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1. INTRODUCTION AND PRELIMINARIES

In [1] the simulation function introduced as follows.
Let ¢ : [0,00) X [0, 00) = R be a mapping, then ( is called a simulation function if satisfies
the following conditions:

(1) ¢(0,0) = 0;

(€2) ¢(t,s) < s—tforallt,s > 0;

(¢3) if {tn}, {sn} are sequences in (0, c0) such that nhﬁn;c) t, = nl;ngo Sy, > 0 then

lim sup ((ty,, s,) < 0.
n—oo
In order to extend Banach contraction principle [2]. In this note we are going to replace
condition (¢3) by the following condition:
(¢3) if {tn}, {sn} are sequences in (0, 00) such that lim ¢, = lim s, > 0 then
n—oo

n— oo

lim inf (¢, sn) < 0.

n—oo

It is clear that condition (¢3) implies ((3') while the following example shows that
converse may fail.
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Example 1.1. Let ¢ : [0,00) x [0,00) — R be defined by

(-H)"—=1  (t,s) e A={(e ™, 1):neN}
C(s,t) =< —ls—t|—1 (t,s)€[0,00) % [0,00)\ AU{(0,0)}
0 (t,s) =(0,0)
Then liminf {(¢,, s,) < 0. But limsup {(t,, $,) = 0 £ 0. Thus ( is extended simulation
n—oo n—oo

function.

We say that the mapping ¢ : [0,00) x [0,00) — R is extended simulation function if ¢
satisfies the conditions (¢1), ((2) and (¢3').

Hence the class of simulation functions is a proper subset of the class of all functions
whose satisfy in (¢1), (¢2) and (¢3’). We denote the set of all simulation functions by Z..

The rest of this section we recall standard definitions.
Let (X, d) be a metric space and T : X — X be a mapping, then T is called a contraction
(Banach contraction) on X if

d(Tz,Ty) < Ad(z,y) for all z,y € X,

where ) is a real such that A € [0,1). A point z € X is called a fixed point of T if Tx = x.
The well known Banach contraction principle [2] ensures the existence and uniqueness of
fixed point of a contraction on a complete metric space. After this interesting principle,
several authors generalized this principle by introducing the various contractions on metric
spaces (see, e.g., [3-12]). Rhoades [3], in his work we compare several contractions defined
on metric spaces.

2. MAIN RESULTS

In this section we present a fixed point which extends Banach contraction principle by
using extended simulation function. This result improves the corresponding results given
in this area, specially Theorem 2.8 of [1].

The next definition has a crucial role in this section.

Definition 2.1. Let (X, d) be a metric space, T : X — X a mapping and ¢ € Z.. Then
T is called a Z.-contraction with respect to ( if the following condition is satisfied

C(d(Tx,Ty),d(z,y)) >0 for all x,y € X. (2.1)

A simple example of Z.-contraction is the Banach contraction which can be obtained
by taking A € [0,1) and ((¢,s) = As — t for all s,¢ € [0,00) in the above definition.
We now prove some properties of Z.-contractions defined on a metric space.

Remark 2.2. It is clear from the definition simulation function that {(¢,s) < 0 for all
t > s > 0. Therefore, if T' is a Z.-contraction with respect to { € Z. then

d(Tz,Ty) < d(z,y) for all distinct z,y € X.
This shows that every Z.-contraction mapping is contractive, therefore it is continuous.
In the following lemma the uniqueness of fixed point of a Z.-contraction is proved.

Lemma 2.3. Let (X,d) be a metric space and T : X — X be a Z.-contraction with
respect to ( € Z.. Then the fized point of T in X is unique, provided it exists.
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Proof. Suppose u € X be a fixed point of T'. If possible, let v € X be another fixed point
of T and it is distinct from u, that is, Tv = v and uw # v. Now it follows from Remark
2.2, that

d(u,v) = d(Tu, Tv) < d(u,v).
above inequality yields a contradiction and proves result. [

A self map T of a metric space (X,d) is said to be asymptotically regular at point
r € X if lim d(T"x, T" tz) = 0 (see [13]).
n—roo
The next lemma shows that a Z.-contraction is asympotically regular at every point of
X.

Lemma 2.4. Let (X,d) be a metric space and T : X — X be a Z,-contraction with
respect to ( € Z.. Then T s asymptotically regular at every x € X.

Proof. Let x € X be arbitrary. If for some p € N we have TPz = TP~ 1z, that is, Ty = y,
where y = TPz, then T"y = T" 1Ty =T" 'y = ... = Ty = y for all n € N. Now for
sufficient large n € N we have
d(T"z, T ) =d(TnPHipr=ly TrPHTP—1y)
=d(T" Py, T" P 2y) = d(y,y) = 0,
therefore, lim d(T"x,T"*'z) = 0.
n—oo
Suppose 1"z # T" 'z, for all n € N, then it followes from (2.1) that
0 <¢(d(T" 'z, T"z),d(T"x, T" *x))
<d(T"x, T" 'x) — d(T" e, T™).
The above inequality shows that {d(T"x,T" 'x)} is a monotonically decreasing sequence
of nonnegative reals and so it must be convergent. Let lim d(T"z,T"z) =r > 0. If
n— oo
r > 0 then since T is Z.-contraction with respect to ( € Z,. therefore by (¢3), we have
0 < liminf ¢(d(T" " x, T"x), d(T"2, T" x)) < 0.
n—oo

This contraction shows that r = 0, that is, lim d(T"z,T""'x) = 0. Thus T is an
n—oo

asymptotically regular mapping at x. [

The next lemma shows that the Picard sequence {x,} generated by a Z.-contraction
is always bounded.

Lemma 2.5. Let (X,d) be a metric space and T : X — X be a Z.-contraction with
respect to (. Then the Picard sequence {x,} generated by T with initial value xo € X is
a bounded sequence, where x,, = Tx,_1 for all n € N.

Proof. Let xg € X be arbitrary and {x,,} be the Picard sequence, that is, x,, = Tz, for
all n € N. On the contrary, assume that {z,} is not bounded. Without loss of generality
we can assume that x,4, # z, for all n,p € N. Since {z,,} is not bounded, there exists
a subsequence {x,, } such that ny = 1 and for each k € N, nj,1 is the minimum iteger
such that d(xn, +1,%n,) > 1 and d(@m,, s, ) < 1 for ny < m < ngyq — 1. Therefore by
the triangular inequality we have

1 <d(xnk+17mnk) < d(xnk+1’$nk+1*1) + d(xnk+1*17 mnk)

Sd(l‘nwd ) xnk+1—1) + 1
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Letting k — oo and using Lemma 2.4, we obtain klim d(Zny, > Tn,) = 1. By (2.1) we have
—00

d(Znyyy> Tny) < d(Tnyy,—1,%n,—1), therefore using the triangular inequality we obtain

1 <d(Ink+1,l‘nk) S d(xnkJrl—l?I'ka—l)
Sd(xnkJrl—la xnk) + d(xnkaxnk—l)
<1+ d(‘rnwxnkfl)'

Letting k — oo and using Lemma 2.4, we obtain klim (Tnyyr—152Tnp—1) = 1. Now since
— 00

T is a Z.-contraction with respect to ¢ € Z, therefore by ({3), we have
0< likrgiolgf Cd(Twp, -1, Trn,—1),d(Tnyyy—1,Tn,—1))
=lim icgfg(d(xml,xnk),d(xnk+l_1,xnk_1)) <0.
This contraction completes the proof. ]

In the next theorem we prove the existence of fixed point of a Z.-contraction.

Theorem 2.6. Let (X, d) be a complete metric space and T : X — X be a Z.-contraction
with respect to (. Then T has a unique fixed point w in X and for every xg € X the Picard
sequence {x,}, where x, = Txp_1 for all n € N converges to the fixed point of T.

Proof. Let xg € X be arbitrary and {z,,} be the Picard sequence, that is, , = Tx,_1
for all n € N. We shall show that this sequence is a Cauchy sequence. For this, let
C,, = inf{d(z;,x;) : i,j > n}. Note that the sequence {C),} is a monotonically increasing
sequence of positive reals and by Lemma 2.5, the sequence {x,} is bounded. Thus {C,}
is monotonic bounded sequence, therefore convergent, that is, there exists C' > 0 such
that nh—>Holo C,, = C. We shall show that C'= 0. If C' > 0, then by the definition of C,,, for

1
every k € N there exists ng, my such that mg > ng, > k and Cy, < d(zp,,, Tn,) < Cr + T

Hence

lim d(xm,,, xn,) = C. (2.2)

k—o0

Using (2.1) and the triangular inequality we have
d(xmmxnk) < d(xmkflv xnkfl) < d(xmkflv 'ka) + d(mmwwnk) + d(mnwxnkfl)'
Using (2.2) and letting k¥ — oo in the above inequality we obtain

lim d(@m, -1, %n,—1) = C. (2.3)
k—o0
Since T is a Z.-contraction with respect to ¢ € Z, therefore using (2.1), (2.2), (2.3) and
(¢3), we have

0 < lim infC(d(xmk_hxnk—1)7d($mkaxnk)) <0.
k—o0

This contradiction proves that C' = 0 and so {x,} is a Cauchy sequence. Since X is a
complete space, there exists u € X such that lim x, = u. We shall show that the point

n— oo

w is a fixed point of T. Suppose Tu # u then d(u,Tu) > 0. Again, using (2.1), ({2) and
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(¢3), we have
0< 1inn_1>ior<1>f C(d(Tzp, Tu), d(zn,u))
< 1inni>ior<1)f[d(xn, u) — d(zpi1, Tu))
= —d(u,Tu).

This contradiction shows that d(u,Tu) = 0, that is, Tu = u. Thus u is a fixed point of
T. Uniqueness of the fixed point follows from Lemma 2.3. [

Following example shows that the above theorem is a proper generalization of Banach
contraction principle.
Example 2.7. Let X =[0,1] and d: X x X — R be defined by d(x,y) = |x — y|. Then
x

(X,d) is a complete metric space. Define a mapping 7' : X — X as Tax = for

z+1
all x € X. T is a continuous function but it is not a Banach contraction. But it is a

Z.-contraction with respect to ¢ € Z,, where

s
= — t f 11 .
¢ P} t for all ¢, s € [0, 00)

Indeed, if z,y € X, then

d(z,y)
d(Tz, Ty),d =29 (T, T
C(d(Tz,Ty),d(z,y)) T+ d(z, 1) (Tz, Ty)
_ |$_y‘ _‘ €T _ Y |
1+jz—yl ‘z+1 y+1
|z — y| |z -y

Cltfe—yl (@+1)(y+1)

Note that, all the conditions of Theorem 2.6, are satisfied and T has a unique fixed point
u=0¢X.

In the following corollaries we obtain some known and some new results in fixed point
theory via the simulation function.

Corollary 2.8. (Banach contraction principle [2]). Let (X,d) be a complete metric
space and T : X — X be a mapping satisfying the following condition:

d(Tz,Ty) < Ad(z,y) for all z,y € X,
where A € [0,1). Then T has a unique fixed point in X.

Proof. Define (g : [0,00) x [0,00) — R by (5(t,s) = As—t for all s,¢ € [0,00). Note that,
the mapping T is a Z.-contraction with respect to (g € Z.. Therefore the result follows
by taking ¢ = (p in Theorem 2.6. ]

Corollary 2.9. (Rhoades type). Let (X,d) be a complete metric space and T : X — X
be a mapping satisfying the following condition:

d(Tz, Ty) < d(x,y) — ¢(d(x,y)) for all z,y € X,

where ¢ : [0,00) — [0,00) is upper semi continuos function and ¢~1(0) = {0}. Then T
has a unique fized point in X.
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Proof. Define (g : [0,00) x [0,00) = R by (g(t,s) = s—p(s)—t for all s,t € [0,00). Note
that, the mapping T is a Z.-contraction with respect to (g € Z.. Therefore the result
follows by taking ¢ = (g in Theorem 2.6. n

Remark 2.10. Note that, in the [11] the function ¢ is assumed to be continuous and

nondecreasing and tlim ¥(t) = oo. In Corollary 2.9 we replace these conditions by lower
— 00

semi continuity of ¢. Therefore our result is stronger than the original version of Rhoades

[11].

Corollary 2.11. Let (X,d) be a complete metric space and T : X — X be a mapping.
Suppose that for every x,y € X,

d(Tz, Ty) < p(d(z,y))d(z,y) for all x,y € X,
where ¢ : [0,00) — [0,1) be a mapping such that litlﬁfi’?f(p(t) <1, forallr > 0. Then T
has a unique fized point in X.
Proof. Define (7 : [0,00) x [0,00) = R by (r(t,s) = sp(s) — t for all s,t € [0,00). Note

that, the mapping T is a A-contraction with respect to (7 € A. Therefore the result
follows by taking ¢ = (7 in Theorem 2.6. ]

Corollary 2.12. (Rhoades type). Let (X,d) be a complete metric space and T :
X — X be a mapping. Suppose that d(Txz,Ty) < n(d(x,y)) for all z,y € X, where
n:[0,00) = [0,00) is upper semi continuos mapping such that n(t) <t for allt >0 and
n(0) = 0. Then T has a unique fized point in X.

Proof. Define (gw : [0,00) x [0,00) = R by (gw (t,s) =n(s)—t for all s,t € [0,00). Note
that, the mapping T is a Z.-contraction with respect to (pw € Z.. Therefore the result
follows by taking ¢ = (pw in Theorem 2.6. [

Corollary 2.13. Let (X,d) be a complete metric space and T : X — X be a mapping
satisfying the following condition:
d(Tz,Ty)
/ o(t) dt < d(z,y) for all z,y € X,
0
where ¢ : [0,00) — [0,00) is function such that foe o(t)dt exists and foe o(t)dt > e, for
each € > 0. Then T has a unique fixed point in X.

Proof. Define (k : [0,00) x [0,00) = R by (x(t,s) = s — fot ¢d(u)du for all s,t € [0, 00).
Then (i € Z.. Therefore the result follows by taking ¢ = (x in Theorem 2.6. (]
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