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Abstract : In this paper, we introduce the concept of d* metric space and prove
some common fixed point theorems for four maps in d* metric spaces. These
theorems are version of some known results in ordinary metric spaces.
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1 Introduction and Preliminaries

In the present work, we introduce the concept of d*-metric which is a probable
modification of the definition of ordinary metric. In this section we give some
properties about d*-metric. In section 2, we prove two common fixed point theorem
for four weakly compatible maps in d*-metric spaces.

In what follows, N the set of all natural numbers and R the set of all positive
real numbers.

Let binary operation ¢ : RT x RT — R satisfies the following conditions:

(i) ¢ is associative and commutative,
(ii) ¢ is continuous.

Five typical examples are a ¢ b = max{a,b}, acb=a+b,aob=ab,aob=

ab+ a+ b and aob:ﬁsbl} for each a,b € RT.

Definition 1.1. The binary operation ¢ is said to satisfy a-property if there exists
a positive real number o such that

a o b < amax{a,b}

for every a,b € RT.
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Example 1.2. (1)If define aob=a+b, for each a,b € R, then for a > 2, we
have a o b < amax{a,b}.
(2) If define aob = m, for each a,b € RT, then for a > 1, we have

aob< amax{a,b}.

Definition 1.3. Let X be a nonempty set. A generalized metric (or d*-metric)
on X is a function d* : X2 — R that satisfies the following conditions for each
z,y,2 € X.

(1) d*(z,y) = 0,
(2) d*(z,y) =0 if and only if x = y,
(3) d*(z,y) = d*(y, ),
(4) d*(z,y) < d*(z,2) o d"(2,9).
The pair (X, d*) is called a generalized metric (or d*-metric) space.

Some examples of such a function are

(a) Let X be a nonempty set. Define d*(z,y) = d(x,y), for each z,y € X,
where aob=a+ b for a,b € R* and d is an ordinary metric on X.

(b) If X = R"™ then we define d*(z,y) = ||z — y|| for every z,y € R", where
aob=ab+a+bfora,beRT and || || is a norm on R".

(¢) Let X be a nonempty set. Define

« _J 0, z=y
d (:my)—{ 1 , otherwise

for each x,y € X, where a ¢ b = max{a, b} for a,b € RT.
Let (X,d*) be a d*-metric space. For r > 0 define

By (z,r) ={y € X : d*(z,y) < r}.

Definition 1.4. Let (X,d*) be a d*-metric space and A C X.

(1) If for every x € A there exists v > 0 such that Bg«(x,7) C A, then the
subset A is called open subset of X. A subset A of X is said to be closed if the
complement of A in X is open.

(2) A subset A of X is said to be d*-bounded if there exists r > 0 such that
d*(z,y) <r forall x,y € A.

(3) A sequence {x,} in X converges to x if and only if d*(vp,x) = d*(z,z,) —
0 as n — oco. That is for each € > 0 there exists ng € N such that

Yn > ng = d*(x,x,) <e.

(4) A sequence {x,} in X is called a Cauchy sequence if for each € > 0 , there
exists ng € N such that d*(z,, x;,) < € for each n,m > ng. The d*-metric space
(X, d*) is said to be complete if every Cauchy sequence is convergent.

Let 7 be the set of all A C X with z € A if and only if there exists r > 0 such
that By« (x,r) C A. Then 7 is a topology on X (induced by the d*-metric d*).
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Lemma 1.5. Let (X,d*) be a d*-metric space such that ¢ satisfy a-property with
a<1. Ifr >0, then ball By-(x,r) is open in X.

Proof. Let z € By« (z,7), hence d*(x,z) <r. Let d*(x,2z) = and ' = r — . Let
y € Bg~(z,r"), hence we have d*(y, z) < r’ = r—4. It follows, d*(y, z)+d*(z,z) < r.
Thus

d*(z,y) < d*(z,2)0d"(z,y)
< amax{d*(z,2),d"(z,v)}
< d¥(myz)+d7(z,y) <
Therefore By« (z,1") C Bg+(x,7). Hence the ball By« (x,r) is open. O

Lemma 1.6. Let (X,d*) be a d*-metric space such that o satisfy a-property with
a > 0. If a sequence {x,} in X converges to x, then x is unique.

Proof. Let x,, — y and y # x. Since {z,} converges to x and y, then for each
€ > 0 there exists ny, ng € N such that for n > ny, d*(z,z,) < £ and for n > na,
d*(y,zn) < £. If we set ng = max{ni,na}, then for every n > ng we have by

triangular inequality

d*(z,y) < d*(z,2,)0d" (2n,y)
< amax{d"(z,2,),d" (zn, y)}
€ €
< amax{a, a} =e.
Hence d*(x,y) = 0 which is a contradiction. So, = y. O

Lemma 1.7. Let (X,d*) be a d*-metric space, such that ¢ satisfy a-property with
a > 0. If a sequence {x,}in X is converges to x, then the sequence {x,} is
Cauchy.

Proof. Since x,, — =z, for each ¢ > 0 there exists ng € N such that for n > ng
d*(2n,r) < <. Then for every n,m > ng, by triangular inequality, we have
A (Tp, Tm) < d*(zp,x)od"(z,2m)
< amax{d"(xn,z),d" (z,2m)}

A

€ €
amax{a, a} =e

Hence {z,} is a Cauchy sequence. O

In 1998, Jungck and Rhoades [4] introduced the concept of weak compatible
mappings and proved some common fixed point theorems using this concept on
ordinary metric spaces. After then, many fixed point results have been obtained
using weakly compatible mappings on ordinary metric spaces (see [1], [2], [3], [7])-
Similarly we can give the concept of weakly compatible mappings on d*-metric
spaces as follows.
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Definition 1.8. Let A and S be mappings from a d*-metric space (X,d*) into
itself. Then the mappings are said to be weakly compatible if they are commute at
their coincidence point, that is, Ax = Sx implies that ASx = SAx.

2 Main Results

Theorem 2.1. Let (X,d*) be a complete d*-metric space, such that ¢ satisfy a-
property with « < 1. If A, B, S and T be self mappings of X into itself satisfying:
(i) A(X) CT(X), B(X) CS(X) and T(X) or S(X) is a closed subset of X,
(ii) The pairs (A,S) and (B,T) are wakly compatible,
(iii) for all x,y € X,

d*"(Az,By) < ki(d"(Sz,Ty)od"(Az, Sz) o d"(By,Ty))
+ko(d*(Sz, By) o d*(Ax, Ty))

where ki,ko >0 and 0 < k1 + ko < 1.
Then A,B,S and T have a unique common fixed point in X.

Proof. Let xy be an arbitrary point in X. By (i), we can choose a point x; in
X such that yo = Azg = Tx1 and y; = Bx; = Sxo. In general, there exists a
sequence {y,} such that, yo, = Axa, = TZant1 and yon11 = Brapnt1 = STanta,
forn =1,2,---. We claim that the sequence {y,} is a Cauchy sequence.

By (iii), we have

d* (Yo, Yont+1) = d"(Azan, Broni1)

<k (d*(Szan, Trony1) © d* (Azay,, Sxop) © d*(Bxopt1, TTont1))
+ko(d* (Szopn, Brans1) © d* (Azay, TTont1))
k1 (d" (y2n—1,Y2n) © A" (Y2n: Y2n—1) © d* (Y2n+1,Y2n))
k2 (d" (Y2n—1,Y2n+1) © d* (Y20, Y2n))-

IN

If we put d, = d*(Yn, Yn+1), then by above inequality we have

dan < k1(dan—1 0 don—1 ©don) + ka2 (d* (y2n—1,Y2nt1) ©0).
Hence

dap k1 max{dan, don—1} + k2 max{d* (y2n—1, y2n41),0}

k1 max{dan, dan—1} + ko (d* (Y2n—1,Y2n) © 4" (Y2n, Y2n+1))

k1 max{day, dan—1} + ko max{d* (Y2n—1,y2n), A" (Y2n, Yan+1)}
k1 max{day, dan—1} + ko max{da,—1,dan}

(kl + k2) max{dQn, d2n—1}'

IAIA IN N
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If doy, > doy—1, we have
don < (k1 + k2)dan < dop,
which is a contradiction. It follows that
dop < dop—1.

Similarly, it is easy to see that ds,41 < doy,. Therefore, d,, < d,,—1, for n =
1,2,---. Thus by the above inequalities we have

dp < (kl + kZ)dnfl = kf‘dnfh
where k = k1 + ko < 1. Thus
dy < kdp—y < KPdp_g < -+ < k"dy.

That is
d* (Yn, Ynt+1) < k"d"(yo,y1) — 0

as n — oo. If m > n, then

d*(ynv yn-‘rl) od” (yn-‘rla yn+2) o-od” (ym—la ym)

d* (Yns Ym) <
S maX{d*(ynayn+1)a"' ad*(ymfhym)} —0

as n — oo. It follows that, the sequence {y,} is a Cauchy sequence and by the
completeness of X, {y,} converges to y € X. Then

lim y, = lim Azg, = lim Bxg,y1 = lim Sxonyo = lim Txo,11 = y.
n—oo n—oo n—oo

n—oo n—oo

Now let T'(X) is closed subset of X, then there exists v € X such that Tv = y.
We now prove that Bv = y. By (iii), we get

lim d*(Axo,, Bv) < lim [k (d(S2ap, Tv) ¢ d*(Azay, Sxay) © d* (B, Tv))
+ko(d* (Sx2pn, Bv) o d*(Azap, Tv)))
and so

d*(y,Bv) < ki(d*(y,Tv) o d*(y,y) o d*(Bv,y))
+k2(d*(y, Bv) o d*(y,y))

< kymax{d"(y,y),d"(y,y),d" (Bv,y)}
+ke max{d*(y, Bv),d"(y,y)}

= (k1 + ko2)d*(y, Bv)

< d*(y, Bv),

which is a contradiction if d*(y, Bv) > 0. Hence Bv = y = Tw. Since B and T are
weakly compatible mappings, then we have BTv = T'Bv and so By = T'y.
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Now, we prove that By = y. By (iii), we get
n11_)11;1O d*(Azan, By) < nli_{rgo[kl (d(Szon, Ty) © d*(Azopn, Swoy) © d*(By, Ty))
+  ko(d*(Szapn, By) © d* (Azay, Ty))].
Hence,

d*(y,By) < ki(d"(y,Ty)od"(y,y) ©d"(By,y))
+k2(d*(y, By) o d"(y,y))
< kimax{d"(y, By),d"(y,y)}
+ke max{d" (y, By),d"(y,y)}
= (k1 +k2)d"(y, By)
< d*(y,By),
which is a contradiction if d*(y, By) > 0. Thus By =y = T.
Since B(X) C S(X), there exists w € X such that Sw = y. We show that
Aw = y. From (iii) we have
d*(Aw, By) < ki(d*(Sw,Ty) o d*(Aw, Sw) o d*(By,Ty))
+  ko(d*(Sw, By) o d*(Aw, Ty))

and it follows that

d*(Aw,y) < ki(d*(y,y) o d"(Aw,y) o d*(y,y))
k2 (d"(y,y) o d* (Aw, y))

k1 max{d*(y,y),d" (Aw, y)}

+ke max{d”(y,y), d" (Aw,y)}

= (k1 +k2)d" (Aw,y)

< d'(Aw,y),

IN

which is a contradiction if d*(Aw,y) > 0. Thus Aw = y and hence Aw =y = Sw.
Since A and S are weakly compatible, then ASw = SAw and so Ay = Sy.
Now, we show that Ay = y. From (iii), we get
d*(Ay,By) < ki(d"(Sy,Ty)od"(Ay,Sy)od"(By,Ty))
+  ka(d"(Sy, By) o d*(Ay, Ty))
and it follows that

d*(Ay,y) < ki(d*(Sy,y) o d"(Ay, Sy) o d*(y,y))
+k2(d* (Sy, y) o d*(Ay, y))

k1 max{d"(Ay,y),d" (Ay, Ay),d"(y,y)}
+ke max{d” (Ay,y),d" (Ay,y)}

= (k1 +ko)d*(Ay,y)

< d*(Ay,y),

IN
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which is a contradiction if d*(Ay,y) > 0. Thus, Ay = y and therefore Ay = Sy =
By =Ty =y. That is y is a cammon fixed point for A, B, T, S.
The proof is similar when S(X) is assumed to be a closed subset of X.

Now to prove uniqueness assume that x be another common fixed point of
A,B,S and T. Then from (iii) we have

d*(z,y) = d*(Az,By)
< ki(d*(Sz,Ty) o d*(Az, Sx) o d*(By, Ty))
+  ko(d*(Sz, By) o d"(Ax,Ty)),
and so
d*(z,y) < kimax{d*(z,y),d"(z,z),d"(y,y)}
+ko max{d*(z,y),d" (x,y)}
= (kl + k?)d* (l’, y)
< d'(z,y),

which is a contradiction if d*(x,y) > 0. Thus x = y. This completes the proof. [

In the following theorem, let d is an ordinary metric on X.

Theorem 2.2. Let (X,d) be a complete metric space, such that o satisfy a-
property with « > 0. If A, B, S and T be self mappings of X into itself, satisfying:
(1) A(X) CT(X), B(X) C S(X) and T(X) or S(X) is a closed subset of X,
(ii) The pairs (A,S) and (B,T) are wakly compatible,
(1) for all z,y € X,

d(Az,By) < k1(d(Sz,Ty) o d(Ax,Sx)) + ko(d(Sz, Ty) o d(By,Ty))
R d(Sz, By) + d(Az, Ty))
2

where ki, ka, ks >0 and 0 < a(ky + ko + k3) < 1.
Then A, B,S and T have a unique common fixed point in X.

Proof. Let xg be an arbitrary point in X. By (i), we can choose a point z; in
X such that yg = Azg = Tz, and y; = Bxr; = Sxs. In general, there exists a
sequence {y,} such that, yo, = Axa, = TTant1 and Yont1 = Brapt1 = STanta,
forn =1,2,--- . We claim that the sequence {y,} is a Cauchy sequence.
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By (iii), we have

d(y2n7 y2n+1) = d(Ax%m Bm?n-ﬁ-l)

k1 (d(Sxon, Txont1) © d(Axay, Sxay))

+ko(d(Szon, Tront1) © d(Bxant1, Txont1))

d(Sxon, Brop+1) + d(Azay, Tx2n+1))
2

IN

+k3(d(Szon, Txons1) ©

= kl(d(an—laan) Qd(anvan—l))
+ka(d(Yan—1,Y2n) © d(Y2n+1,Y2n))
(

d(Y2n—1, Y2n+1) + d(Y2n, y2n))
5 )

+ks(d(yan—1,Y2n) ©

If we put d,, = d(Yn, Yn+1), then by above inequality we have

d n—1_1s n
don < ki1(don—190don—1) + ka(dan—1 ¢ dan) + k3(dan—1 © W)

Hence

d2n—1 + d2n}

dapn < kyada,—1 + ksamax{da,_1,don} + ksamax{da,_1,
If do,, > doy,—1, then we have
doyn, < kraday, + kaada, + ksada, < day,
which is a contradiction. It follows that
dop < dop—1.
Similarly, it is easy to see that dony1 < doy. Therefore, d,, < d,—1, for n =
" 2”i‘£tis by above inequality we get
dp < a(ks + ko + ks)dn—1 = kdp_1,
where a(ky + ko + k3) = k < 1. Hence
dp < kdp—y < KPdp—g < -+ < k™dy.

That is
d(yna yn+1) S knd(y()» yl) —0

as n — oo. If m > n, then

d(yna ym) S d(yn> yn+1) + d(yn+la yn+2) +-+ d(ym—la ym)

k" d(yo, y1) + k" d(yo, y1) -+ + K™ d(yo, v1)
kn

1—-k

IA

d(yo,y1) — 0
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as n — oo. It follows that, the sequence {y,} is Cauchy sequence and by the
completeness of X, {y,} converges to y € X. Then

lim y, = lim Azg, = lim Bzgyy1 = lim Szonio = lim Tron11 = v.
n—oo n—oo n—oo n—oo n—oo

Let T'(X) is closed subset of X, then there exists v € X such that Tv = y.
We now prove that Bv = y. By (iii), we get

lim d(Aza,, Bv) < lim [k (d(Szan, Tv) ¢ d(Azap, Stan))
+ko(d(Szapn, Tv) o d(Bv, Tv))

naB A n’T
ki (d(Swam, T) o 272 v>—;d< ran, T0) |

and so

d(y, Bv) < kai(d(y, Tv) o d(y,y)) + k2(d(y, Tv) o d(Bv, Tv))

ks (d(y, To) o d(y, Bv) —2|— d(y, Tv))

kyamax{d(y,Tv),0} + ksamax{0,d(Bv,y)}

d(y, B
+ksa max{0, W}

< d(y, Bv).

IN

It follows that Bv = y = Tw. Since B and T are two weakly compatible mappings,
we have BTv =T Bv and so By =Ty.
Next, we prove that By = y. By (iii), we get

lim d(Aza,, By) < lim [k (d(Szaon, Ty) ¢ d(Azay, Stay))

+ky(d(Sx2,,Ty) © d(By, Ty))

d(Sxan, By) + d(Azan, T
ho(d(Saan, Ty) o X0 BV AT TY)

Hence,

d(y,By) < ki(d(y,Ty) o d(y,y)) + ka2(d(y, Ty) o d(By, Ty))
s (d(y, Ty) o d(y, By) -2% d(y, Ty))
kromax{d(y, Ty), d(y,y)} + kea max{d(y, Ty), d(By, Ty)

d(y, By) + d(y, Ty)}
2

IA

+ksamax{d(y, Ty),
< d(y, By)

and so By = y.
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Since B(X) C S(X), there exists w € X such that Sw = y. We prove that
Aw = y. By (iii) we have

d(Aw, By) < ki(d(Sw,Ty) o d(Aw, Sw)) + ke(d(Sw, Ty) ¢ d(By, Ty))

d(Sw, By) + d(Aw, Ty)
5 )

+ks(d(Sw, Ty) ¢
and it follows that

ddw.y) < ki(d(Sw.9) o d(Aw, Sw) + ka(d(Sw,y) o d(y.3)
+ks(d(Sw,y) o d(Sw, y) '|2‘ d(Aw,y) )
k1amax{d(Sw,y), d(Aw, Sw)} + kea max{d(Sw,y), d(y,y)}

+ksamax{d(Sw,y), d(Sw,y) J2r d(4w,y) }

< d(Aw,y).

IN

This implies that Aw = y and hence Aw = Sw = y. Since A and S are weakly
compatible, then ASw = SAw and so Ay = Sy.
Now, we prove that Ay = y. From (iii), we have

d(Ay,By) < ki(d(Sy,Ty) o d(Ay, Sy)) + k2d(Sy, Ty) o d(By, Ty))
d(Sy, By) + d(Ay, Ty)

+k3(d(Sy, Ty) o 5 )

and it follows that

d(Ay,y) < ki(d(Sy,y) o d(Ay, Sy)) + k2(d(Sy,y) ¢ d(y,y))
ks (d(Sy, y) o d(Sy,y) ;d(Auy))
k1o max{d(Sy,y),d(Ay, Sy)} + keamax{d(Sy,y),d(y,y)}

d(Sy,y) + d(Ay,
+hksamax{d(Sy,y), ( y’y); (Ay y)}

< d(Ay,y)

IN

and it follows that Ay = y and therefore Ay = Sy = By =Ty =y. Thatis y is a
common fixed point for A, B, T, S.

The proof is similar when S(X) is assumed to be a closed subset of X.

Now to prove uniqueness assume that z be another common fixed point of
A, B,S and T. Then

d(z,y) = d(Ax,By)
< k1 (d(Sz, Ty) o d(Azx, Sz)) + ko(d(Sz, Ty) o d(By, Ty))

d(Sz, By) + d(Ax, Ty)
5 )

—|—]€3(d(5.’L’7 Ty) %
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and so
d(z,y) = d(Az,By)
S kl(d(x,y)Od(x,x))+k2(d(:c,y)<>d(y,y))
d(z,y) + d(zx,
+hy(d(z,y) o w)
< d(z,y).
Thus it follows that z = y. O

Corollary 2.3. Let (X,d) be a complete metric space. If A,B,S and T be self
mappings of X into itself satisfying:
(i) A(X) CT(X), B(X) CS(X) and T(X) or S(X) is a closed subset of X,
(ii) The pairs (A,S) and (B,T) are wakly compatible,
(iii) for all z,y € X,

d(Az,By) < ki(d(Sz,Ty) + d(Az, Sz)) + ka(d(Sz, Ty) + d(By, Ty))
d(Sz, By) + d(Az, Ty))
2 9

where ki,ko, ks >0 and 0 < k1 + ko + k3 < %
Then A, B,S and T have a unique common fixed point in X.

Proof. If define a o b = a + b for each a,b € R, then for ¢ > 2, we have
aob < amax{a,b}. Also if put @ = 2 then we get 0 < a(ky + ka2 + k3) < 1,
hence all conditions of Theorem 2.2 are holds. Thus A, B, S and T have a unique
common fixed point in X. O
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