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1. INTRODUCTION

The theory of group representations is important mathematical objects with broad
applications. It has been known for many years that the Fy Lie algebra and group are
closely related to atomic physics (see [1]). Wadzinski [2] considered the group Fy in the
classification of the states of an N-electron configuration (s +d + g + h)". Judd [3] has
considered the applicability of the Lie group Fj to the atomic f-shell.

Xu [1] considered partial differential equations approach to Fy and used partial differ-
ential equations to explicitly find all the singular vectors of the polynomial representation
of the simple Lie algebra of type F, over its 26-dimensional basic irreducible module,
which also supplements a proof of the completeness of Brion’s abstractly described gen-
erators. In this paper, we consider partial differential equations approach to Fj in other
ways. We utilize the 26 x 26 matrix generators for Lie algebra Fy in [5] for constructing
representations of Fy. A realization of all irreducible finite-dimensional representations
of F} is found in section 3. In the last section, we study solutions of a system of PDEs
through the representations.
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Consider the system of four partial differential equations as follows:
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where n1, no, n3, and ny are non-negative integers. We will find all solutions of the system
by examining the Lie algebra of differential operators generated by the linear differential

operators
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The system can be written as

An1+1

9

Bn2+l

Cn3+1
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The Lie algebra Z of differential operators generated by A, B, C, and D is the Lie
algebra of a 24-dimensional nilpotent Lie algebra, which turns out to be isomorphic to
a maximal nilpotent subalgebra of the exceptional simple Lie algebra of class Fy. This
property of the differential operators A, B, C, and D is useful for studying the solutions
of the system of PDEs (1.1).
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2. MATRIX GENERATORS FOR THE LIE ALGEBRA F)

Howlett et al. [5] gives a uniform method of constructing matrix generators for algebras
of Lie type with particular emphasis on the exceptional Lie algebras. The constructions
have been implemented in a computer algebra system Magma. We consider the 26 x 26
matrix generators for Lie algebra Fy in [5] as follows:

oy = Fro+FEsg+ E710+ Eg 12+ 2F11,13 + F11,14 + E13,15 + Ei6,17 + Eig,19 +
E50,21 + Eas 26,
oy = Foz+ Eye+ Es7+ Fgi11+ E1213 + 2F1214 + Ei4,16 + E15,17 + E19,22 +
Eo1,23 + Ea4 25,
€ay = FEsa+E7;9+ FEio12+ Ei6,18 + E17,19 + Eo3.24,
€as = FEus+ Ee7+ Egi0+ Ei1g20 + E19,21 + Fa2 23,
oy = DFEo1+Ege+ Eio7+ Ei29+ E1311 +2E1513 + Ei514 + Ei7,16 + E19,18 +
Eo1,20 + Ea6,25,
oy = FEsa+Ess+ Ers+ Eig+ Eui2+ Eie13 +2E16,14 + Ei715 + Eaz19 +
E9301 + Eoas 24,
€ay = €h,,
€ay = €h,,

where E; ; is the 26 x 26 matrix with 1 in the ¢jth position and zeros elsewhere.
Let

hl - [eoq 5 efoq] 5
hy = [eaz ) 67(12] )
hs = [eag ) e—ag] )
h4 - [eoz4 5 e—a4] 5
Cartay [eot1 ) eaz] ’
Caitastas = [ea1+042 ) e!ls] )
Car+20p+as = [6041+(12+(137 ea2] ’
Caytaztastas T [eal+ll2+a37 6064] ’
Car+2az+taztas = [60&1+a2+043+a47 €a2] )
Cay+20r+2a3+as = [6041+2042+Oé3+0647 6a3] )
Car+3ast2astas = [Car+2as+2a5+aqs Cas] s
Castas = [ea2 ) eas] )
Caztaztos = [ea2+a3 , ea4] ,
€201 +3a2+2a3+as [6a1+3a2+2a3+0¢43 eal] 5
1
€201 +2ar+az 5 [ea1+202+20437ea1] )
€201 +2a2+aztas  —  |€2a1+2aztass 6044] ’

€2a1+2az+2a3+0ay

[
[eQal +2az2taztass eas] )
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Caztoay
€2as+as

€2as+as+au

€2a5+2a3+aa
€201 +4as+2as+aq

€201 +4as+3az+aq
€200, +4as+3as3+2ay
€—a;—as
€_a;—az—as
efa172a27a3
€y —as—az—oay
€C—_a;—2as—az—ay
€1 —200—203—ay
e—a1—3a2—2a3—a4
€_as—as

€ _as—az—ay

ef2a173a272a37a4
672011 72&27013
6720417204270437(14
6—2041—2042—2013—044
€—az—ay

6—20{2—(13
6—2()42—043—(14
67201272(137014
6—2041—4(12—2013—(14

6720(1 74&2 73&3 — Qg

6720&1740&2730{3720&4

where the commutator [a,b] = ab — ba.

[eaga 6064] b

1

) [€a2+0¢37 60&2] )

[62062 +asz> eoé4] ;

[62042+Ots+0447 6063] ’
1
5 [ea1+3062+2013+0647 €a1+062] )

[e2a1+4a2+2a3+a47 €a3} )
€201 +4az+3az+aqs €au)
€—ays€—as)

C_ai—ass 6,a3] 5
€—a1—az—ag: €—as]
e—al—ag—agae—a4] )
€y —ag—asz—ouy e—ag] 5
€1 —200—a3—ay» 67(13] )
e—a1—2a2—20¢3—a4a e—ozz] )
€—ay> e—ag] )

€C_ao—as;s €7a4] 5

€—a1—3az—2a5—ay> 67041] ;

[efa172a272a37 67041] )

N =

672a172a27043 ) 67044} )

€201 —200—ag—augs e—OL:;] 5

e—agv 6—&4] b)
1
5 [e—ag—aga e—az] 9

[e—2a2-a3,€—au] 5
[

6720427(137014’ e*l)és] )

1

2 [e—a1—3a2—2a3—o¢47 e—Oq—az} )

[672a174a272a370¢47 67043] )

[6*2041*400*3(13*&47 67014] ’

We shall denote by g the Lie algebra of class Fj spanned by hq, ho, h3, hy and the
root vectors e;, which correspond to the roots i, where that positive roots are aq, as,
Qasg, Q4, a1 + Qo, @1 + ag + ag, a1 + 200 + a3, a1 + as + az + ay, a1 + 200 + asg + ay,
a1 + 2@2 —+ 2@3 + Qy, Q1 —+ 30&2 + 26!3 —+ Ay, Q2 —+ agz, (2 + Q3 —+ Qy, 20&1 —+ 30[2 —+ 20[3 + Qy,
2001 + 200+ a3, 201 + 200 + a3 +ay, 200 + 2054+ 203+ g, g+, 2000+ 3, 200 + iz -y,
200 + 23 + g, 2001 + dag + 2a3 + oy, 200 + dag + 3ag + ay, 2aq + 4das 4+ 3ag + 2ay,
and negative roots are -1, —Qg, —3, —OQy, —Q¥1 — O, —(¥1 — QO — 3, —(X1 — 2042 — (3,
—0] — G — O3 — Oy, —OX1 — 20&2 — Q3 — Oy, —O1 — 2042 — 20(3 — 0y, —OX1 — 3052 — 2053 — Oy,
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—Qig —Qig, —Qig — Qg3 — Oy, —201] — 3 — 23 — Qg —2011 — 20 — vz, —201 — 2000 — Qi3 — Qug,
—20&1 — 2042 — 2043 — Oy, —(3 — Q4, 2042 — Qs3, 2042 — 3 — Oy, —2042 — 2@3 — Oy, —2041 —
dag — 2a3 — ay, —2a1 — dag — 3az — ay, —2a;1 — 4dag — 3az — 2y, and a simple system
of roots (a1, e, a3, ay).
The Cartan matrix is
2 -1 0 0
-1 2 =2 0
0 -1 2 -1
0 0 -1 2

and the corresponding Dynkin diagram is

1 1 2
[¢] (¢] (¢] o .
ag (&3] as Qq

3. CONSTRUCTING REPRESENTATIONS OF [}

Let G be the Lie group with Lie algebra g. Then H;(t;) = e'i"i| E;(t;) = e'® are one
parameter subgroups of Lie group G.

Using these one-parameter subgroups of group G, we shall now construct some of its
subgroups that will be utilized for constructing some representations of G. The first of
these subgroups is a maximal nilpotent subgroup of group G and is constructed as follows:

Zy = H Ei(t)|ti e R 5,
ien+

where AT is a set of all positive roots.
We also construct another maximal nilpotent subgroup as follows:

Z_={ [ B-it-)lt-i eR
et

The subgroup denoted by H, which is a maximal abelian subgroup of G, is defined as
follows:

H = {Hi(t1)Hy(t2)Hs(t3)Ha(ts)|t1,t2,t3,t4 € R},

and the subgroup denoted by B_, which is a maximal solvable subgroup of G, is defined
as B_=Z_H ={z_hlz_ € Z_,h € H}.
For (P,Q, R, S) € C*, we define a mapping apg rs: H — C by

H1 (tl)HQ (tQ)Hg(tg)H4(t4) — 6Pt1 6Qt2 6Rt3 €St4 .

By the basic property of the exponential function, ap g r,s is a character of group H.
We extend ap g r,s from H to B_ by the rule: forb_ =2_he B_,z2_€Z_,he H,

apqrs(b-) =apqrs(z-h)=apqrs(h).

For (P,Q, R, S) € C*, we define an induced representation 7775 = ind§ ap o r.s.
It operates in the space

Faronrs(G)={f € CT(G)|f(b-g) = arqrs(b-)f(g),b- € B_,g € G},
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where C*°(G) is the set of all complex-valued smooth functions on G, by

Tgremsf(h) = f(hg),h,g €G.

Because the subset B_Z, is dense in G (see [(]), the functions from the space

F

XP,Q,R,S

(G) are completely determined by their restrictions to the subgroup Z,. This

allows to realize the representations T*7@.%:5 of G in the space C*°(Z,). The respective
representation of the Lie algebra g in the space C*°(Z,.) is realized via the differential
operators as follows: It will be convenient to introduce new parameters. Then we obtain

Th
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) ) ) ) ) ) )
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Since Z is a group with 24-dimensional nilpotent Lie algebra over R, we obtain Z
is diffeomorphic to R?*. Thus we can consider the space of all complex-valued smooth
functions on R?* for the representation space of this representation of g. Furthermore, we
can consider the space of all complex-valued polynomial functions of twenty-four variables
for the representation space of a representation of g, because it is invariant under the
action of all operators T

Denote this representation by @@ %5, Note that only 1 is annulled by the above
positive root vectors, so 1, whose weight is Pwi + Qws + Rws + Swy, where w1, ws, w3, wy
are fundamental weights, is the only highest weight vector in the space of the polyno-
mials. Thus, for @5 where P,Q, R, S are non-negative integers, applying products
of T_o,, T_qn,, T_o,, and T_,, to 1, we obtain an invariant subspace of the irreducible
representation of g.

For P = 1,Q = 0,R = 0,5 = 0, the subspace is spanned by 26 polynomials:
1,A2,...,A26.

For P = 0, = 1,R = 0,S = 0, the subspace is spanned by 273 polynomials:
1, BQ, ceey 3273.

For P = 0,Q = 0,R = 1,5 = 0, the subspace is spanned by 1,274 polynomials:
1,Co,...,C12ms.

Finally, for P =0,Q =0, R = 0,5 = 1, it is spanned by 52 polynomials: 1, Da, ..., Dss.

4. IRREDUCIBLE REPRESENTATIONS OF F}

Let V@RS he the real vector space spanned by
a2 aze b2 ba7s yeo €1,274 yda dsa
A5? . ASE By .. BRR Oy Oy D2 oo D32,

where a2+...+a26 S P, b2+...+b273 S Q, CQ+...+CL274 S 1%7 and d2+...+d52 S S.

By direct computation, we obtain V7@ %5 ig invariant under @9, Thus Q:1:9
is a finite-dimensional representation of g in V@5 Since 1, whose weight is Pw; +
Quso+ Ruws+Swy, is the only highest weight vector of @15 in V@RS and @15 ig
completely reducible, so @5 is an irreducible representation of g in V@85 (see [0]).

5. SoLuTIONS OF THE PDESs

Consider in the space C°°(G), two representations of the group G, S, f(h) = f(g'h)
and T, f(h) = f(hg), where h,g € G. Observe that S, and T, commute in C*(G),
for all g,h € G. Let X be the dual space for the space C*°(G), that is the space of
all distributions with compact support on . Consider in X, two representations of the



1486 Thai J. Math. Vol. 20 (2022) /S. Saenkarun

group G conjugate to S, and T, that we shall denote by §g and fg, where §g = S;‘,l

and fg = Tg*,l. Here # denotes the adjoint operator, that is, if (f, F') is the canonical
bilinear form for the pair C*°(G) and X, then (Af, F)=(f, A*F), for any linear operator
Ain C*(G), f € C*(G), and F € X. Let 1. be the d-function on G with support at the
identity e of the group G. Then it is easy to see that §gle =1, and Tgle = 14-1, where
14 is the d-function with support at the point g of G and 1,-1 is the same for g~ '. This
implies that ggle = Tg—l 1.

Because the representations S and T are C'*°-differentiable, we may consider their
differentials, that is the representations of the universal enveloping algebra U (£), which we
shall also denote by S and 7', and the conjugate representations will be again denoted by
Sand T. In algebra U(£), we consider the principal anti-automorphism v — «’, where
uw = —u, foru € £, and (uius ... uk)" = ujuj_, ... u;. Then we obtain S(u)le = T(u)1e,
for all w € U(L).

The space E, = Fo, (G) = {f € C%(G)|f(b-g) = apq(b-)f(9),b- € B,g € G} can
be identified as the space of the solutions to the system of PDE.

S(xzy)f =0, for all v € IIy, where Ilj is the set of simple roots,

Sz — (o —p,z))f =0, for all x € $H, where o is the signature of the inducing repre-
sentation and p the half-sum of all positive roots (see [7]).

Denote by I, the cyclic submodule in U(£)-module X generated by the elements
T(z,y)le, for all v € Iy, T(z — (o — p,z))1e, for all z € 5.

Proposition 5.1. E, is the orthogonal complement for I, with respect to the canonical
bilinear form {.,.).
Proof. Let f € E,. Then
<f, fgiﬁ1e> — <Tgflf, §w,516> = (S, Tyr f,10) = (Ty-1Ss, f,1.) = 0, for all B € Iy,
and N
<f7 TgTa:7<afp,:1:) le> = <Tg*1f7 ‘97337(0'7/),1:) le> = <Tg*1 :cf(o'fp,m).fa 1e> =0, forall z €
h. So that E, C (I,)*.

Reversely, let ¢ € (I,)*. Then T, € (I,)*, and
0= <Tg71<p,f$ﬁle> = (Ty1Suy0,1.) = <Sxﬂg0,fgle> = (Ty,i0,1,), forall g € G.
But this is equivalent to S;,¢ = 0. Similarly for (¢ —p,z), € h. Thus E, = (I,)
This is the end of the proof. ]

1

Following [3], let 0 € $* and x be a positive root such that o(x) = N, where N is
a positive integer, and let M, be the Verma module corresponding to o, and 1, be a
highest weight vector of weight o — p in the module M,. Then M,_y, is imbeddable
into M,, and so there exist Té\fx in a universal enveloping algebra of a maximal nilpotent

subalgebra of £ spanned by all negative root vectors such that Ty Ny = Té\fxlg, where
T{,_NX is the image of 1,_, under the imbedding.

Proposition 5.2. S(Té\fx) 1s an intertwining operator for E, and E,/, where 0’ = c—NY.
Proof. 1t is sufficient to show that S(TY,)E, C E,. Let f € E; and v € [],. Then
(Srx Ty Tole) = (Tys £, T, Sz yle) = (Ty s £, To, Ty 1e) = (T £ Ty 1)
But a:WT;YX el,. So TVMTJVX le € I. Since T, f € E,, the last expression is equal to 0.
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Let x € $). Then
<ST§{Xf7 fgf(w—<a—Nx—p,a:))le> = <Tg*1fa §(T§X)/T(w—<a'—Nx—p,a:))le>
= (T f, T(w—<a—Nx—p,w>>T;YX16>~

But (x — (0 — Nx —p,x >)TN € I,. So T (0—Na—p,a))TN, 1. € I,. Therefore the last
expression equals 0, because T,-1 f € E, C IJ- This is the end of the proof. m

When 7 is a simple root, then TN = 2N ~» Where for any root A, 2 is a root vector for

A
For the simple root aq,
d
ILif(h) = ESEgrl(t)f(h)h:o
= (—2— 9 _ g—rﬁ ﬁ—tﬁ—i—(e—as— c—i—b)g—uﬁ—i—
= Vo0 Pov Toc "od o of PeT e~ "ag
(br—at—i—f—pd)% (pu—i—qt—rs)aah (—dq—i—cr—au—i—g)aﬂk-i-
(—2pau + 2er + bu + ds + 2pg — 2fq — ¢t — h — 2asr+2atq)gl
(bqt—pbu—brs—l—et—i—ph—fs)i + (eu—i—hq—gs—&—ctq—crs—pcu)z—l—
om on

(dgt — pdu + hr + fu — gt — dsr)%)P'Hf(h)
APFLf(h)

is an intertwining operator for Epy, +Qus+Rws+Sws and E_(pLoyw, +(P+Q+1)ws+Rws+Sews -
So, VPQ:RS C Ker I.
For the simple root as,

d
sz(h) %SEggrl(t)f(h”t:O
0 0 0 0 0 0
= (g Yoy~ Wgr H @ PG P gt (or = qu) 5 ()
Bt f(h)

is an intertwining operator for

Epu, +Quat RwstSws a0 E(P1Q11)w, —(Q+2)wa+(Q+R+1Dws+Sws

So VPQRS C Ker I,.
For the simple root ag,

I;f(h) = %SEigl(t)f(h)‘t:() = (—% - xa%)m-lf(h) = CF+1f(n)

is an intertwining operator for

Epu;+Quat Rws+Sws A Epyy, 4 (2R4+-Q+2)ws — (R+2)ws+(R-+S+1)ws -

So VP@ES C Ker I5.
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For the simple root ay,

d
L () = s Pl = ()5 (k) = DS f(h)

is an intertwining operator for Epw, +Qu,+ Ruws+Sws a0 Epy, 4 Quy+(R+5+1)ws —(S+2)ws- SO
VEQRS C Ker I,.
Then VP@RS = (Ker I) N (Ker Iy) N (Ker I3) N (Ker Iy). That is,

az aze b2 b273 c2 C1,274 do dso
A5? . LASE By .. B O, 011274 Dy? ... Dg3?,

where as+...4 a2 < P, bo+...+ba73 < Q, cat...+croma < R,and do+...+ds2 < S,
are all solutions of the system (1.1), and they are the only solutions of this system of
partial differential equations.

6. CONCLUSION

In this paper, we study a method to find all solutions of a certain system of PDEs. by
considering representations of a Lie group. That is, the space of solutions of the systems
of partial differential equations

_0 00 0 0 0 e—as- C+b)f_u2
oa Yoo " Toc " "ad Sve oy per o ag

0
+(br—at+ f— pd)—-l—( pu—l—qt—rs)——‘r( dq+cr—au+g)ak

+(—2pau + 2er + bu + ds + 2pg — 2fq — ct — h — 2asr + 2atq)&

+(bgt — pbu — brs + et + ph — fs)i + (eu + hq — gs + ctqg — crs fpcu)i
om on

8 Qni1+1
+(dgt — pdu + hr + fu — gt — dsr)% e = 0,
) d d ) d o 2t
= —w—=— _ —- _ _ - = 0
o Uog war-i-(q pv)as (r pw)at (or QW)au_ ® )
o o natt
Y .9 = 0
[ v ow] s ’
o] nga+1
[_% ¥ = 07
where ni, no, ng, and ny4 are non—negatlve 1ntegers and the operators — 5 — p=- ab —q5 ac

r2 —sl—t a—f—&—( e—as—pc+bg) 2 “ag + (br—at+ f — pd)aj ( pu+qt rs) 3+
(=dg+cr—au +g)8% + (—2pau + 267’ +bu+ds+2pg —2fq — ct —h — 2asr + 2atq)% +
(bgt — pbu —brs+et+ph— fs) 8?n + (eu+hg— gs +ctq—crs— pcu) + (dgt — pdu+ hr +
fu gt —dsr) &, =& — v —wg + (g —pv) g5 + (r— pw) § + (vr *QW)%, — T,
—% generate a Lie algebra of differential operators, that is isomorphic to a maximal
nilpotent subalgebra of exceptional Lie algebra of class Fy, is the space V@RS of an
irreducible representation spanned by the vectors AS*... A32°BY ... BYOs?. ..y

Dg2...Dg§2,Wherea2+...+a26 SP, b2—|—...—|—b273 SQ, CQ+...+017274 SR, and
do+...+dse <S.
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