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1. INTRODUCTION

In this paper we consider finite undirected simple graphs. Let G = (V(G), E(G)) be a
connected graph of order n with vertex set V(G) and edge set E(G). For any two vertices
u,v € V(G), the distance between vertex u and v in G is defined as the length of a
shortest path from vertex u to vertex v in G and denoted by d¢g(u,v) or simply d,,. The
maximum distance between any two distinct vertices in G is called the diameter of G,
denoted by d(G) or for simplicity just by d. For any v € V(G), the number of vertices
adjacent to v is known as the degree of vertex v and denoted by d,,. The distance matriz
of G denoted by D(G) is the n x n matrix D(G) = (dg(u,v))yvev(c)- For u € V(G), the
transmission or degree distance of u is denoted by T'r,, i.e., the sum of distances from u to
all other vertices of G, Tr, = > dg(u,v). The transmission matriz T(G) is a diagonal

veV(G)
matrix, where diagonal entries are the transmissions of corresponding vertices of G. The
distance signless Laplacian matriz of any graph G is defined as, D (G) = T(G) + D(G),
where D(G) denotes the distance matrix of G and T'(G) the transmission matrix of G.
Throughout this paper, we denote by P, the path, by C,, the cycle, by S,, the star and
by K, the complete graph, each on n vertices.
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The distance spectra of graphs have been extensively studied from last many years, see
the recent survey [1] and references therein. The distance Laplacian and distance signless
Laplacian spectrum of graphs have also received much attention in recent years especially
the problems related to their spectral radius, see [2—8]. Aouchiche and Hansen [2] showed
that deletion of an edge does not decrease the distance laplacian of the distance signless
laplacian spectra of graphs. In [9], the same authors proved that the distance signless
laplacian spectrum is minimized by the star graph. In [10], Alhevaz et al. gave some upper
and lower bounds on distance signless Laplacian spectral radius and also determined the
distance signless Laplacian spectrum of some graph operations. For more review about
distance laplacian and distance signless laplacian see [2—8].

In [11], Nikiforov studied the convex linear combinations in relating to the adjacency
matrix and diagonal degree matrix of G, which effectively reduce in merging the adjacency
spectral and signless Laplacian spectral theories. Similarly [12], generalized the Nikiforov
concept on distance spectral as generalized distance matriz or D,-matrix denoted as
D.(G),

Do(G) = aT(G) + (1 — a)D(G), a € [0, 1],

where D(QG) represents the distance matrix of a graph G and T(G) represents the trans-
mission matrix of a graph G. Obviously, Do(G) = D(G) for a = 0, which is actually the
distance matrix of G and 2D, 5(G) = Dq(G) is the distance signless Laplacian matrix of
a graph G. Let pu1(G) = p2(G) = -+ = pn(G) be the distance eigenvalues of D(G). As
D, (G) is a symmetric matrix, the D,-eigenvalues of G are all real and we denote them by
p&l)(G) > > p&”)(GL arranging them in non-increasing order, where n = |[V(G)|. The
D, (G) spectral radius of G is the largest D, (G) eigenvalue p(al) (G) and denoted as p, (G),
the minimum D, (G) eigenvalue pl'(G) as pmin(G). Obviously, p((]l)(G), e 7pg")(G) are
the distance eigenvalues of G, and 2/)&1/)2 @),..., 2p§7)2 (G) are the distance signless Lapla-
cian eigenvalues of G. Particularly, po(G) is the distance spectral radius and 2p;5(G) is
just the distance signless Laplacian spectral radius of G. Further results on generalized
distance matrix can be seen in [13-17].

The paper is organized as follows. In the next section, we discuss the ground theory
for generalized distance spectrum which will be helpful in proving lemmas and theorems
in proceeding sections. In section 3, we give generalized distance spectrum of complete
multipartite graph. In section 4, we discuss and prove some bounds for the general-
ized distance spectral radius of graphs, which is generalization of [10] and [18]. Finally,
concluding remarks are given in section 5.

2. PRELIMINARIES

In this section, we discuss some concepts and Perron theory for D, (G)-matrix that
will be useful throughout the paper.

Let G be a connected graph with V(G) = {v1,...,v,} and a column vector x =

(Tyyy-y20,)T € R™ can be considered as a function defined on V(G), which maps
vertex v; to x,, i.e., ©(v;) =z, for i =1,...,n. Then
2T D, (G)z = Z Tr.(G)a? +2 Z (1 — @)dyp Ty Ty, (2.1)

UEV(G) w,weV(G)
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or equivalently,

T D, (G)x = Z duy((22 + 22) +2(1 — @)z y ). (2.2)
u,veV(G)
From [15], we know that D, (G) is a non-negative irreducible matrix, by Perron-Frobenius

theorem, p,(G) is simple and there is a unique positive unit eigenvector corresponding
t0 pa(G), which is called the D, (G) Perron vector of G. If = is the D, (G) Perron vector
of G, then for each u € V(G),

PGy = aTr (G)z, + (1 — ) Z Ay Ty, (2.3)
veV(Q)
or equivalently,
Pa(G)xy = Z dyv(azy, + (1 — a@)zy),
veV(G)

which is called the a-eigenequation of G at vertex u. For a unit column vector x € R”
with at least one non-negative entry, by Rayleigh’s principle, we have p,(G) = 2" D, (G)x
with equality if and only if = is the D, (G) Perron vector of G.

We denote by &(G), the sum of distances between all unordered pairs of vertices in

1
G, ie., ¢G) = 3 \z/:(c;) Tr,. For a graph G with V(G) = {v1,v2,...,v,}, the second
ve

~ ~ n
transmission of vertex v is denoted by Ty, i.e., Ty, = > duy(Try). A graph is said to

u
be transmission regular if Tr, is a constant for each v € V(G). It is clear that any
vertex-transitive graph (a graph G in which for every two vertices u and v, there exists an
automorphism f on G such that f(u) = f(v)) is a transmission regular graph. Indeed, the
graph on 9 vertices depicted in Figure 1 is 14-transmission regular graph as each vertex of
the graph has transmission 14 but is not degree regular and therefore not vertex-transitive.
For more examples of transmission regular but not degree regular graphs see [19]. We

FIGURE 1. The transmission regular but not degree regular graph with
the smallest order.

need the following important lemma to prove our main results.

Lemma 2.1 ([20]). (Courant Weyl Inequality) For a real symmetric matriz M of
order n, let A\ (M) = Mo(M) = -+ 2 A\ (M) denote its eigenvalues. If A and B are two
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real symmetric matrices of order n and if M = A+ B, then for everyi =1,...,n, we
have
Ai(A) + A (B) = M(M) = Mi(A) + Au(B).

3. THE GENERALIZED DISTANCE SPECTRUM OF COMPLETE k-PARTITE
GRAPHS

In this section, we focus on generalized distance spectrum of a complete k-partite
graph. Guanglong Yu in [21], determined some graphs with the least distance eigenvalue.
We begin with the following theorem which is the generalization of distance spectra of a
complete multipartite graph and the proof is almost similar to Lemma 3.1 of [21].

Theorem 3.1. The generalized distance spectrum of a complete k-partite graph Ky, ... ny

k
(>>m; =mn,n; = 1) consists of eigenvalues a(n + n;) — 2 with multiplicity n; — 1 where
i=1

i= 1,2,...,k and k more eigenvalues which are the solution of the equation in p:
k N
(3
—1=0.
;p+2—ni—a(n—ni)

Proof. Let G be a complete k-partite graph. Then the D, spectrum of a complete k-
partite graph Kp, n,...n, has the form Dy (G) = (1 — a)D(G) + oT(G) with o € [0, 1],
where D(G) is the distance matrix of graph and T'(G) is the transmission matrix of G.
One can see that

S1 (1 = a@)Jnyxny (17a)Jnl><n3 (1704)Jn1><nk
(1_Q)Jn2><n1 Sa (1_04)Jn2><n3 (1_04)Jn2><nk
(1 —a)Jnsxn (1 —a)dJ, Sy . (1=a)d )
Da(Knl,“.’nk,) — . ng Xmnj . ngxXno ' ngXxXnp ,
(1_a)Jnk><n1 (1_04)Jnk><nz (1_a)Jnk><n3 Sk

where S; = 2(1 — a)Jy, + (a(n+n;) —2)I,,,i=1,2,...,k and .J,, is the all-one square
matrix of order n; and I,, is the identity matrix of order n,;. For each 1 < i < k, the
spectrum of 2(1—a)J,,, + (a(n+n;)—2)I,, consists of a(n—mn;)+2(n; —1) with multiplicity
1 and a(n+mn;) — 2 with multiplicity n; — 1. If n; = 1, then multiplicity of a(n+mn;) — 2 is
0 which implies that 2(1 — «)J,,, + (a(n +n;) — 2)I,, has unique eigenvalue 0. .S; has the
all-one vector &; as an eigenvector corresponding to the eigenvalue a(n — n;) + 2(n; — 1)
while all other eigenvectors corresponding to eigenvalue a(n + n;) — 2 are orthogonal to
&-

Let us say X be an arbitrary eigenvector of the matrix S; corresponding to an eigen-

value a(n + n;) — 2 such that &7 X = 0. Then we can say that an eigenvector cor-
T

responding to a(n +n;) —21is [0 .., XT0 . So in this way we can
1x > ny 1x > nj
j=1 j=it1
totally construct n — k mutually orthogonal eigenvectors of D,. All of these eigenvec-

tors correspond to eigenvalue a(n + n;) — 2 and all of them are orthogonal to each vec-
T
tor [0 fiT 0

—1
1x T
i=1

, which means that remaining k eigenvectors of D, are

k
1x E nj
j=it1
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T
spanned by the vectors [0 .., &T 0 x where (1 = 1,2,...,k). So the re-
1x > nj 1x > nj
j=1 j=it1
maining k eigenvectors of D, (G) have the form (8167 oo™ -+ Biel -+ Bp&”)T, for
a suitable choice of By, B2, -+, 8. Let us assume that p is an eigenvalue of D, (G) and

assume that an eigenvector corresponding to p is of the form
(51§1T Bgng BifiT e 5k£kT)T. Then from eigenequation

Do (Be” pota” - BT - p&") = p(Bi6T Be" - sl - pa)

using (2(1—a)Jp, +(a(n+n;) —2)1,)¢F = (a(n—mn;)+2(n; — 1)) fori = 1,2,...  k,
we get that

(a(n —n1) +2(ny —1))B1 +n2fa +n3fs + - + nfr = pP;
n1f1 + (a(n —ng) +2(ng —1))B2 +n3fs + - - + nx B = pBa;
n1f1 + nafs + (a(n —n2) +2(ng — 1))fs + - - + np e = pBs;

n1f1 + nafa +nafs + -+ (a(n —ng) + 2(ng — 1)) B = pBy.
Then we have,

ni1B1 +nePa+n3fz+ ...+ b =(p+2—n1 —aln—n1))pb;
n1B1 +nePa+n3fz+ ... +npfr = (p+ 2 —n2 — a(n — ng))fbo;
n1f1 4+ nef2 +n3fBz + ... +npfr = (p+2 —ng — a(n —n3))Bs;
n1f1 4 nefa +n3B3 + ...+ B = (p+ 2 — np — a(n — ng))Br;

Now let n181 + ngfs + n3fBs + ... + ngBr = €. Then we have

nie ﬂ
=n
p+2—n; —aln—n) .
na& —n ﬂ
p+2—ny—a(n—nz) 22
nsée —n B
p+2—nz3—aln—n3) s
nre
=n
p+2—n;—aln—ng) P
summing up all the above equations, we get
k n
ey - =,

and thus




1510 Thai J. Math. Vol. 20 (2022) /A. Hameed and Z.U. Khan

Thus remaining k eigenvalues of D, (K, ... n,) are all the solutions of
k

n;
-1=0.
Zp—f—Z—ni—a(n—ni)

i=1

We arrive at our next result as follows.

Theorem 3.2. Let G = Ky, n,....n, be a complete k-partite graph for 2 <k <n—1 and
n; =1,i=1,2,...,k. Then p2(G) = a(n +n1) — 2. Moreover, if ny = ng > --- = ny,
then pl(G) = a(n + ny) — 2 with multiplicity n — k.

Proof. Let G = Ky, n,,...n, be a complete k-partite graph for 2 < k< n —1 and n; > 1,
i =1,2,...,k and assume without loss of generality that ny > ns > --- > ng. As G
is a complete k-partite, it is obvious that diam(G) = 2. So for any v € V(G), we have
Tr, =d, +2(n—d, — 1) = 2n — 2 — d,,. Therefore, the transmission matrix is

T(G) = (2n — 2)I — Diag(d,)I.

As G is a graph of diameter 2, so we can write the distance matrix of G as D(G) =
J — I+ A° where J is the all-one square matrix of order n, I is the identity matrix of
order n and A€ is the adjacency matrix of G°. So generally the distance alpha matrix of
a graph G can be written as:

D, (G) = a((2n — 2)I — Diag(d,)) + (1 — a)(J — T + A°).
Now using Courant Weyl inequality from Lemma 2.1 we have
p(G) > ap((2n — 2)1 — Diag(d,)) + (1 — a)p(J — I + A°),
P(G) > ap((2n — 2)1) + pii(~Diag(dy)) + (1 — a)p(J — ) + (1 — @)l (A°).

By solving the above inequality for the minimum eigenvalue,
Pa(G) = a(n+ny) — 2.
In the following, we will show that there exists a D,-eigenvalue which is equal to

an+ng)—2.Let V(G) =V UV U--- UV, 2< k<n—1where ny 2 ng >+ 2> ng.
Then the D,-matrix of G can be written as:

S1 (I*Q)Jn1><n2 (1*04)Jn1><n3 (1*01)Jn1><n,C
(1_05)~]712><nl Sa (1_a)J7l2Xn3 (l_a)anxnk
1—a)dn.xn 1—a)dn,xn S 1—a)dn,xn
Da(@) = | (=@ (= @y . (- ||
(1—04)Jnk><n1 (1—0£)J7zk><n2 (1_a)=]nk><n3 Sk

where S; = 2(1 — ) Jp, + (a(n+n;) —2)1,,) , i =1,2,...,k and J,, is the all-one square
matrix of order n; and I, is the identity matrix of order n,;. Hence det(pI — D, (G))

S1 (a=1nz (a—1ns ... (a—1)nk
(. — 1)ny Sa (a=Dnsg ... (a=1)ng
(e —1)ny (a—1)ng S3 oo (a—=1)ng

k
- ,H(P— (a(n +mny) —2))™ : : : : 7

(a—1)n1 (a—1ns (a—1)ng S
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where SA’l =p+2—am+n;)—2n; fori =1,2,..., k. As k < n — 1, so the multiplicity
of a(n+mn;)—2 (i=1,2,...,k) is at least n — k > 1. As G is graph of diameter 2, so

Dy (G) = a((2n — 2)I — Diag(dy,)) + (1 —a)(J — I + A°).
Now by Lemma 2.1 using Courant Weyl inequality we have:
Pe(G) = (1= )pl(J — I + A°) + aply((2n — 2)I — Diag(d.)),
Ph(G) = (1= ) (J — 1) + (1 — )ph(A%) + apl((2n — 2)1 — Diag(d,)). (3.1
Also by Courant Weyl inequality,

PL(G) < (1= ) (J — T+ A4°) + aph (2 — 91 — Diag(dy)), (2 <i <)
Pe(G) < (1=a)pa(J =D+ (1=a)ply (A% +apy((2n—2) —Diag(d,)), (2 < i < n). (3.2)

Note that G¢ is the union of complete graphs K,,,, K,,,..., Ky,, which follows that
pL,(A¢) = n; —1, where i = 1,2,... k. Therefore, from equations (3.1) and (3.2), we have

an+ng —ng) +n; —2<p(G) <an+ng —ni_1) +nio1—2, for 2<i<k.
Thus, p(G) > a(n +ng) — (1 +a) for i = 2,3,...,k, since n; > 1 and pL(G) >
n(l + a) — 1. Thus the multiplicity of a(n 4+ n1) — 2 is n — k.
"

Theorem 3.3. Let G = K,,, ..., be a complete k-partite graph. Then the characteristic
polynomial of Do (G), i.e., Pp_(a)(p)

k k k

= l;[l(p —a(n+mn;)—2)mt 1;[ (p+2—n; —aln+2n))1—(1—a) _le:#‘nj) .

Proof. Let G be a complete k-partite graph. Then the D,-spectrum of a complete k-
partite graph K, n, . n, has the form D,(G) = (1 — a)D(G) + oT'(G) with a € [0, 1],
where D(G) is the distance matrix of G and T'(G) is the transmission matrix of G. We
see that the Do (Kp,, . ):

s, (1= ) ysny (L= @) Tnyxmy o (L= @)y,
(l_a)Jngxnl Sa (l_a)JnQXng (1_01)‘]712><nk
(I =a)Jngxny (1= a)Ingxnsy Ss oo (= a)Tngxny,
- ’
(1_0‘)Jnk><n1 (1_(1)Jn,k><n2 (1_0‘)Jnk><n3 Sk

where S; = 2(1 — a)J,, + (a(n+n;) —2)I,,,), i =1,2,...,k and J,, is the all-one square
matrix of order n; and I, is the identity matrix of order n;. By Theorem 3.2, we have
det(pl — Dy(G))

S (a —Al)'sz (a—=1)ns ... (a—1)ng
k (e — 1)ny So (a=Dns ... (a—1)ng
H( ( + ) +2)n-71 (a—1)n1 (a—1)ng S3 oo (a=1)ny
= p—an+n; i . . . , . ,
i=1 . : : " :
(a=1)ny (a—1)nz (a—1)ng S

Where§i=p+2—a(n+ni)—2ni fori=1,2,... k.
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p+2—am+n)—2n1 (a—1ny (a—DLnz ... (a—1)ng
a(n+2n1)+n1—2—p Sa 0 0
k 1 a(n+2n1)+n1 —2—p 0 S3 0
= H(p —a(n+n;)+2)"" : : : - ; ;
bl . . : . .
a(n+2n1)+n1—2—p 0 0 . Sk

where S; = p — a(n +2n;) —n; +2 for i = 2,3, ..., k. Therefore,

Pp_c)(p)
k k k
=H<p—a<n+m>—2>""'1[H<p+2—m—a<n+2m>>(1—<1—a> > nﬂ}
=1

i=1 j=Li#i
u

4. SOME BOUNDS ON GENERALIZED DISTANCE SPECTRAL RADIUS

The line graph L(G) of a graph G is such that the vertices of the line graph are the
edges of the graph G and any two vertices in L(G) are adjacent if and only if their cor-
responding edges in G share the common vertex [22].

Let Fy, F5 and F3 be graphs on 5 vertices as shown in Figure 2.

o—o—0—0—D
F v I3

FIGURE 2. The forbidden induced subgraphs.

We use the following theorem to prove the next theorem.

Theorem 4.1 ([23]). For a connected graph G, d(L(G)) < 2 if and only if none of the
three graphs F1, Fs and F3 (see Figure 2) is an induced subgraph of G.

Theorem 4.2. Let G be a connected graph on n vertices, m edges and deg(v;) = d;. If
d(G) € 2 and G does not contain the induced subgraphs Fy, Fy and F5 (see Figure 2).
Then,

2m? — zn: d?
S =1
pa(L(G)) > -

Proof. Let G be a connected graph on n vertices with d(G) < 2 and G does not contain
the induced subgraphs Fy, Fy and F5 (as shown in figure 2). Let V(G) = {v1,v2,...,v,}
and d; denote the degree of vertex v;, i = 1,2,...,n. As d(G) < 2, it can easily be seen
that the i" row of D, (G) consists of (1 — a)d; ones, (1 — a)(n — d; — 1) twos and the
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diagonal entry will be a(2n — d; — 2). Let X = (1,1,...,1)* be the all one vector, then
by using the Rayleigh Quotient, we have
XTD, X 1

— Z(a(2n —di— 1D +2(1—a)((n—d; — 1)) + (1 — a)(d;)).

> — =
pa(G)/ XTX ni:1

n

1 2n(n —1) —2m
> — — s — = -
pa(G) = - ;:1(2n d; —2) -

From graph G, let number of vertices of L(G) be ny = m and number of edges of line

1

graph L(G) be my = 3 >~ d? — m. Now since G is connected with d(G) < 2, where G
i=1

does not contain the induced subgraphs Fy, F» and F3 (as shown in figure 2), then by

Theorem 4.1, d(L(G)) < 2. Therefore,

2 ) 2m— 3 &2
2n1(n1—1)—2m1 m(m )+ m 2; ¢

pa(G) = o = -
and thus
2m? — i d?
pall(G) 2 —— =
So we get the required bound for L(G) with d(L(G)) < 2. m

Corollary 4.3. Let G be a connected r—regular graph on n vertices where G does not
contain the induced subgraphs Fy, F» and F5 (as shown in Figure 2). Then

pa(L(G)) = r(n —2).

Proof. Let G be r—regular graph of n vertices. Then the number of edges m in G is
m= % and d; = 7. So by Theorem 4.2, we have

2m? — Y d?
i=1

pulL(G)) > —— T

2% - 3 2
= =1 _ r(n—2).

(%)

The following lemma is useful to prove the next result.

Lemma 4.4 ([18]). Let G be a connected graph with diameter d < 2. Then G is regular
if and only if G is transmission regular.
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In any graph G, there is always a possibility that more than one vertex has the same
degree. So, more than one vertex may also have the same maximum degree A;. By
second maximum degree, we mean the degree Ay where A; > As. For illustration,
consider the following figure where vs3, v4 and vs have maximum degree 3 and vy, ve have
second maximum degree 2.

Vq V3

Vg
Ve

Vo Vy
FIGURE 3. Graph with Ay =3 and Ay = 2.

Theorem 4.5. Let G be a connected graph on n vertices with mazimum degree Ay and
second mazimum degree Ag. Then po(G) = dn —4 — Ay — Ay with equality if and only if
G is a reqular graph with diameter d < 2.

Proof. Let G be a connected graph and p,(G) be the D,-spectral radius of G. Let

x ={x1,...,z,} be the Perron eigenvector of D, (G), where each z; corresponds to ver-
tex v; for i =1,...,n, such that ; = min z; and z; = min xy.
1<k<n 1<k#i<n

From eigenequation py(G)z, = Do (G)x,, we have

Pa(G)z; = aTrz; + (1 — ) Z divy = (az; + (1 — a)x;)T'r;
v=1,v#1
and
pa(G)z; = alrjz; + (1 —a) Z djpxy = (az; + (1 — a)x;)Tr;.
v=1,v#j
As we know,

Tr; = Z dip >di+2(n—1—d;) =2n—2—d;

v=1,0%i
and .
Tri= > djy>dj+2n—1-d;)=2n-2-d,,
v=1,0%£]
we can get,
pa(G)zi = (2n — 2 —d;)(ax; + (1 — a)z;) (4.1)
and
PGz = (2n —2 —dj)(az; + (1 — o)) (4.2)

Adding equations (4.1) and (4.2), we have
pa(G) (@i + ;) > (20— 2 — di) s + (1 — a)a;) + (20 — 2 — dy) (aa; + (1 - a)ay)
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which implies that

pa(G) 2 2n—2—a(d; +d;) =2n—2 — a(A1 + As).

It can easily be deduced that equality holds in above inequalities only if G is a regular
graph with diameter d < 2 and all z; are equal. If d = 1, then G = K,,. If d = 2, then
we get po(G) = 2n — 2 — d;, which implies that G is a regular graph. Conversely, from
Lemma 4.4, we get that po(G) = 2n—2— Ay, if G is a regular graph with diameter d < 2.
n

In a similar way as explained before for maximum and second maximum degree in a
graph, we can define minimum and second minimum degree in any graph. From Figure 3,
we can see that minimum degree is §; = 1 and second minimum degree is § = 2.

Theorem 4.6. Let G be a simple connected graph on n vertices. Let §1 be the minimum
degree of G and 2 be the second minimum degree. Then

d(d

M«ngdn———gil—l—aw—1xa+5g

With equality if and only if G is a regular graph with diameter d < 2.

Proof. Let G be a connected graph and p,(G) be the D,-spectral radius of G. Let

x ={x1,...,2,} be the Perron eigenvector of D, (G), where each z; corresponds to ver-
tex v; for i = 1,...,n, such that z; = max z; and z; = max xy.
1<k<n 1<k#i<n

From eigenequation p,(G)z, = Dy (G)x, we have

pa(G)z; = aTrx; + Z dipty < (az; + (1 — a)x;)Tr;
v=1,v#1
and
n
pa(@)zj; = aTrjz; + Z djpzy < (azj + (1 — a)x;)Tr;.
v=1,v#£j
Now note that,

Tri= Y (hvgch+2+~~+(d—1}+ﬂn—1—dr4d—2ﬂ::dn—dxd—ly—gg%;gl—l
v=1,v#1
" d(d —1)
Trj= > djy < dit 2+ +(d=1)+d[n—1~d;~(d~2)] = dn—d;(d~1) - =51
v=1,v#£j
Then we can get
d(d—1
pJGﬁqg(WM7QMAJ)74L5—2fIXQ%+(lfaﬁﬂ, (4.3)
did—1
pJang@mfdﬂdfmAuiz—lgquw+«1fang. (4.4)

Adding equations (4.3) and (4.4), we have

d(d-1)

Pa(G)(z; +x5) < (dn — —1—a(d-1)(d; + dj)> (@i +xj).
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Then
d(d—1)
2

d(d — 1)

pa(G) < dn — 5

—1—a(d—1)(di—|—dj):dn— —1—0((d—1)(61+52).

If the equality holds in the above inequalities, then we see that all x; are equal, and
hence D, (G) has equal row sums. Therefore, we say that G is transmission regular. If
diameter d > 3, then by Equation 4.3, we see that for each vertex v;, there is exactly one
vertex v; such that d;; = 2, and then d < 4. If the diameter of G is 3 and equality holds,
then for a center vertex v;, from D, (G)r = po(G)z and Equation (3), written for the
component x,, we have

pa(@)x; = aTrix; + (1 —a)dix; + (1 — a)2(n — 1 — dy)x; = (2n — 2 — d;)x;.

Thus, d; = n — 2, which implies that G = Py, but P, is not transmission regular, a
contradiction. Therefore, G is a regular graph with diameter d < 2. Conversely, by
Lemma 4.4, we can get that p,(G) = 2n — 2 — §1, if G is a regular graph with diameter
d<2. [ ]

Lemma 4.7 ([12]). Let G be a connected graph with n being an automorphism of G, and
x a distance a-Perron vector of G. Then for u,v € V(G), n(u) = v implies that x, = x,.

Theorem 4.8. Let S, be a star graph on n > 4 vertices. Then

~ n24+a) -4+ y/n?(a—2)> —4(n—1)(20% — 6a + 5)

pa(Sn) = 5 .

Proof. Let S, be a star graph on n > 4 and let p,(S,,) be the D,-spectral radius of S,,.

Alsolet © = {z1,...,z,} be the Perron eigenvector of D,(S,,), where each z; corresponds
to vertex v; for i = 1,...,n. Let v; be the central vertex of S,,. Then by Lemma 4.7, we
see that 1 = --- = x,. Then by using eigenequation p, (Sp)z; = D (Sy)x;, we have
Pa(Sp)xr1 = aln— Dz + (1 —a)(n — 1)xs (4.5)
and
Pa(Sp)xe = (1 — @)z 4+ (2(n — 2) + a)xa. (4.6)

Thus, pa(Sy,) is the largest root of the equation obtained from equations (4.5) and (4.6),
P+ (4=n(2+ a)pa + (20 +1)(n = 1) + 2a(n(n — 4) +3) =0,

~n(24+a) —4+y/n?(a—2)? —4(n —1)(20% — 6a +5)

pa(sn) = 5 .

We would like to pose the following problem.

Problem 1. Let G be a tree on n > 4 vertices different from S,. Then pa(G)>pa(Sp).
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5. CONCLUDING REMARKS

Inspired by the work of [12] work on D,-spectra, we consider some sharp bounds on
generalized distance spectra of connected graphs. The results are the generalization of
[24], [10] and [18]. Some results on Dy-spectrum of complete multipartite graphs are
discussed, which basically lay the ground work for many other interesting results and
problems. These ground results are helpful in many different graph theoretical problems,
mainly the problems related to the graphs determined by their D,-spectra. The bounds
discussed and proved in the article are actually very effective in merging the distance
Laplacian and distance signless Laplacian spectral theories.
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