Thai Journal of Mathematics
Volume 20 Number 4 (2022)
Pages 1563-1573

http://thaijmath.in.cmu.ac.th
ISSN 1686-0209

Bounds of the Derivative of Some Classes of Rational
Functions

Nuttapong Arunrat and Keaitsuda Maneeruk Nakprasit*

Department of Mathematics, Faculty of Science, Khon Kaen University, Khon Kaen 40002, Thailand
e-mail : nutaru36@gmail.com (N. Arunrat); kmaneeruk@hotmail.com (K. M. Nakprasit)

Abstract Let r(z) be a rational function with at most n poles, a1, az2,...,an, where |a;| > 1,1 < j < n.
This paper investigates the estimate of the modulus of the derivative of a rational function r(z) on the
unit circle. We establish an upper bound when all zeros of r(z) lie in |z| > k > 1 and a lower bound when
all zeros of r(z) lie in |z| < k < 1. In particular, when k = 1 and r(z) has exactly n zeros, we obtain a

generalization of results by Aziz and Shah.
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1. INTRODUCTION

Let P,, denote the class of all complex polynomials of degree at most n and let k
be a positive real number. We denote T, = {z : |z| = k}, Dr— = {2z : |z| < k}, and
Dyt = {z : |z| > k}. Consider a polynomial p(z) of degree n. In 1926, Bernstein [1]
presented the well-known inequality

ma | (2)] < nmas (). (1.1)
z|=1 z|=1

Equality holds in (1.1) only for p(z) = az™ where a # 0. If we restrict to the class of
polynomials having no zeros in D;_, inequality (1.1) can be sharpened. In fact, it was
conjectured by Erdés and later proved by Lax [2] that if p(z) has no zeros in D;_, then

n
max [p/(2)] < § ma [p(2). (12)

For the class of polynomials having no zeros in D14, Turdn [3] proved that

n
/
max [p'(z)| = o max [p(2)]. (1.3)
|z|=1 2 |z|=1
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Fora; € C (1 <j <n), welet w(z 1_‘[zfaJ ) and

ﬁ(z_a]> Ry = Ronla1, s, .. an) ;:{5}((?) ;pepn},

j=1

The product B(z) is known as a Blaschke product. We can show that |B(z)| = 1 and

B’ (
2Bz) = |B'(z)| for z € T;. Note that R,, is the set of rational functions with at most

B(z)
n poles, ay,as,...,a, and with finite limit at infinity. For f defined on T}, we denote
| f|| = sup,cr, |f(2)], the Chebyshev norm of f on Ty. Throughout this paper, we always
assume that all poles ay,aq9,...,a, are in D; .

In 1995, Li, Mohapatra, and Rodriguez [1] proved some inequalities similar to (1.2),
and (1.3) for rational functions. Among other things they proved the following results.

Theorem 1.1 ([1]). Let r € R,, with all its zeros lying in Ty U D14. Then for z € 11,

1
() < 1B G-Il (1.4)
Equality holds for r(z) = aB(z) + b with |a| = |b] = 1.
Theorem 1.2 ([4]). Let r € R,, where r has exactly n poles at ay,as,...,a, and all its
zeros lie in Ty U D1_. Then for z € Ty,
1 1
() = [51B'(2)] = 5(n=1)] - |r(2)], (1.5)

where t is the number of zeros of r. Equality holds for r(z) = aB(z) +b with |a| = |b| = 1.

Remark 1.3. In particular, if 7 has exactly n zeros in T3 U D;_, then inequality (1.5)
yields Bernstein-type inequality, for z € T,

r'(2)] = %\B’(Z)HT(Z)L (1.6)

In 1997, inequalities (1.4) and (1.6) were improved by Aziz and Shah [5] under the
same hypothesis. They obtained the following theorems.

Theorem 1.4 ([5]). Let r € R,, with all its zeros lying in Ty U D14. Then for z € Ty,

P @) < GBIl —m),

where m = lIrlllrll |r(2)|. Equality holds for r(z) = B(z) + he'® where h > 1 and « is real.

Theorem 1.5 ([5]). Let r € R,, , where r has exactly n zeros and all its zeros lie in
T1UD:_. Then for z € Ty,

P 2 5B G (rE)] +m)

where m = min |r(2)|. Equality holds for r(z) = B(z) + he'® where h < 1 and « is real.

lz]=1

In 1999, Aziz and Zarger [0] considered a class of rational functions R,, not vanishing
in Dy_, where k > 1 and established the following generalization of Theorem 1.1.
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Theorem 1.6 ([6]). Let r € R,, with all its zeros lying in Ty, U Dy, where k > 1. Then
for z €T,

! ]‘ /
<y 1)

E+1 [|7]]? '

n 1 _ n
Equality holds for r(z) = (j t ];> and B(z) = ( z _aaz) evaluated at z =1, where
a>1,k>1.

In 2004, Aziz and Shah [7] considered a class of rational functions R,, not vanishing in
Dy, where k < 1 and they proved the following generalization of Theorem 1.2.

Theorem 1.7 ([7]). Let r € R,, where r has exactly n poles at ay,as,...,a, and all its
zeros lie in Ty U Dy, k < 1. Then for z € Ty,
1 2t —n(l+k)
’ > - / I SV
1z g 1B IR
) _ (2 + k)t
where t is the number of zeros of r. Equality holds for r(z) = 7> and
z—a)"

1 _ n
B(z) = ( az) evaluated at z = 1, where a > 1,k < 1.
z—a

As an immediate consequence of Theorem 1.7, they obtained the generalization of
inequality (1.6), where r has exactly n zeros in Ty U Dy, with k& < 1.

Corollary 1.8 ([7]). Let r € R, with all its zeros lying in Ty, U Dy_, where k < 1. Then
for z € Ty,

1 n(l — k)
"(2)| > = ||B — .
12 g [+ S e
_ z+Ek\" 1—az\"
Equality holds for r(z) = . and B(z) = . evaluated at z = 1, where
a>1,k<1.

Next, we state our main results which generalize results by Aziz and Shah [5, 7] and
Aziz and Zarger [6]. Their proofs will be presented in section 3. The first theorem gives

an estimate of an upper bound of the modulus of the derivative of 7(z) on the unit circle
when all zeros of r(z) lie in |z| > k > 1.

Theorem 1.9. Let r(z) = p(z)/w(z) € Ry, where p(z) is a polynomial of degree n and
all its zeros lie in Ty, U Dya, k > 1. Then for z € Ty,

nlk = (r) = mP]
%+nmm—mv]“m' )

Pl < g (1B - (17)

E\" 1—az\"
where m = |H|III’1€|T‘(Z)| Equality holds for r(z) = (z—|— ) and B(z) = ( az)
z|l=

z—a z—a
evaluated at z =1, where a > 1,k > 1.

In particular, for £ = 1, Theorem 1.9 reduces to Theorem 1.4 and for m = 0, Theorem
1.9 reduces to Theorem 1.6.

The next theorem establishes an estimate of a lower bound of the modulus of the
derivative of r(z) on the unit circle when all zeros of r lie in |z| < k < 1.
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Theorem 1.10. Let r € R,, where r has exactly n poles at ay,as,...,a, and all its
zeros lie in Ty U Dy, k < 1. Then for z € Ty,
1 2t —n(l+ k
@12 g |1+ 2] e+ m), (1)
where t is the number of zeros of r with counting multiplicity and m = min |r(z)|. Fquality

|z|=k
1—az

zZ—a

(z+ k)
(z —a)"

holds for r(z) = and B(z) = < ) evaluated at z = 1, where a > 1,k < 1.

As an immediate consequence of Theorem 1.10, we have the following generalization
of Theorem 1.5, where r has exactly n zeros in Ty U Dy_.

Corollary 1.11. Let r(z) = p(z)/w(z) € R,, where p(z) is a polynomial of degree n and
all its zeros lie in Ty, U Dy_, k < 1. Then for z € Ty,
n(l—k)

2 g 1B+ = )+ m),

n 1 _ n
where m = |H|1£I}€|T(Z)| Equality holds for r(z) = <Z+k> and B(z) = ( az)

zZ—a zZ—a

evaluated at z =1, where a > 1,k < 1.

In particular, for k = 1, Corollary 1.11 reduces to Theorem 1.5, and for m = 0,
Theorem 1.10 reduces to Theorem 1.7.
2. LEMMAS

For the proof of our main theorems, we need the following lemmas. These three
Lemmas are due to Li, Mohapatra, and Rodriguez [1].

Lemma 2.1 ([1]). If r € Ry, and r*(z) = B(2)r(1/Z), then for z € 11,
| ()" |+ ' (2)] < B (2)] - [|r].
Equality holds for r(z) = AB(z) with X € Ty.
Lemma 2.2 ([4]). Let z € C. Then
Re(z) < % if and only if |z < |z —1].
Moreover, the statement holds when < is replaced by < at each occurrence.

Remark 2.3. Similar to the proof of Lemma 2.2, we can replace < by > and obtain that

1
Re(z) > 3 if and only if |z > |z —1].
Lemma 2.4 ([1]). Letr € R,.
(i) If all zeros of r lie in Ty U D14, then for z € Ty,

Re (7 0)) < E 2N

where r(z) # 0.
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(i) If r has exactly n poles at ay,as,...,a, and all its zeros lie in Ty U D1_, then
for z € T,
2r'(2) |IB'(z)] 1
R > —=(n—t
(750) 2 52 -5

where t is the number of zeros of r with counting multiplicity and r(z) # 0.
The next lemma is due to Aziz and Zarger [0].

Lemma 2.5 ([0]). If z € Ty, then
ro (2 =B
w(z) 2
We need the following preliminary result for the proofs of Theorem 1.9 and Theorem 1.10.

Lemma 2.6. Assume that r € R, where r has exactly n poles at ai,as,...,a,. Lett be
the number of zeros of v with counting multiplicity.

(1) If all zeros of r lie in Ty, U Dy, where k > 1, and z € Ty with r(z) # 0, then
2r'(2) |B'(z)]  2t—n(l+k)
R < .
e( r(z) ) =T T Tau+m
(#) If all zeros of r lie in T, U Dy_, where k <1, and z € Ty with r(z) # 0, then

2r'(2) |B'(z)] n(l+k)—2¢
Re( r(2) ) R (R

Proof. Let r(z) = plz) € Rn.

w(z)
If by, ba, ..., b are all zeros (may be not distinct) of p(z), then ¢ < n.
(1) Assume that |b;| >k >1,j=1,2,...,t. Then
zr'(z)  z2p'(z)  2w'(z) i z 2w’ (z)

r(z)  p(z) w(z) z—bj B w(z)

j=1

For z € T3, this relation with the help of Lemma 2.5 gives

() (Erl) ) e

For z € Ty with z # b;(1 < j <t), we consider two cases.

b
Case 1: |bj| = 1. Then k=1 and = N ST
zZ— bj z— bj z— bj
1 1
By Lemma 2.2, we obtain that Re (z _y < 5= 71 = TTh
Case 2: |bj| > 1. A bilinear transformation w;(z) = & maps 77 onto a circle
z=b;

. 1 by
{“" “” |bj|2—1' - bﬂ—l}'The“

Re z <(_ 1 + |bj| - 1 < 1
z—b;) =\ b2 -1 bj2—1  |bj|+1~ 1+k
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1
From both cases, Re _Zb)< +kfor |bj| >k>1,ze€Ty with z#b; (1 <j<t).

Substituting this relation into (2.1), we obtain that

v (35) s2<1ik)—<""f’<z>'>= B

(73) Assume that |b;| <k <1,j=1,2,...,t. Then

zr'(z) _ 2p'(z)  2w'(z) Loz 2w’ (2)
) T pe w7 |

For z € T, this relation with the help of Lemma 2.5 gives

() () ) e

For z € Ty with z # b;(1 < j <), we consider two cases.

b
Case 1: |b;j| = 1. Then k=1 and = S T
z—b; z—b; z—b;
By Remark 2.3, we obtain that R >1 ! !
mark 2.3, w in =
y Rema , we obta at Re | — 5= 171 1+k
Case 2: |b;| < 1. A bilinear transformatlon w;(z) = maps 77 onto a circle
z—b;

1 121
— = . Th
{‘“’ (1@-2)‘ 1|bﬂ} o
z 1 b, 1 1
Re| —— | > — J = > .
e(z—bj)_(1—|bj|2) L—1[b;2  1+41b] — 1+k

From both cases, Re i b; ) >
- —

1
"y for |b;| <k <1, zeTy withz#0b; (1<j<t).
Substituting this relation mto (2. 2) we obtain that

Re (i?:éi;)) <1+k> (n— |B' (2 )|> _ IB’2(z)| B n(;a?,;)2t~

3. PROOFS OF THE MAIN THEOREMS

In this section, we present the proofs of our main results.

Proof of Theorem 1.9. Assume that r € R,, has no zeros in |z| < k, where k£ > 1. Let
m = min |r(z)|. If r(z) has a zero on |z| = k, then m = 0 and hence for every a with

|z|=k
la] < 1, we get r(z) —am = r(z). In case r(z) has no zeros on |z| = k, we have for every o
with |a| < 1 that |—am| = |a]-m < |r(z)| for |z| = k. It follows from Rouche’s theorem

that R(z) = r(z) — am and r(z) have the same number of zeros in {|z| < k}. That is, for
every « with |a] < 1, R(z) has no zeros in |z| < k. We assume that R(z) # 0. Observe
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that the number of zeros of R(z) with counting multiplicity is n by Lemma 2.6 (i) yields
that for z € T1,

2R(2)\ _|B'(2)] | 2t—n(1+k) |B'(2)|  n(l—k)
Re ( "2 ) < + + (3.1)

2 200+k) 2 2(1+k)
Note that R*(z) = B(z)R(1/Z) = B(2)R(1/z). Then
(R*(2)) = R(1/)B'(2) + B(2) (R(1/2))’
= B(:)R(1/2) + B(:) (R (1/2) <—212)

Bz(j) "R(1/2).

Then z(R*(z)) = zB'(2)R(1/z) — Biz) El(l/z). Since z € Tj, we have Z = %,
BEI =1 S5 = 1B @) and o
[2(B*(2))'| = [ B'(:)R(:) - B(z)=R'(2)|
= 2B'(2) z)—zR/(z
- ‘|B’(z)|R(z) - zR’(z)’ .
Since |B’(z)| is real, we get  |2(R*(2))'| = ||B'(#)|R(z) — zR'(2)|. Then
AR ) [P 2R/ (2)
| = e 55
— 1B 25 o) Re (5 ) + |
> 15 - 25 ) [P 4 i |2
— ZR/(2> ? n(k — 1) 1
|’y | Taaw B@
where the inequality comes from (3.1).
This implies that for z € T,
P+ TS merE el <o (32)

where R*(z) = B(2)R(1/Z) = r*(z) — amB(z).
Moreover, (R*(z)) = (r*(z))) —ambB’(z) and R'(z) = (r(z) — am)’ = 1'(z).
Apply these relations into (3.2), we obtain that

1

P ) - an PG <l @) —anB L 63
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for z € T1 and for a with |a| < 1.
Choose the argument of « such that

(r"(2))" —amB'(2)| = [(r"(2))'| = m|a| |B'(2)], (3.4)

for z € Ty.
Triangle inequality yields that |r(z) — mal| > ||r(2)] — m|a|].
Note that ||r(z)| — m|a||? = (Jr(2)| — m|a|)? which implies that

[r(2) =mal® = (|r(2)| — mla])®. (3.5)

Substituting relations (3.4) and (3.5) into (3.3), we obtain that

1

”@‘”wWM—mmwaﬂQSoﬂmwﬂﬁwwvw

(1+k)

Letting || — 1, we get

P+

1

”%”«wm—mﬂﬂwﬂgsoﬂaﬂ—myww

(1+k)

Lemma 2.1 implies that

P+

1

[wwﬁ+%ﬁ$”w@wwﬁwvﬂ2sww»hwwwm—va»
Equivalently,
www+?fwy«wm—mﬂﬁu>s@w—mmﬂm—vwn
Hence,
R+ T () = m? )
< (IIrll = mPB )P — 2(|Irll - m) B @Il ()] + 17 ().
Then
/ / n(k - 1)
211l = ) ()] < (l] = P B ) = T () = .
Thus,
o < Wl = mPB G alk = D(ir()] - m)?
< S T =y 2@ Al —m)
iy DG —m?]

where m = min |r(z)].
|z|=k

This proves inequality for R(z) # 0. In case R(z) = 0, we obtain that r'(z) = 0. This
implies that the above inequality is trivially true.
Therefore, inequality holds for all z € Tj.
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k)" 1—az\"
To show that equality (1.7) holds for r(z) = Ez—’—a;” and B(z) = ( z a:) , where
a>1,k>1at z=1, we observe that
1+ k)" 1
Irll = sup r(2) = (00 = (D), = i ()] =0, and B'(D)] = ",

Sincer’(z)_[ -Til-k‘+ " ][Ez+k; },weobtainthat
z a—z z—a)"

o= [ 2] ] [

The right side of the relation (1.7) is

1 n(k — 1))(|r(1)] — m)? 1 {n(a+1 2t
5 |12 - SR =y = 5 | D 2
11 2n 2n
Z{a 1 1+k}“”
= [r'(1)]-
This proves Theorem 1.9 completely. ]

Remark 3.1. We show that our upper bound in Theorem 1.9 improves an upper bound
in Theorem 1.4 as follows.
Since k > 1, we get that

(n(k — D)(|r(2)| = m)*
(1 +E)([Ir(| = m)?

(n(0))(Ir(2)] — m)?
(L +E)([[r]| = m)?
= 0.

(k=)= _
. (R[] = m)? <|B'(2)].
In particular, if ¥ = 1, then

(n(lk — D) (Ir(z)] — m)?

N T [ T EA

Therefore, our upper bound in Theorem 1.9 is better than an upper bound in Theorem
1.4.

>

Hence, |B'(2)| —

Next, we give the proof of the second main Theorem.

Proof of Theorem 1.10. Assume that r € R, has no zeros in |z| > k, where k < 1.
Let m = ‘II‘liI}C |r(z)| and t be the number of zeros of r with counting multiplicity. If
A —

r(z) has a zero on |z| = k, then m = 0 and hence for every a with |a| < 1, we get
r(z) + am = r(z). In case r(z) has no zeros on |z| = k, we have for every a with |a| < 1
that |am| < |r(z)| for |z| = k. Tt follows from Rouche’s theorem that R(z) = r(z) + am
and r(z) have the same number of zeros in |z| < k. That is, for every « with |a| < 1, R(2)
has no zeros in |z| > k. We assume that R(z) # 0 on |z| = 1. Lemma 2.6 (ii) implies that

for z € Ty,
2R/ (2) |B'(z)] n(l+k)—2t
RG(R@)>Z 2 2(1+hk)
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where R(z) # 0.
Then

2R (2)
R(z)

R'(2)
R(z)
This implies that

> Re <ZR/(2)) > |B'(z)]  n(l+k)—2t

R(z) 2 201+k)

B'(z)]  n(l+k) -2t

"(2)] > : .
|R (2)| > [ 5 ST+ E) ] |R(z)], forzeTy
Since |R'(z)| = |r(2)|, we obtain that
/ 1 o n(l+k)—2t
> — - . .
Ir'(2)| > B [|B ()] A+ R |r(2) + am|, forzeT)

Note that this inequality is trivially true for R(z) = 0 on |z| = 1. Therefore, this inequality
holds for all z € T7. Choosing the argument of « suitably in the right side of the above
inequality and noting that the left side is independent of «, we get that

’ n(l+k)—2t
{|B (2)] = (14'/{)} “(|Ir(2)| + |a|m), for z € Ty.

Letting |a| — 1, we get for z € T} that

. 1, n(l+k) — 2t
a2 3 18 - D] ey m)
— 5 IO+ 2R )+ m)

2
Similarly to the argument of the proof of Theorem 1.9, we can show that (1.8) becomes

(z + k)t an = 1—az
a5 = (

equality when r(z) =

) ,wherea>1,k<latz=1 =

4. CONCLUSION

This paper investigates the estimate of the modulus of the derivative of r(z) on the
unit circle. We establish an upper bound when all zeros of r(z) lie in |z| > k > 1 and a
lower bound when all zeros of r(z) lie in |z| < k < 1. In particular, if r(z) has exactly
n zeros and k = 1, our main theorems generalize results by Aziz and Shah [5] and Aziz

and Zarger [6]. Furthermore, if r(2) has a zero on T}, the second main result generalizes
a result by Aziz and Shah [7].
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