vii) and (ix), it follows that ν (x, t ) is a non-increasing function of R.

Example 2.9. Let (X , ‖ · ‖ ) be a non-Archimedean normed space, and let a ∗ b = a b
and a � b = min { a , b } for all a , b ∈ [ 0 , 1 ] . Let µ (x , t ) = t

t+ ‖ x ‖ and

ν (x , t ) = ||x||
t+ ‖ x ‖ for all x ∈ X and t > 0 . Then (X, µ, ν, ∗, � ) is a non-Archimedean

fuzzy normed space.

Definition 2.10. [32, 34, 35] Let (X, µ, ν, ∗, � ) be a non-Archimeden intuitionistic
fuzzy normed space. Then, a sequence {xn } in X is said to be convergent or con-
verge if there exists an x ∈ X for all t > 0, such that lim

n→∞
µ (xn − x, t ) = 1 and

lim
n→∞

ν (xn − x, t ) = 0. In this case, x is called the limit of the sequence {xn } and we

denote it by (µ, ν ) − lim
n→∞

xn = x.
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Definition 2.11. [32, 34, 35] Let (X, µ, ν, ∗, � ) be a non-Archimeden intuitionistic
fuzzy normed space. A sequence {xn } in X is called Cauchy sequence if for each ε > 0
and t > 0 there exists an n 0 ∈ N such that for all n ≥ n 0 and all p > 0 , we have
µ (xn+ p − xn, t ) > 1 − ε and ν (xn+ p − xn, t ) < ε.

Definition 2.12. [32, 34, 35] Let (X, µ, ν, ∗, � ) be a non-Archimeden intuitionistic fuzzy
normed space. Then (X, µ, ν, ∗, � ) is said to be complete if every Cauchy sequence is
convergent. In this case (X, µ, ν, ∗, � ) is called a non-Archimedean intuitionistic fuzzy
Banach space.

We require the following generalized metric space to establish our result of stability in
this paper.

Definition 2.13. Let X be a nonempty set. A function d : X × X → [ 0 , ∞ ] is
called a generalized metric on X if d satisfies

(i) d (x , y ) = 0 if and only if x = y ;
(ii) d (x , y ) = d ( y , x ) for all x , y ∈ X ;
(iii) d (x , y ) ≤ d (x , z ) + d ( z , y ) for all x , y , z ∈ X.

Then (X, d) is called a generalized metric space or a g. m. s..

Definition 2.14. [36] ) Let (X, d) be a g. m. s., {xn} be a sequence in X, and x ∈ X.
We say that {xn} is g. m. s. convergent to x if and only if d(xn, x)→ 0 as n→ ∞. We
denote this by xn → x.

Definition 2.15. [36] ) Let (X, d) be a g. m. s. and {xn} be a sequence in X. We say
that {xn} is Cauchy sequence if and only if for each ε > 0, there exists a natural number
N such that d(xn, xm) < ε for all n > m > N.

Definition 2.16. [36] ) Let (X, d) be a g. m. s. Then (X, d) is called a complete g. m.
s. if every g. m. s. Cauchy seuqence is g. m. s. convergent in X.

The following theorem is pivotal to the proof of our main result in the present paper.

Theorem 2.17. [37, 38] Let (X , d ) be a complete generalized metric space and let
J : X → X be a strictly contractive mapping with Lipschitz constant 0 < L < 1 , that
is ,

d( J x , J y ) ≤ Ld (x , y ),

for all x , y ∈ X .
Then for each x ∈ X , either

d ( J n x , J n+1 x ) = ∞, ∀ n ≥ 0

or,

d ( J n x , J n+1 x ) < ∞ ∀ n ≥ no

for some non-negative integers n0 . Moreover , if the second alternative holds then

(1) the sequence { J n x } converges to a fixed point y? of J ;
(2) y? is the unique fixed point of J in the set

Y = { y ∈ X : d ( J n0 x , y ) < ∞};

(3) d( y , y? ) ≤ ( 1
1−L ) d ( y , J y ) for all y ∈ Y .
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Lemma 2.18. [39] Let X and Y be vector spaces. If a mapping f : X → Y satisfies

f (x + y ) − f (x ) − f ( y ) = ρ

(
2 f (

x+ y

2
) − f (x ) − f( y )

)
for all x, y ∈ X, then f : X → Y is additive.

Lemma 2.19. [39] Let X and Y be vector spaces. If a mapping f : X → Y satisfies
f ( 0 ) = 0 and

2 f

(
x+ y

2

)
− f (x ) − f( y ) = ρ ( f (x + y ) − f (x ) − f ( y ) )

for all x, y ∈ X, then f : X → Y is additive.

For our notational purpose we consider the function f : X → Y and define

D1 f (x , y ) = f (x + y ) − f (x ) − f ( y ) )

− ρ
(

2 f (
x + y

2
) − f (x ) − f ( y )

)
(2.1)

and

D2 f (x, y ) =

(
2 f (

x + y

2
) − f (x ) − f ( y )

)
− ρ ( f (x + y ) − f (x ) − f ( y ) ) (2.2)

3. Non-Archimedean intuitionistic fuzzy stability of additive
ρ-functional equation ( 2.1 ).

Throughout this section X is considered to be a linear space over the non-Archimedean
fieldK, (Y, µ, ν ) a non-Archimedean IF-real Banach space, (Z , µ′, ν′ ) a non-Archimedean
IFN-space.

To establish our main theorems, we first prove the following Lemma and for our purpose
we take t-norm and t co-norm as Example 2.9.

Lemma 3.1. Let (Z , µ′, ν′ ) be a non-Archimedean IFN-space and
φ : X × X → Z be a function. Let E = { g : X → Y ; g(0) = 0 } and define d by

d(g, h) = inf

{
k ∈ R+ :

{
µ ( g(x) − h(x) , kt ) ≥ µ′ (φ (x, x ), t )

ν ( g(x) − h(x) , kt ) ≤ ν′ (φ (x, x ), t ),
∀x ∈ X, t > o

}
and g , h ∈ E. Then (E , d ) is a complete generalized metric space.

Proof. Let f , g , h ∈ E and d ( f , g ) = k1 < ∞ , d ( g , h ) = k2 < ∞ .

Then,

{
µ ( f(x) − g(x) , k1 t ) ≥ µ′ (φ (x, x ), t )

ν ( f(x) − g(x) , k1 t ) ≤ ν′ (φ (x, x ), t )

and

{
µ ( g(x) − h(x) , k2 t ) ≥ µ′ (φ (x, x ), t )

ν ( g(x) − h(x) , k2 t ) ≤ ν′ (φ (x, x ), t )
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Therefore

µ ( f(x) − h(x) , max { k1, k2} t ) ≥ µ ( f(x) − g(x) , k1 t ) ∗ µ ( g(x) − h(x) , k2 t )

≥ µ′ (φ (x, x ), t ) ∗ µ′ (φ (x, x ), t ) ≥ µ′ (φ (x, x ), t )

and

ν ( f(x) − h(x) , max { k1, k2} t ) ≤ ν ( f(x) − g(x) , k1 t ) � ν ( g(x) − h(x) , k2 t )

≤ ν′ (φ (x, x ), t ) � ν′ (φ (x, x ), t ) = ν′ (φ (x, x ), t )
for all x ∈ X, t > 0.
Hence d ( f , h ) ≤ max {k1 , k2 } so that
d ( f, h ) ≤ max { d ( f , g ) , d ( g , h ) } .
This proves the triangle inequality for (E , d ). Rest of the proof is obvious and hence
(E , d ) is a generalized metric space.
Now we prove that (E , d ) is complete.
Let { gn} be a Cauchy sequence in (E , d ).
Now for each fixed x ∈ X and for every ε > 0 there exists λ > 0 such that{

µ′
(
φ (x, x ), tλ

)
> 1− ε

ν′
(
φ (x, x ), tλ

)
< ε

Since { gn} is a Cauchy sequence in (E, d ) corresponding to λ > 0, there exists
n0 ∈ N such that
d( gn, gm ) < λ for all m, n ≥ n0 .
Since

d ( gn , gm ) = inf

{
k ∈ R+ :

{
µ ( gn(x) − gm(x) , k t ) ≥ µ′ (φ (x, x ), t )

ν ( gn(x) − gm(x) , k t ) ≤ ν′ (φ (x, x ), t ),

∀x ∈ X, t > o} ,
that is,

d ( gn , gm ) = inf

{
k ∈ R+ :

{
µ ( gn(x) − gm(x) , t ) ≥ µ′ (φ (x, x ), , tk )

ν ( gn(x) − gm(x) , t ) ≤ ν′ (φ (x, x ), , tk ),

∀x ∈ X, t > o}
then there exists k3 ∈ [ 0 , ∞ ) such that

d ( gn , gm ) ≤ k3 < λ for all m, n ≥ n0;
µ ( gn (x) − gm (x) , t ) ≥ µ′ (φ (x, x ), t

k3
) ≥ µ′ (φ (x, x ),

t

λ
) > 1− ε

and

ν ( gn (x) − gm (x) , t ) ≤ ν′ (φ (x, x ), t
k3

) ≤ ν′ (φ (x, x ), t
λ ) < ε

since µ (x , t ) is non-decreasing and ν (x , t ) is non-increasing w.r.t. t for all m, n ≥
n0.
This show that for fixed x ∈ X, { gn (x) } is a Cauchy sequence in Y . Also since Y
is Banach space, for each fixed x ∈ X, there exists g(x) ∈ Y such that g (x ) : =
(µ, ν ) − lim

n→∞
gn (x ). So we have a mapping g : X → Y such that g (x ) : = (µ, ν ) −

lim
n→∞

gn (x ) for all x ∈ X.
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Again { gn } is a Cauchy sequence in (E, d ) so ε > 0 and t > 0 there exists n0 ∈ N
such that d( gn, gm ) ≤ k′ < ε ∀m, n ≥ n0,
that is, {

µ ( gm (x) − gn (x) , t ) ≥ µ′ (φ (x, x ), t
k′ ) ≥ µ′ (φ (x, x ), tε )

ν ( gm (x) − gn (x) , t ) ≤ ν′ (φ (x, x ), t
k′ ) ≤ ν′ (φ (x, x ), tε )

,

that is, {
µ ( gm (x) − gn (x) , ε t ) ≥ µ′ (φ (x, x ), t )

ν ( gm (x) − gn (x) , ε t ) ≤ ν′ (φ (x, x ), t ), ∀n , m ≥ n 0.

Now let ε , δ > 0 be given and m, n > n0 , t > 0, then

µ ( gn (x) − g (x) , max{ε , δ } t )

≥ µ ( gn (x) − gm (x) , ε t ) ∗ µ ( gm (x) − g (x) , δ t )

≥ µ′ (φ (x, x ), t ) ∗ µ ( gm (x) − g (x) , δ t )

≥ µ′(φ (x, x ), t ) ∗ 1, [ by taking limit m → ∞ ]

= µ′ (φ (x, x ), t ) ) ( by boundary condition )

and

ν ( gn (x) − g (x) , max{ε , δ } t )

≤ ν ( gn (x) − gm (x) , ε t ) � ν ( gm (x) − g (x) , δ t )

≤ ν′ (φ (x, x ), t ) � ν ( gm (x) − g (x) , δ t )

≤ ν′ (φ (x, x ), t ) � 0, [ by taking limit m → ∞ ]

= ν′ (φ (x, x ), t ) ) ( by boundary condition ).

That is. , d ( gn, g ) ≤ max {ε , δ } for all x ∈ X and m, n ≥ n0 .
Taking δ → 0 we have a mapping g : X → Y such that
g (x ) = (µ, ν ) − lim

n→∞
gn (x ) ∈ E .

Clearly g ( 0 ) = lim
n→∞

gn ( 0 ) = 0 .

Therefore (E , d ) is a complete generalized metric space.

Theorem 3.2. Let φ : X × X → Z be a function such that
µ
(
φ ( x2 ,

y
2 ), t

)
≥ µ′

(
α
|2|φ (x , y ), t

)
and

ν
(
φ ( x2 ,

y
2 ), t

)
≤ ν′

(
α
|2|φ (x , y ), t

) (3.1)

for some real α with 0 < α < 1, ∀x, y ∈ X, t > 0. If f : X → Y be a mapping
satisfying


µ (D1 f (x , y ), t ) ≥ µ′(φ (x , y ) , t )

and

ν (D1 f (x , y ), t ) ≤ ν′(φ (x , y ) , t )

(3.2)
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(x, y ∈ X , t > 0 ), where D1 f (x, y ) is given by ( 2.1 ).
Then there exists a unique additive mapping A : X → Y define by A (x ) : = (µ, ν ) −
lim
n→∞

2n f
(
x
2n

)
for all x ∈ X, t > 0 satisfying


µ (A (x ) − f (x ) , t ) ≥ µ′

(
φ (x , x ), |2| (1−α )

α t
)

and

ν (A (x ) − f (x ) , t ) ≤ ν′
(
φ (x , x ), |2| (1−α )

α t
) (3.3)

Proof. Putting y = x in (3.2) we get
µ ( f ( 2x ) − 2 f (x ) , t ) ≥ µ′ (φ (x , x ) , t )

and

ν ( f ( 2x ) − 2 f (x ) , t ) ≤ ν′ (φ (x , x ) , t )

(3.4)

Now consider the set E : = { g : X → Y, g(0) = 0 } and introduce a complete general-
ized metric on E as per Lemma 3.1.
Define a mapping J : E → E by
J g (x ) : = 2 g

(
x
2

)
for all g ∈ E and x ∈ X. We now prove that J is a strictly con-

tracting mapping of E with the Lipschitz constant α.
Let g , h ∈ E and ε > 0. Then there exists k′ ∈ R+ satisfying

µ ( g (x ) − h (x ) , k′ t ) ≥ µ′ (x , t )

and

ν ( g (x ) − h (x ) , k′ t ) ≤ ν′ (x , t )

such that d( g, h ) ≤ k′ < d( g, h ) + ε
Then,

inf

{
k ∈ R+ :

{
µ(g(x) − h(x), kt) ≥ µ′ (φ (x, x), t)

ν(g(x) − h(x), kt) ≤ ν′ (φ(x, x), t),
∀x ∈ X, t > o

}
≤ k′ < d(g, h)+ ε,

that is,

inf

{
k ∈ R+ :

{
µ( 2g (x2 ) − 2h (x2 ), |2|k t ) ≥ µ′(φ (x2 ,

x
2 ) , t )

ν( 2g (x2 ) − 2h (x2 ), |2|k t ) ≤ ν′(φ (x2 ,
x
2 ) , t ),

∀x ∈ X, t > o

}
≤ k′ < d(g, h) + ε,
that is,

inf

 k ∈ R+ :

µ ( J g (x ) − J h (x ), |2|k t ) ≥ µ′
(

α
|2|φ (x, x ), t

)
ν ( J g (x ) − J h (x ), |2|k t ) ≤ ν′

(
α
|2|φ (x, x ), t

)
,
∀x ∈ X, t > o


< d( g, h ) + ε,
that is,

inf

{
k ∈ R+ :

{
µ ( J g (x ) − J h (x ), α k t ) ≥ µ′ (φ (x, x ) , t )

ν ( J g (x ) − J h (x ), α k t ) ≤ ν′ (φ (x, x ) , t ),
∀x ∈ X, t > o

}
<

d( g, h ) + ε
or, d

{
1
α ( J g , J h )

}
< d ( g , h ) + ε

or,, d { ( J g , J h )} < α {d ( g , h ) + ε }
Taking ε → 0 we get d { ( J g , J h )} ≤ α {d ( g , h ) }
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Therefore J is strictly contractive mapping with Lipschitz constant α < 1.
Also from (3.4),

µ
(
f (x ) − 2 f ( x2 ) , α

|2| t
)
≥ µ′ (φ (x, x ) , t )

and

ν
(
f (x ) − 2 f ( x2 ) , α

|2| t
)
≤ ν′ (φ (x, x ) , t )

Therefore

d ( f , J f ) ≤ α

|2|

Again replacing x by 2−(n+1) x in (3.4) we get

µ
(

2n f
(
x
2n

)
− 2n+1 f

(
x

2n+1

)
, |2|n t

)
≥ µ′

(
φ
(

x
2n+1 , ,

x
2n+1

)
, t
)
≥ µ′

((
α
|2|

)n+1

φ (x, x ) , t

)
and

ν
(

2n f
(
x
2n

)
− 2n+1 f

(
x

2n+1

)
, |2|n t

)
≤ ν′

(
φ
(

x
2n+1 , ,

x
2n+1

)
, t
)
≤ ν′

((
α
|2|

)n+1

φ (x, x ) , t

)

or,


µ
(
J nf (x ) − J n+1 f (x ) , t α

n+1

|2|

)
≥ µ′ (φ (x, x ) , t )

and

ν
(
J nf (x ) − J n+1 f (x ) , t α

n+1

|2|

)
≤ ν′ (φ (x, x ) , t )

Hence d ( J n+1 f , J n f ) ≤ αn+1

|2| < ∞ as Lipschitz constant α < 1 for n ≥ n0 = 1.

Therefore by Theorem 2.17 there exists a mapping A : X → Y satisfying the follow-
ing:
1. A is a fixed point of J, that is, A (x ) = 2A ( x2 ) for all x ∈ X .
The mapping A is a unique fixed point of J in the set
E1 = { g ∈ E : d ( J n0 f , g ) = d ( J f , g ) < ∞}
Therefore d ( J f , A ) < ∞ .
Also from (3.4), d ( J f , f ) ≤ α

|2| < ∞
Thus f ∈ E1

Now, d ( f , A ) ≤ max { d ( f , J f ), d ( J f , A ) } < ∞ .
Thus there exists k ∈ ( 0 , ∞ ) satisfying


µ ( f (x ) − A (x ) , k t ) ≥ µ′ (φ (x, x ) , t )

and

ν ( f (x ) − A (x ) , k t ) ≤ ν′ (φ (x, x ) , t )

(3.5)

for allx ∈ X , t > 0;
Also from (3.5) we have
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µ
(
f
(
x
2n

)
− A

(
x
2n

)
, k t

)
≥ µ′

(
φ
(
x
2n ,

x
2n

)
, t
)

and

ν
(
f
(
x
2n

)
− A

(
x
2n

)
, k t

)
≤ ν′

(
φ
(
x
2n ,

x
2n

)
, t
)

or
µ
(

2n f
(
x
2n

)
− 2nA

(
x
2n

)
, |2|n k t

)
≥ µ′

(
φ
(
x
2n ,

x
2n

)
, t
)
≥ µ′

(
αn

|2|n φ (x, x ) , t
)

and

ν
(

2n f
(
x
2n

)
− 2nA

(
x
2n

)
, |2|n k t

)
≤ ν′

(
φ
(
x
2n ,

x
2n

)
, t
)
≤ ν′

(
αn

|2|n φ (x, x ) , t
)
.

That is,


µ ( Jn f (x ) − A(x ) , αn k t ) ≥ µ′ (φ(x, x ) , t )

and

ν ( Jn f (x ) − A(x ) , αn k t ) ≤ ν′ (φ(x, x ) , t ) .

as A(x ) = 2A (x2 ) = 22A ( x22 ) = ... = 2nA ( x2n ).

2. d( J n f , A ) = inf

{
k ∈ R+ :

{
µ ( J n f (x ) − A (x ) , αn k t ) ≥ µ′ (φ(x, x ) , t )

ν ( J n f (x ) − A (x ) , αn k t ) ≤ ν′ (φ(x, x ) , t ) ,

∀x ∈ X, t > o}
Therefore d ( J n f , A ) ≤ αn k → 0 as n → ∞ and α < 1.

This implies the equality

A (x ) : = (µ, ν ) − lim
n→∞

J n f (x ) = (µ, ν ) − lim
n→∞

2n f
( x

2 n

)
(3.6)

for allx ∈ X.

3. d ( f , A ) 6 1
1−L d ( f , J f ) with f ∈ E1 which implies the inequality

d( f , A ) ≤ 1

1− α
× α

|2|
=

α

|2| ( 1− α )

it follows the results (3.3).
Now replacing x and y by 2−n x and 2−n y in (3.2) we have

µ
(
2nf

(
x+y
2n

)
− 2nf

(
x
2n

)
− 2nf

(
y
2n

)
−ρ
(
2n+1 f

(
x+y
2 n+1

)
− 2n f

(
x
2 n

)
− 2n f

(
y
2 n

))
, t
)
≥ µ′

(
φ (x, x), t

αn

)
and

ν
(
2nf

(
x+y
2n

)
− 2nf

(
x
2n

)
− 2nf

(
y
2n

)
−ρ
(
2n+1 f

(
x+y
2 n+1

)
− 2n f

(
x
2 n

)
− 2n f

(
y
2 n

))
, t
)
≤ ν′

(
φ (x, x), t

αn

)
.

(3.7)

Taking limit as n → ∞ in (3.7) and using α < 1, µ (x, t ) = 1 if and only if
x = 0, t > 0, ν (x , t ) = 0 if and only if x = 0, t > 0,
( using Definition 2.7 )
we obtain,

A (x + y ) − A (x ) − A ( y ) = ρ

(
2A

(
x+ y

2

)
− A(x ) − A ( y )

)
(3.8)
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Therefore by the Lemma1, we can say that A : X → Y is additive.
The uniqueness of A follows from the fact that A is the unique fixed point of J by the

Theorem 2.17. This completes the proof of the theorem.

Corollary 3.3. Let X be a non-Archimedean normed space with norm ||.|| over the
non-Archimedean field K and p < 1 be a non-negative real number, z0 ∈ Z and let
f : X → Y be a mapping such that


µ (D1 f (x , y ), t ) ≥ µ′( z0 ( ||x||p + ||y||p ) , t )

and

ν (D1 f (x , y ), t ) ≤ ν′( z0 ( ||x||p + ||y||p ) , t )

.

(3.9)

(x, y ∈ X , t > 0 ), where D1 f (x, y ) is given by ( 2.1 ).
Then there exists a unique additive mapping A : X → Y for all x ∈ X, t > 0 satisfying


µ (A (x ) − f (x ) , t ) ≥ µ′

(
z0 ||x||p, (|2|p−|2| )

2 t
)

and

ν (A (x ) − f (x ) , t ) ≤ ν′
(
z0 ||x||p, (|2|p−|2| )

2 t
)
.

(3.10)

Proof. Define φ (x, y ) = z0 ( ||x||p + ||y||p ) and the proof follows from Theorem 3.2 by
taking α = |2|1−p.

Theorem 3.4. Let φ : X × X → Z be a function such that
µ (φ (x , y ), t) ≥ µ′

(
|2|αφ

(
x
2 ,

y
2

)
t
)

and

ν (φ (x , y ), t) ≤ ν′
(
|2|αφ

(
x
2 ,

y
2

)
t
)
.

(3.11)

for some real α with 0 < α < 1, ∀x, y ∈ X, t > 0. If f : X → Y be a mapping
satisfying (3.2) then there exists a unique additive mapping A : X → Y define by
A (x ) : = (µ, ν ) − lim

n→∞
1
2n f ( 2n x ) for all x ∈ X, t > 0 satisfying

µ (A (x ) − f (x ) , t ) ≥ µ′ (φ (x , x ), |2| (1− α ), t )

and

ν (A (x ) − f (x ) , t ) ≤ ν′ (φ (x , x ), |2| (1− α ), t ) .

(3.12)

Proof. Putting y = x in (3.2) we get


µ ( f (x ) − 1

2 f ( 2x ) , t
|2| ) ≥ µ

′ (φ (x , x ) , t )

and

ν ( f (x ) − 1
2 f ( 2x ) , t

|2| ) ≤ ν
′ (φ (x , x ) , t ).

(3.13)

As before consider the set E : = { g : X → Y, g(0) = 0 } and introduce a complete
generalized metric on E such thatJ : E → E by
J g (x ) : = 1

2 g ( 2x ) for all g ∈ E and x ∈ X.
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Also from (3.13) we see that d( f, Jf ) ≤ 1
|2| .

As before we conclude that the result (3.12).

Corollary 3.5. Let p > 1 be a non-negative real number, X be a non-Archimedean
normed space with norm ||.|| over the non-Archimedean field K z0 ∈ Z and let f : X →
Y be a mapping satisfying ( 3.9) Then there exists a unique additive mapping A : X → Y
for all x ∈ X, t > 0 satisfying


µ (A (x ) − f (x ) , t ) ≥ µ′

(
z0 ||x||p, (|2|−|2|p )

2 t
)

and

ν (A (x ) − f (x ) , t ) ≤ ν′
(
z0 ||x||p, (|2|−|2|p )

2 t
)
.

(3.14)

Proof. Define φ (x, y ) = z0 ( ||x||p + ||y||p ) and the proof follows from Theorem 3.4 by
taking α = |2|p−1.

4. Non-Archimedean Intuitionistic Fuzzy stability of Additive
ρ-functional Equation ( 2.2 )

Throughout this section also we considerX to be a linear space over the non-Archimedean
fieldK, (Y, µ, ν ) a non-Archimedean IF-real Banach space, (Z , µ′, ν′ ) a non-Archimedean
IFN-space.

Theorem 4.1. Let φ : X × X → Z be a function satisfying (3.1).
If f : X → Y be a mapping with f(0) = 0 satisfying


µ (D2 f (x , y ), t ) ≥ µ′(φ (x , y ) , t )

and

ν (D2 f (x , y ), t ) ≤ ν′(φ (x , y ) , t )

(4.1)

(x, y ∈ X , t > 0 ), where D2 is given by ( 2.2 ).
Then there exists a unique additive mapping A : X → Y define by A (x ) : = (µ, ν ) −
lim
n→∞

2n f
(
x
2n

)
for all x ∈ X, t > 0 satisfying


µ (A (x ) − f (x ) , t ) ≥ µ′ (φ (x , 0 ), (1− α ) t )

and

ν (A (x ) − f (x ) , t ) ≤ ν′ (φ (x , 0 ), (1− α ) t )

(4.2)

Proof. Putting y = 0 in (4.1) and the rest of the proof follows from the Theorem 3.2.

Corollary 4.2. Let p < 1 be a non-negative real number and X be a non-Archimedean
normed space with norm ||.|| over the non-Archimedean field K, z0 ∈ Z and let f : X →
Y be a mapping with f(0) = 0 such that


µ (D2 f (x , y ), t ) ≥ µ′( z0 ( ||x||p + ||y||p ) , t )

and

ν (D2 f (x , y ), t ) ≤ ν′( z0 ( ||x||p + ||y||p ) , t )

(4.3)
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(x, y ∈ X , t > 0 ), where D2 is given by ( 2.2 ).
Then there exists a unique additive mapping A : X → Y for all x ∈ X, t > 0 satisfying


µ (A (x ) − f (x ) , t ) ≥ µ′

(
z0 ||x||p, (|2|p−|2| )

|2|p t
)

and

ν (A (x ) − f (x ) , t ) ≤ ν′
(
z0 ||x||p, (|2|p−|2| )

|2|p t
)
.

(4.4)

Proof. Define φ (x, y ) = z0 ( ||x||p + ||y||p ) and the proof follows from Theorem 4.1 by
taking α = |2|1−p.

Theorem 4.3. Let φ : X × X → Z be a function satisfying (3.11).
If f : X → Y be a mapping with f(0) = 0 satisfying ( 4.1 ) where D2 is given by ( 2.2 ).
Then there exists a unique additive mapping A : X → Y for all x ∈ X, t > 0 satisfying


µ (A (x ) − f (x ) , t ) ≥ µ′

(
φ (x , 0 ), (1−α )

α t
)

and

ν (A (x ) − f (x ) , t ) ≤ ν′
(
φ (x , 0 ), (1−α )

α t
)
.

(4.5)

Proof. Putting y = 0 in (4.1) we get


µ ( f (x ) − 1

2 f ( 2x ) , α t ) ≥ µ′ (φ (x , 0 ) , t )

and

ν ( f (x ) − 1
2 f ( 2x ) , α t ) ≤ ν′ (φ (x , 0 ) , t ).

(4.6)

Hence d( f, Jf ) ≤ α.
Similarly as before we conclude the result ( 4.5 ).

Corollary 4.4. Let p > 1 be a non-negative real number and X be a non-Archimedean
normed space with norm ||.|| over the non-Archimedean field K, z0 ∈ Z and let f : X →
Y be a mapping with f(0) = 0 such that (4.3) hold. Then there exists a unique additive
mapping A : X → Y for all x ∈ X, t > 0 satisfying


µ (A (x ) − f (x ) , t ) ≥ µ′

(
z0 ||x||p, (|2|−|2|p )

|2|p t
)

and

ν (A (x ) − f (x ) , t ) ≤ ν′
(
z0 ||x||p, (|2|−|2|p )

|2|p t
)
.

(4.7)

Proof. Define φ (x, y ) = z0 ( ||x||p + ||y||p ) and the proof follows from Theorem 4.3 by
taking α = |2|p−1.
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5. H-U-R stability of the Additive ρ-functional Equations in IF

Banach Spaces.

Theorem 5.1. Let X be a linear space, (Z , µ′ , ν′ ) be an IFN-space, φ : X × X → Z
be a function such that


µ
(
φ ( x2 ,

y
2 ), t

)
≥ µ′

(
α
2 φ (x , y ), t

)
and

ν
(
φ ( x2 ,

y
2 ), t

)
≤ ν′

(
α
2 φ (x , y ), t

)
.

(5.1)

for some real α with 0 < α < 1, x ∈ X . Let (Y, µ, ν ) be a complete IFN-space. If
f : X → Y be a mapping satisfying (3.2)
Then there exists a unique additive mapping A : X → Y define by A (x ) : = (µ, ν ) −
lim
n→∞

2n f
(
x
2n

)
for all x ∈ X, t > 0 satisfying


µ (A (x ) − f (x ) , t ) ≥ µ′

(
φ (x , x ), 2 (1−α )

α t
)

and

ν (A (x ) − f (x ) , t ) ≤ ν′
(
φ (x , x ), 2 (1−α )

α t
)
.

(5.2)

Proof. Putting y = x in (3.2) we get
µ ( f ( 2x ) − 2 f (x ) , t ) ≥ µ′ (φ (x , x ) , t )

and

ν ( f ( 2x ) − 2 f (x ) , t ) ≤ ν′ (φ (x , x ) , t ).

(5.3)

Now consider the set E : = { g : X → Y, g(0) = 0 } and introduce a complete general-
ized metric on E as per Lemma 3.1.

Define a mapping J : E → E by
J g (x ) : = 2 g

(
x
2

)
for all g ∈ E and x ∈ X.

As before it is easy to prove that J is strictly contractive mapping with Lipschitz
constant α < 1.
Also from (5.3),

µ ( f (x ) − 2 f ( x2 ) , t ) ≥ µ′ (φ ( x2 ,
x
2 ) , t ) ≥ µ′

(
α
2 φ (x, x ) , t

)
and

ν ( f (x ) − 2 f ( x2 ) , t ) ≤ ν′ (φ ( x2 ,
x
2 ) , t ) ≤ ν′

(
α
2 φ (x, x ) , t

)
Therefore,

d ( f , J f ) ≤ α

2

Again replacing x by 2−(n+1) x in (5.3) we get d ( J n+1 f , J n f ) ≤ αn+1

2 < ∞ as
Lipschitz constant α < 1 for n ≥ n0 = 1.

Therefore by Theorem 2.17, there exists a mapping A : X → Y satisfying the
following:
1. A is a fixed point of J, that is, A (x ) = 2A ( x2 ) for all x ∈ X
and, d ( f , A ) ≤ { d ( f , J f ) + d ( J f , A ) } < ∞ .
2. d ( J n f , A )
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= inf{ k ∈ R+ : µ ( J n f (x ) − A (x ) , αn k t ) ≥ µ′ (φ(x, x ) , t ) }
Therefore d ( J n f , A ) ≤ αn k → 0 as n → ∞.
This implies the equality

A (x ) : = (µ, ν ) − lim
n→∞

J n f (x ) = (µ, ν ) − lim
n→∞

2n f
( x

2 n

)
(5.4)

for allx ∈ X.
3. d( f , A ) ≤ 1

1−α ×
α
2 = α

2 ( 1−α ) it follows the results ( 5.2 ).

This completes the proof of the theorem.

Corollary 5.2. Let X be normed space with norm ||.||, p < 1 be a non-negative real
number, z0 ∈ Z and let f : X → Y be a mapping such that (3.9) hold. Then there
exists a unique additive mapping A : X → Y for all x ∈ X, t > 0 satisfying

µ (A (x ) − f (x ) , t ) ≥ µ′
(
z0 ||x||p, (2p−2 )

2 t
)

and

ν (A (x ) − f (x ) , t ) ≤ ν′
(
z0 ||x||p, (2p−2 )

2 t
)
.

(5.5)

Proof. Define φ (x, y ) = z0 ( ||x||p + ||y||p ) and the proof follows from Theorem 5.1
taking α = 21−p.

Theorem 5.3. Let X be a linear space, (Z , µ′ , ν′ ) be a IFN-space, φ : X × X → Z
be a function such that


µ (φ (x , y ), t) ≥ µ

(
2αφ

(
x
2 ,

y
2

)
, t
)

and

ν (φ (x , y ), t) ≤ ν
(
2αφ

(
x
2 ,

y
2

)
, t
)
,

(5.6)

for some real α with 0 < α < 1, for all x ∈ X, t > 0. Let (Y, µ, ν ) be a complete
IFN-space. If f : X → Y be a mapping satisfying (3.2). Then there exists a unique
additive mapping A : X → Y satisfying

µ (A (x ) − f (x ) , t ) ≥ µ′ (φ (x , x ), 2 (1− α ) t )

and

ν (A (x ) − f (x ) , t ) ≤, ν′ (φ (x , x ), 2 (1− α ) t )

(5.7)

(∀x ∈ X, t > 0 ).

Proof. Putting y = x in (3.2) we get d( f, Jf ) ≤ 1
2 .

As before we conclude the result ( 5.7 ).

Corollary 5.4. Let p > 1 be a non-negative real number and X be a normed space with
norm ||.||, z0 ∈ Z and let f : X → Y be a mapping such that (3.9) hold.
Then there exists a unique additive mapping A : X → Y for all x ∈ X, t > 0 satisfying


µ (A (x ) − f (x ) , t ) ≥ µ′

(
z0 ||x||p, (2−2p )

2 t
)

and

ν (A (x ) − f (x ) , t ) ≤ ν′
(
z0 ||x||p, (2−2p )

2 t
) (5.8)
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Proof. Define φ (x, y ) = z0 ( ||x||p + ||y||p ) and the proof follows from Theorem 5.3
taking α = 2p−1.

Theorem 5.5. Let X be a linear space, (Z , µ′ , ν′ ) be a IFN-space, φ : X × X → Z
be a function such that

µ
(
φ ( x2 ,

y
2 ), t

)
≥ µ′

(
α
2 φ (x , y ), t

)
and

ν
(
φ ( x2 ,

y
2 ), t

)
≤ ν′

(
α
2 φ (x , y ), t

) (5.9)

for some real α with 0 < α < 1, for all x, y ∈ X, t > 0. Let (Y, µ, ν ) be a complete
IFN-space. If f : X → Y be a mapping with f(0) = 0 satisfying (4.1).
Then there exists a unique additive mapping A : X → Y satisfying


µ (A (x ) − f (x ) , t ) ≥ µ′ (φ (x , 0 ), (1− α ) t )

and

ν (A (x ) − f (x ) , t ) ≤ ν′ (φ (x , 0 ), (1− α ) t )

(5.10)

(∀x ∈ X, t > 0 ).

Proof. Putting y = 0 in (4.1) and the rest of the proof of the theorem similar as before.

Corollary 5.6. Let p < 1 be a non-negative real number and X be a normed space with
norm ||.||, z0 ∈ Z and let f : X → Y be a mapping with f(0) = 0 such that (4.3) hold.
Then there exists a unique additive mapping A : X → Y for all x ∈ X, t > 0 satisfying


µ (A (x ) − f (x ) , t ) ≥ µ′

(
z0 ||x||p, (2p−2 )

2p t
)

and

ν (A (x ) − f (x ) , t ) ≤ ν′
(
z0 ||x||p, (2p−2 )

2p t
)
.

(5.11)

Proof. Define φ (x, y ) = z0 ( ||x||p + ||y||p ) and the proof follows from Theorem 5.5
taking α = 21−p.
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