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Abstract Letting G = F/R be a finitely-presented group, Hopf’s formula expresses the second integral
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1. INTRODUCTION

Exploiting a classical theorem due to Hopf, we presented a series of algorithms in
[1] that give upper bounds on group homology in homological dimensions one and two,
provided coefficients are taken in a finite field. In particular, examples confirmed the
results in [2], as well a new result, concerning the rank two special linear group over rings
of number theoretic interest. This paper can be viewed as both a sequel and expansion
of the results in [1].

The initial motivation for constructing the algorithms was to gain insight into special
cases of a conjecture originally given by Quillen in 1971, which we briefly discuss in
Section 2. However, since the algorithms in [1] depend only upon Hopf’s formula for
H,, the usefulness of these algorithms extends to groups beyond the scope of Quillen’s
Conjecture. Moreover, the algorithms are distinct from existing methods of calculating
low dimensional group homology in that they give an upper bound on the homology of
any finitely-presented group, though the upper bound is, at times, very large.

The main contribution of this paper is in Section 3 wherein we present a technique that
expounds on the algorithms in [1] to find explicit generators of these homology groups.
The technique relies heavily upon the above mentioned Hopf’s formula for the second
homology group of a finitely-presented group; the calculations are carried out with the
computational algebra program GAP [3].
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As a byproduct of the calculations related to Quillen’s Conjecture we are involved in a
long term project of preparing a database for low dimensional group homology of linear
groups over number fields and their rings of integers. This work will be extended to
other classes of finitely-presented groups of interest to computational group theory and
algebraic topology. The first set of these calculations is found in Section 4.

We note that when it is clear from the context, we occasionally omit explicitly writing
the ground ring of linear groups as well as homology coefficients.

2. A VANISHING CONJECTURE

One motivational problem for low dimensional group homology, which is related to
algebraic K-theory, is the study of homology for groups GL;(R), where GL; is a finite
rank j general linear group and R is the ring of integers in a number field. An approach to
this problem is to consider the diagonal matrices inside GL;. Let D; denote the subgroup
formed by these matrices. Then the canonical inclusions D; C GL; for j = 0,1, ... induce
homomorphisms on group homology with k-coefficients

In [4] Quillen conjectured:

Conjecture 2.1. The homomorphism p, as given above, is an epimorphism for R =
Z[(p,1/p], p a regular odd prime, ¢, a primitive pth root of unity, k¥ = F,, and any values
of ¢ and j.

Conjecture 2.1 has been proved in a few cases and disproved in infinitely many other
cases. For R = Z[1/2] it was proved by Mitchel in [5] for j = 2 and by Henn in [0] for
j = 3. Anton gave a proof for R = Z[1/3,(3] and j = 2 in [7].

Dwyer gave a disproof for the conjecture for R = Z[1/2] and j = 32 in [3] which Henn
and Lannes improved to j = 14 in [9]; this is an improvement in light of Henn’s result in
[10] that states that if Conjecture 2.1 is false for jo then it is false for all j > jo. Anton
disproved the conjecture for R = Z[1/3, (3] and j > 27 also in [7]. The interested reader
should consult [11] for more details.

This conjecture was reformulated and, in a sense, corrected by Anton:

Conjecture 2.2. [12] Given p, k and R as above, the determinant map induces an iso-
morphism:
Hy(GLa(R); k) = Ha(D1(R); k). (2.2)

Anton’s conjecture led to a proof of Conjecture 2.1 for Z[1/5,(s] and i = j = 2. For a
survey on the current status of conjectures 2.1 and 2.2 we cite [2].
2.1. REDUCTION VIA A SPECTRAL SEQUENCE

Given a group extension
1>N->GC—->Q—1

there is the Hochschild-Serre Spectral Sequence [13, p. 341] with
B, = Hy(Q; Hy(N; k) = Hyyo(Gi k), (2.3)

where we take coefficients in a field k regarded as a trivial G-module. We use this spectral
sequence to reduce a special case of Quillen’s conjecture to an exercise in linear algebra.
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Lemma 2.3. Fiz R a Euclidean Ring and field of coefficients k = F,,
Hy(GLa(R); k) = (Ha(SLa(R); k)G (r)/Im(7) & Ha(GL1(R); k), (2.4)

where, for a group G and a G-module M, Mg is the group of co-invariants and T is the
transgression map E33,70 — ES’)Q.

Proof. Since R is a Euclidean ring, SLs(R) is a perfect group by Lemma 7.2 in [12], and
thus Hq(SLo(R)) = 0. Then applying the spectral sequence 2.3 to the extension defined
by the determinant map,

1— SLy(R) - GL2(R) — GL1(R) — 1, (2.5)
we see that the entries Eg,l are all 0. Thus for ¢ < 3 the qu page is equal to the Eﬁ)q
page.

We also note that

GL1(R) 2 D1(R) = R*, (2.6)
where R* is the group of units of R.

H3 (5L - - .

Ha(SLo)

Hy(5Lz)

Hy(SLy) » - .
Hul:GL|:| H||:GL|j HQ[GL|:| H:gI:GL|:I

FIGURE 1. E? page with 7 : B ; — Ej 5 displayed

Figure 1 displays the E? page of this spectral sequence, and we have included the
transgression 7 : B3, — Ej, for reference. Note that since E2 = E3 for all p and
for all ¢ < 3 then E§,1 =~ E;%. Moreover, E;{q = B, for pyg+1 < 4 and E§72 >
Hy(SL2(R))ar, (r)/Im(T). Since we have chosen field coefficients, any extension problems
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are trivial. Thus we have the following decomposition.
Hy(GLy(R)) = Ey @ EY | @ Ej (2.7)
= Hy(SLa(R))ar, (r)/Im(T) @ Ha(GL1(R)).

[
This immediately implies the following corollary.
Corollary 2.4. As vector spaces over k,

According to equation 2.6 and Lemma 2.3, the Conjecture 2.2 for R a Euclidean ring
is equivalent to the vanishing of the cokernel of the transgression map

71 H3(GL1(R)) — H2(SL2(R))cL, (r)-

In this context, the purpose of [1] was to give a series of algorithms that estimated the
second homology group of any finitely-presented group. More precisely, given a finitely-
presented group G and a finite field &, the second homology group Hs(G; k) with coef-
ficients in k is a finite dimensional vector space over k. Our algorithms give an upper
bound for the dimension of Hs(G;k) and, in particular cases, the algorithms calculate
precisely this dimension.

The algorithms confirmed results by Anton that Conjecture 2.1 holds for
R = SLy(Z[1/p,¢p]) and k =T, for p =3 and p =5 ([12] and [2]).

3. GENERATORS OF HoMOLOGY GROUPS

Let 1 > K 5 F % G — 1 be an exact sequence of groups where F' is a finitely
generated free group and K is finitely generated as an F-module with the F-action given
by conjugation, i and g denote inclusion and quotient homomorphism, respectively. That
is, G has finite presentation given by the generators of F' modulo the normal closure of
Kin F.

Theorem 3.1 (Hopf). Given G, F, K as above, there is an exact sequence
1— [F,R] — [F,F] = H2(G,Z) — 1.

This gives an exact sequence

R F P
R [FF  RFF]

The last two terms are finitely generated abelian groups and algorithms exist to give their
structure. Also in [1], we explain how to use this exact sequence to find an upper bound
on the dimension of Hy(G; k), where k is the finite field of prime characteristic p.

The inclusion homomorphism i : K — F induces a homomorphism i, : A — B where
we have denoted K/KP[F, K] by A and F//K?[F, F| by B. Note that for k € K and f € F'
we have that [k, f] = kfk~' = 1 in A. Thus ¥/ = k in A which gives that A is a trivial
F-module. Let Sk be the set of generators of K as an F-module.

We note that the image of i, is generated by the set of all i.(k) for k € Sk. Then
since B is a vector space over k, there is a subset S% C Sk such that i, (k") with k € S
is a basis for the image of ..

1 — Hy(G,Z) — — 1.



Generators for Group Homology and a Vanishing Conjecture 1465

The primary interest is on the kernel of i,, which is isomorphic to Hy(G; k). As stated
above, a previous paper gives an upper bound n on the dimension of this vector space.
We seek an explicit description of these n elements of Sk. To this end, we restate two
facts:

1. A is a vector space that is spanned by Sk
2. 8% C Sk is a subset with i.(S%) a basis for the image of i, in B.

Let v € A, then v = Z cxA, where ¢y € k, by (1). Note that i.(v) = 0 is equivalent

AESK
to Y exiv(\) =01in B.
AESK
Moreover, each i,(\) = Z ax uix(p), where ay , € k, by (2). Therefore, i,(v) = 0 in
pess
B if and only if
> < > cAaM> in(p) = 0in B,
HES \AESK

which is true if and only if
Z CAAN, = 0
ANESK
for all 11 € Si. We must solve for the cy coefficients to find a basis for the solutions.
If a € A then a = k{lkgz oo =kiky---=ki +ky+--- in F,. We use linear algebra in
B to find a basis for the image of i, {i.(k) : kK € K}. The following commutative diagram
illustrates the above discussion.

I
KP[F, F|
K J= F
KP[F, K] KP[F, K]

3.1. AT THE PRIME 7

We consider the group G = SL2(Z[1/7,(7]), where (, is a primitive pth root of unity.
In [2] it is proven that this group is generated by

S = {Z, uy, u2,us, a, b7 b07 bla b27 b3a b4a b57 b67 ’U)}
modulo the relators
R = {b;'2%bz%a, w2 uiugus, 27, [z, ui], [ui, ug),at, [a?, 2], [a?, uil,
a"'zaz,a" "uzaug, [bs, bi] , b~ 3a?, b= 3bob1babsbabsbg, by “w by tw,
(bobflaflul)B, (bobgla*1u2)3, (bobglail’ll,g)?),
(bobl_lbglbga_lul1l2)3, (bobf1b§1b4a_lu1u3)3, (‘bobglbglbéa_%t@u?,)g,
(boby by tbsbabsbg ta turugus)?, a=2b™ fugbz 3 by 23 b, )

where i,j € {1,2,3} and s,t € {1,2,3,4,5,6}.
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That is, there is a short exact sequence 1 — N(R) — F(S) - G — 1 with the
set S generating the free group F(S) and the set R normally generating the subgroup
N(R) C F(S).

We begin by reducing the number of generators and relators in F'(S)/N(R) in order
to simplify the final calculations. Via GAP, it is easy to verify the following.

Proposition 3.2. There is an isomorphism of finitely-presented groups that maps the
generators of the free group F(S) to the free group generated by S’ = {z,u1,us,u3,a,b1}
in the following way:

z =z

Uy = U

Ug +Hr U

us +r us

a = a

b — 273b23%a7!
by +— Z_3b12:3

by — b

by — z3blz*3

by — zilblz

by — 22b12_2

by — Z_2b12:2

bg zblz_l

w 272u1271u2u;:,.

Moreover, the isomorphic finitely-presented group has set of 32 relators

r_ 1, -1 —1, -1
R = {zugz"'uz ", uguguy u;z -,

-1, —1
UrU2Uy Uy
u;;au;;a_l7
ulaula_l,

—1. —1
2UZT Uy
at,

-1, —1
U1U3u1 7.L3 s
zaza™t,
zulz_lufl,
ugauyfl,

27,
blzflblzbl_lz’lbl_lz,

-2y 231 _-27-1 2
b127%b12°b] 27 b] 27,
273b1z7 a2 a7 by 2Ba,
b12_31)1z_zb_2z_1a_1u3a_1z_1b_lu;),

1 1 )
blzflbI_QZflblaflzduQa’1zfzbl_1u2,
bzt 2730 22 a2 b g,

-3y ,3p—1,-3,—1.3
biz7°b1z b11 z 1b1 12 =
—1p—r =1 =1, =1 g—1_ -1 _—1
27 ZZUQ 1zu31 Uy izbl 27Uz T ugus,
by Tuy tzuy tuy 2207 23w ugus,

2730 T2 g e gt e 0T tug ugus,
2y Tuy tug fuy 230 B 2 tugus,
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2307 Tug 2 2ug tuy 27 2by  2ug ugus,
22b1273b1273b1 2by 2b1 2301 2 T h1a 2,
2730127 g ta T by 2 b e By
a 1273 27 2B e
27 22 2Py ta e b e 2y 28
uzta™ 'z 2720 2Bug et
bl_lzfgblzailz’Qulbflzfigblz3u1_1a71
by 27301 2%u Y
bl_lz‘lblz_2b1z_lbl_la_lz?’ulqu?’bl_l
zbleblzbl_lul_la’lu223b1_126122b12b1_1
uflafluQ,
byttt e 2h 2 2 g e e b
273012207 Laby 22y 22 tug T 2
b2, 22buy 220 g,
byt 22b 2 b 2 by za !
z_2u;),qu_3b1z‘lbfleblzbflz
ug1a71u2273b1Z’lbl_lszlzbl_lzug_
zb1z*3bf1z*3b1zuflza’lugu;g,z*:;blz*lbfl
z_lblz?’blngflzbflz_lufla‘luQU3z_3b1z_1
byt 1230, 22b L 2by e e Py
uzby 122by 207t}

1a’1u2z3,

By [1], the dimension of H2(G;F7) as a vector space over F7 is at most 6. We now seck
generators of of this vector space. For simplicity, we denote F(S’) by F and N(R’) by N.

An application of the FINDBASIS algorithm from the same paper gives that ﬁ is

generated by the 12 elements ’

[ f1xfb*xf1xf5"-1,

f2x£3%xf27-1%£37-1,

f2x£5xf2x£57-1,

f7*£57-1%£7*£57-1%£7*£f5,

£3%f7xf17-2%£7T*xf 1% £7 " -2%xf57-1*£3%xf1"-1*x£5"-1*%£f7"-1,

£AxEf7xf172%xE77 2% £1 " 2% £7*£57-1%f 17 -2xf4*f1"-1*xf5"-1*%£f7" -1,

f2xf7xf1%E57-1%xf 17— 2% £Exf77-2%£1 " 3*£7*E57 - 1% f2%f17-1%f5"-1%f7" -1,

£172%f77-7T*f17-1%£37-1%f17-1%f4"-1%f27-1%f1"-2%£7 -1 % £ 1" 2% f2xf3%f4,

E7*E1xET7HEL "2k ETHE1*ET7THEL " 2% L7 £1 "3k E7*£1 " 3£ 7*£1%£57-1xf17-1*%£57-1,

f7xf172%£7 7 -1%£17-1%f4"-1%f17-1*f5 -1k f7*f 17 2%£7 " -1%f4"-1xf1"-2%
f57-1xf7*f1"2%xf7"-1xf4"-1%f1"-2xf5"-1,

£17-1%f7 =1k f IkE TR E Lk ETHE LK ET7 -1 f47 -1 E5 7 -1k E 3£ 17 -1k £ 1xf7xf17 2%
77 -1%f17 - 1*f7*f17-1%f47-1%f5 - 1% f3*f 17 -1*f7 -1 k£ 1*xE£7*f 1" 2%£77 - 1%
f17-1%f7%f17-1%xf4"-1*%£5"-1%£3,

£7xf17 2% £ 7k E1kE7 -1k f£ 17 2% E7*E 1" 2% £7 7 -1k f1*f7 -1k £ 1% f5 11" - 2% f 2% £ 3%
FAxET*E17 -2 £ 7L 1k E7 7 - 1xf1 7 2% £ 7xf 17 2% f7 " -1k £1%xf77-1*%£5"-1%f1"-3
*E2kE3xEAKETHEL -2k ETHE1kET7 -1k £1 " 2% E7T*£172%£7 -1 xf 1%
f77-1*f5"-1%f1"-3*f2*f3*f4 ]

By reducing these elements in ﬁ? we obtain
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[ <identity ...>, <identity ...>, <identity ...>,
<identity ...>, <identity ...>, <identity ...>,
f1°3, f7°-1, f2°-1, fi1xf2, f1, f1°-1 ]
Thus the last six elements form a basis for the 6-dimensional vector space over Fr,
F/[F,F]N". This implies that the 6 vanishing elements are in the kernel of
N F
7 N7
N'[F,N] ~ N'[F,F]

and therefore are generators of Hs. Thus the following theorem is established.

Theorem 3.3. The Hopf second homology mod 7 of the group SLa(Z[(r,3]) has the
following siz generators

{zaza™1,

uluguflugl,

ulaula’l,

blaflblaflbla,

usbq z_2b1zb1_2a_1u2z_1a_1b1_1,
uzby 2207 2 2%b1a 2 2ugz a7t}

in terms of the group presentation in Proposition 3.2.

However, the possibility still exists that any, or all, of these may be trivial in Hs.

4. HoMoLOGY CALCULATIONS

The following tables give the results of the algorithms in [1] applied to various linear
groups. For the second table, a “less than” symbols indicates that the rewriting system
involved in the calculation was not confluent, so only an upper bound was found. Oth-
erwise, the rewriting system was confluent and the exact dimension was found; the code
to implement these groups in GAP [14] is given below. We note that while none of the
results in the table below are new, the previous results were found by a wide variety of
methods, many of which are not computational in nature.

Hy(—F2) | Hi(—;F3) | Hi(—F5) | Hi(—;F7)
GL(Z) 2 0 0 0
SL,(Z) 1 1 0 0
SLo(Zs) 1 0 0 0
SL(Zs) 0 1 0 0
SLo(Zs) 0 0 1 0
SLo(Z[i]) 1 0 0 0
SLy(Zw]),w® = -1 0 1 0 0
SLo(Z[\/-5]) 3 2 1 1
PSL(Z) 1 1 0 0

TABLE 1. Dimensions of First Homology Groups
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Hy(—;F2) | Ho(—;F3) | Ha(—;F5) | Ha(—;F7)
GL(Z) <1 <2 <2 <2
SLy(Z) <2 <2 <1 <1
SLo(Zs) 1 0 0 0
SL2(Z3) 0 1 0 0
SLo(Zs) 0 0 1 0
SLo(Z[i)) 1 0 0 0
SLy(Z[w]),w? = -1 <1 <2 <1 <1
SL2(Z[v/-5]) <3 <3 0 0
PSL,(Z) <1 <1 0 0
TABLE 2. Dimensions of Second Homology Groups
5. CONCLUSION
The motivation for the algorithms used in this paper and in [!] grew from work on

Quillen’s conjecture. The utility of these algorithms is more general. In theory, they can
be used to calculate or estimate the first and second homology of any finitely-presented
group, provided homology coefficients are in a finite field.

Future work will involve refining and using the algorithms on a larger collection of
groups with the goal of constructing the aforementioned database of calculations. In the
context of the original problem, however, work to calculate the image of the transgression
7 in Figure 1 is necessary to make progress on the conjecture.
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