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Abstract Statistical convergence of complex uncertain triple sequence is already introduced in four
aspects of uncertainty. In this article, we initiate the notion of statistical convergence of complex uncertain
triple sequence with respect to uniformly almost surely. We prove that statistical convergence with respect
to uniformly almost surely of a complex uncertain triple sequence implies its statistical convergence in
almost surely. Moreover, we characterized a statistically convergent complex uncertain triple sequence
via natural density operator.
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1. Introduction
The theory of uncertainty came into existence to deal with certain types of indetermi-

nacy, where the distribution function is not closer to the frequencies/ samples or when
no samples are available to estimate a probability distribution. In the year 2007, Liu [1]
introduced uncertainty theory to design belief degree of events which occurs in the state of
indeterminacy. Through out the last decade several researchers have shown their great in-
terest to develop the theory and now-a-days it became a separate branch of mathematics.
Uncertainty theory have been applied in different field of mathematics, like uncertain logic
[2], uncertain process and uncertain renewal process [3], uncertain differential equation
[3], uncertain inference [4], uncertain calculus [5], uncertain risk and reliability analysis
[6], uncertain programming [7], uncertain graph [8], uncertain finance [5, 9], uncertain
entailment [10], uncertain set theory [4], uncertain statistics [11], uncertain random vari-
able [12] and many more. Liu [1] introduced the notion of uncertain measure in which
he adopted normality, duality, subadditivity, product uncertainty and conditional un-
certainty axiom of uncertain measure. Also, he initiated the notions of expected value
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operator and distribution function of uncertain variable in uncertain environment and
proved the linearity property of expected value operator. Using the notions of uncertain
measure, expected value operator and uncertain distribution, Liu [1] introduced four types
of convergence concepts of uncertain sequences which are termed as convergence in mea-
sure, convergence in mean, convergence in distribution and convergence in almost surely
and established interrelationship among these notions. In the year 2009, You [13] came
up with a new type of convergence concept of uncertain sequence namely convergence
with respect to uniformly almost surely. All these five kinds of convergence concepts
mentioned as above were in case of real uncertain sequences. Peng [14] in his doctoral
thesis introduced complex uncertain variable and by considering sequences of complex
uncertain variable, Chen et. al [15] studied the notions of different convergences and
established interrelationships among those ideas. In recent days, researchers are trying
to explore different types of convergence concepts, for example almost convergence, sta-
tistical convergence, by considering sequences / double sequences / triple sequences of
real or complex uncertain variables. Almost convergence of complex uncertain sequences
was studied by Saha et al. [16] and the same has been extended to complex uncertain
double and triple sequences by Das et al. [17]. On the other hand, statistical convergence
of complex uncertain sequence is introduced by Tripathy et al. [18]. Characterization
of statistical convergence by considering complex uncertain double and triple are made
by Das et al. [19] and Das et al. [20] respectively. Moreover, matrix transformation
of complex uncertain sequences is studied by introducing the notion of convergence of
complex uncertain series by Das et al. [21]. Few recent studies on statistical convergence
of double and triple sequences in different aspects can be seen in [22–26]. In this arti-
cle, we extend the study of statistically convergent complex uncertain triple sequence via
uniformly almost surely and figure out the nature of relation of such kind of statistically
convergent triple sequences with the triple sequences mentioned in [20].
Before going to the main section, we need some basic and preliminary ideas about the
existing definitions and results which will play a major role in this study.

2. Preliminaries
Definition 2.1 ([1]). Let L be a σ-algebra on a non-empty set Γ. A set function M on
Γ is called an uncertain measure if it satisfies the following axioms:
Axiom 1 (Normality Axiom). M {Γ}=1;
Axiom 2 (Duality Axiom). M {Λ}+ M {Λc}=1, for any Λ ∈ L ;
Axiom 3 (Subadditivity Axiom). For every countable sequence of events {Λj} ∈ L , we
have

M

{
∞∪
j=1

Λj

}
≤

∞∑
j=1

M (Λj)

The triplet (Γ,L ,M ) is called an uncertainty space and each element Λ in L is called an
event. In order to obtain an uncertain measure of compound events, a product uncertain
measure is defined by as follows:
Axiom 4 (Product Axiom). Let (Γk,Lk,Mk) be uncertainty spaces, for k = 1,2,3..... The
product uncertain measure M is an uncertain measure satisfying

M

{
∞∏
j=1

Λj

}
=

∞∧
j=1

M (Λj),

where Λk are arbitrarily chosen events from Γk, for k=1,2,3,…... respectively.
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Definition 2.2 ([15]). A complex uncertain variable is a measurable function ζ from an
uncertainty space (Γ,L ,M ) to the set of complex numbers, i.e., for any Borel set B of
complex numbers, the set {ζ ∈ B}={γ ∈ Γ : ζ(γ) ∈ B} is an event.

Definition 2.3 ([20]). A complex uncertain triple sequence {ζnml} is said to be statisti-
cally convergent in mean to ζ if for any given ε > 0

lim
p,q,r→∞

1
pqr |{(n,m, l) : n ≤ p,m ≤ q, l ≤ r,E[||ζnml − ζ||] ≥ ε}| = 0.

Definition 2.4 ([20]). A complex uncertain triple sequence {ζnml} is said to be statisti-
cally convergent in measure to ζ if for any given ε, δ > 0

lim
p,q,r→∞

1
pqr |{(n,m, l) : n ≤ p,m ≤ q, l ≤ r,M (||ζnml − ζ|| ≥ ε) ≥ δ}| = 0.

Definition 2.5 ([20]). Let Φ,Φnml be the distribution function for the complex un-
certain variables ζ, ζnml respectively, where n,m, l ∈ N. Then the complex uncertain
triple sequence {ζnml} is said to be statistically convergent in distribution to ζ if for any
preassigned positive number ε,

lim
p,q,r→∞

1
pqr |{(n,m, l) : n ≤ p,m ≤ q, l ≤ r, ||Φnml(z)− Φ(z)|| ≥ ε}| = 0,

for all points z on complex plane, where Φ is continuous.

Definition 2.6 ([20]). A triple sequence {ζnml} of complex uncertain variable is said to
be statistically converges to ζ with respect to almost surely if for every ε > 0 there exists
some event Λ whose uncertain measure is 1 such that

lim
p,q,r→∞

1
pqr |{(n,m, l) : n ≤ p,m ≤ q, l ≤ r, ||ζnml(γ)− ζ(γ)|| ≥ ε}| = 0,

for all γ ∈ Λ.

3. Main Results
In this section, at first we introduce the notion of statistical convergence with respect to

uniformly almost surely by considering triple sequences of complex uncertain variables.
Then, we show the existence of such type of triple sequence by providing a suitable
example. We establish few properties of such triple sequence and characterize statistical
convergence of complex uncertain triple sequences via natural density operator.

Definition 3.1. A complex uncertain triple sequence {ζnml} is called statistically con-
vergent to the limit ζ with respect to uniformly almost surely if for any preassigned ε > 0,
there exists a sequence of events {Ex}, each of whose uncertain measure tends to zero,

lim
p,q,r→∞

1
pqr |{(n,m, l) : n ≤ p,m ≤ q, l ≤ r, ||ζnml(γ)− ζ(γ)|| ≥ ε}| = 0,

for all γ ∈ Γ− Ex.
The collection of all statistically convergent complex uncertain sequence with respect to
uniformly almost surely is denoted by st3(Γu.a.s)

Example 3.2. We consider an uncertainty space (Γ,L ,M ) with Γ = {γ1, γ2, γ3} and
L = P (Γ).
Also, we define the uncertain measurable function M as follows:

M {Λ} =

{
0, if Λ = ∅ or γ1, γ2 ∈ Λ.
1, otherwise.
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We also define the complex uncertain variables ζnml and ζ by

ζnml(γ) =

 i, if γ = γ1;
2i, if γ = γ2;
0, otherwise,

for n,m, l ∈ N and ζ(γ) = 0, ∀ γ ∈ Γ.
Here, the complex uncertain triple sequence {ζnml} is statistically convergent to ζ with
respect to uniformly almost surely.

Theorem 3.3. If a complex uncertain triple sequence {ζnml} is statistically convergent
in almost surely to ζ, then for any ε > 0 and δ > 0 there exists N ∈ N such that

M

{
∞∩

N=1

∞∪
n=N

∞∪
m=N

∞∪
l=N

{
γ : 1

nml
|{(x, y, z) : x ≤ n, y ≤ m, z ≤ l, ||ζxyz(γ)− ζ(γ)|| ≥ δ}| ≥ ε

}}
= 0.

Proof. Let {ζnml} be a complex uncertain triple sequence which is statistically convergent
in almost surely to ζ.
From the definition of statistical convergence in almost surely, for a given δ > 0 there
exists some event Λ with unit uncertain measure such that

lim
n,m,l→∞

1
nml | {(x, y, z) : x ≤ n, y ≤ m, z ≤ l, ||ζxyz(γ)− ζ(γ)|| ≥ δ} | = 0,

for all γ ∈ Λ.
Then, for a given ε > 0 there exists a positive integer N such that for all n,m, l ≥ N

1
nml | {(x, y, z) : x ≤ n, y ≤ m, z ≤ l, ||ζxyz(γ)− ζ(γ)|| ≥ δ} | < ε,

which is equivalent to

M

{
∞∩

N=1

∞∪
n=N

∞∪
m=N

∞∪
l=N

{
γ : 1

nml
| {(x, y, z) : x ≤ n, y ≤ m, z ≤ l, ||ζxyz(γ)− ζ(γ)|| ≥ δ} | < ε

}}
= 1.

Then applying the duality axiom of uncertainty measure, we get

M

{
∞∩

N=1

∞∪
n=N

∞∪
m=N

∞∪
l=N

{
γ : 1

nml
| {(x, y, z) : x ≤ n, y ≤ m, z ≤ l, ||ζxyz(γ)− ζ(γ)|| ≥ δ} | ≥ ε

}}
= 0.

Theorem 3.4. The triple sequence {ζnml} of complex uncertain variable converges sta-
tistically with respect to uniformly almost surely to ζ if and only if for any given ε > 0
and δ > 0 there exists N ∈ N such that

lim
n,m,l→∞

M

{
∞∪

n=N

∞∪
m=N

∞∪
l=N

{
γ : 1

nml
|{(x, y, z) : x ≤ n, y ≤ m, z ≤ l, ||ζxyz(γ)− ζ(γ)|| ≥ δ} | ≥ ε

}}
= 0.

Proof. Let {ζnml} be a uniformly almost surely statistically convergent complex uncer-
tain triple sequence, which converges statistically to ζ.
Then, for given numbers ε > 0 and δ > 0 there exists an event B with uncertain measure



A New Type of Statistically Convergent Complex Uncertain Triple Sequence 1445

less than ν (ν → 0+) such that {ζnml} statistically converges uniformly almost surely to
ζ on Γ− B.
In other words , there exists a positive integer N such that
∞∪

n=N

∞∪
m=N

∞∪
l=N

{
γ : 1

nml | {(x, y, z) : x ≤ n, y ≤ m, z ≤ l, ||ζxyz(γ)− ζ(γ)|| ≥ δ} | ≥ ε
}
⊆ B.

Taking uncertain measure of both the terms in the above, we get
M

{ ∞∪
n=N

∞∪
m=N

∞∪
l=N

{
γ : 1

nml | {(x, y, z) : x ≤ n, y ≤ m, z ≤ l, ||ζxyz(γ)− ζ(γ)|| ≥ δ} | ≥ ε
}}

≤ M {B} < ν.
Taking limits of n,m and l to infinity, we have

lim
n,m,l→∞

M

{
∞∪

n=N

∞∪
m=N

∞∪
l=N

{
γ : 1

nml
| {(x, y, z) : x ≤ n, y ≤ m, z ≤ l, ||ζxyz(γ)− ζ(γ)|| ≥ δ} | ≥ ε

}}
= 0.

For the converse part, let us assume that the given conditions hold. Then, for any given
ε > 0 and δ > 0 with a ≥ 1 there exists N0 ∈ N such that

M

{
∞∪

n=N0

∞∪
m=N0

∞∪
l=N0

{
γ : 1

nml | {(x, y, z) : x≤n, y≤m, z ≤ l, ||ζxyz(γ)− ζ(γ)||≥ δ} |≥ 1
a

}}
≤ ν

2a

Let B be an event such that
B =

∞∪
a=1

∞∪
n=N0

∞∪
m=N0

∞∪
l=N0

{
γ : 1

nml
| {(x, y, z) : x ≤ n, y ≤ m, z ≤ l, ||ζxyz(γ)− ζ(γ)|| ≥ δ} | ≥ 1

a

}
.

Then, M {B} ≤
∞∑
a=1

ν
2a = ν, which tends to 0.

Moreover,

sup
γ∈Γ−B

1
nml |{(x, y, z) : x ≤ n, y ≤ m, z ≤ l, ||ζxyz(γ)− ζ(γ)|| ≥ δ}| < 1

a ,

for all n,m, l ≥ N0 and uniformly for all m = 1, 2, .....
Hence, the complex uncertain triple sequence {ζnml} is statistically convergent with re-
spect to uniformly almost surely.

Theorem 3.5. Statistical convergence of complex uncertain triple sequence with respect
to uniformly almost surely imply statistical convergence in almost surely.

Proof. Statistical convergence of a complex uncertain triple sequence {ζnml} with respect
to uniformly almost surely to ζ gives the following from the Theorem 3.4.

lim
n,m,l→∞

M

{
∞∪

n=N

∞∪
m=N

∞∪
l=N

{
γ : 1

nml
| {(x, y, z) : x ≤ n, y ≤ m, z ≤ l, ||ζxyz(γ)− ζ(γ)|| ≥ δ} | ≥ ε

}}
= 0.

Since, M

{
∞∩

N=1

∞∪
n=N

∞∪
m=N

∞∪
l=N

{
γ : 1

nml
| {(x, y, z) : x≤n, y≤m, z≤ l, ||ζxyz(γ)−ζ(γ)|| ≥ δ} | ≥ ε

}}
≤ M

{
∞∪

n=N

∞∪
m=N

∞∪
l=N

{
γ : 1

nml
| {(x, y, z) : x ≤ n, y ≤ m, z ≤ l, ||ζxyz(γ)− ζ(γ)|| ≥ δ} | ≥ ε

}}
.

Taking the limits n → ∞,m → ∞ and l → ∞, we get
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lim
n,m,l→∞

M

{
∞∩

N=1

∞∪
n=N

∞∪
m=N

∞∪
l=N

{
γ : 1

nml
| {(x, y, z) : x≤n, y≤m, z≤ l, ||ζxyz(γ)−ζ(γ)|| ≥ δ} | ≥ ε

}}
≤ lim

n,m,l→∞
M

{
∞∪

n=N

∞∪
m=N

∞∪
l=N

{
γ : 1

nml
| {(x, y, z) : x ≤ n, y ≤ m, z ≤ l, ||ζxyz(γ)−ζ(γ)|| ≥ δ} | ≥ ε

}}
= 0.

Hence, the triple sequence {ζnml} converges statistically to ζ in almost surely.

Theorem 3.6. A complex uncertain triple sequence which converges with respect to uni-
formly almost surely, is also statistically convergent to the same limit in the same aspect.

Proof. Let the complex uncertain triple sequence {ζnml} converges to ζ in almost surely.
Then there exists a sequence of uncertain events {Ex} with uncertain measure of each of
the events approaching to zero, so that for all ε > 0, there must have an n0 ∈ N such that

||ζnml(γ)− ζ(γ)|| < ε, ∀ γ ∈ Γ− Ex and n,m, l ≥ n0, for each x.

Then we have,

max
n,m,l

|{(n,m, l) : ||ζnml(γ)− ζ(γ)|| ≥ ε}| = n3
0

Consequently, lim
p,q,r→∞

1
pqr |{(n,m, l) : n ≤ p,m ≤ q, l ≤ r, ||ζnml(γ)− ζ(γ)|| ≥ ε}|

≤ lim
p,q,r→∞

n3
0

pqr = 0, ∀ γ ∈ Γ− Ex.

Hence, the complex uncertain triple sequence {ζnml} statistically converges to ζ with
respect to uniformly almost surely.

Remark 3.7. The converse of the above theorem is not true, that is, a statistically
convergent complex uncertain triple sequence in uniformly almost surely may not be
convergent therein. This claim is justified in the following example.

Example 3.8. Let (Γ,L ,M ) be an uncertainty space with Γ = {γ1, γ2, γ3, .....},L =
P (Γ). Let the uncertainty measure of any uncertain event Λ be defined as follows:

M {Λ} =
∑

γi∈Λ

1
2i , where Λ ⊆ Γ.

Let us now consider the complex uncertain triple sequence {ζnml}, where the complex
uncertain variable ζnml is defined by

ζnml(γ) =

 nml, if l,m, n are all squares;

0, otherwise,
for all γ ∈ Γ.
Here, the triple sequence {ζnml} statistically converges to ζ, which is defined by ζ(γ) =
1, ∀ γ ∈ Γ.
The reason is that for any given ε > 0 and γ ∈ Γ, the set {(n,m, l) : ||ζnml(γ)−ζ(γ)|| ≥ ε},
that is, {(n,m, l) : ||ζnml(γ)− 1|| ≥ ε} has cardinality less than or equal to

√
nml.

Consequently, lim
p,q,r→∞

1
pqr |{(n,m, l) : n ≤ p,m ≤ q, l ≤ r, ||ζnml(γ)− 1|| ≥ ε}|

≤ lim
p,q,r→∞

1
pqr .

√
pqr = lim

p,q,r→∞
1√
pqr = 0.
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But it is obvious that the complex uncertain triple sequence {ζnml} does not converge to
any finite limit in respect of uniformly almost surely.

Remark 3.9. From the above example, we can easily verify that the complex uncertain
triple sequence {ζnml} is not bounded in uniformly almost surely. Thus we can make
a conclusion that a uniformly almost surely statistically convergent complex uncertain
triple sequence is not bounded with respect to uniformly almost surely.

Theorem 3.10. A convergent complex uncertain triple sequence converges statistically
with preservation of limit in view of the concept of uncertain measure.

Proof. Let ζ = {ζnml} be a convergent complex uncertain triple sequence in measure to
the limit ζ.
Then for any given ε > 0, there exists a number n0 ∈ N such that

lim
n,m,l→∞

M {||ζnml − ζ|| ≥ ε} = 0, ∀ n,m, l > n0,

which means that for any ε > 0 and δ > 0 there exists n0 ∈ N such that

M {||ζnml − ζ|| ≥ ε} > δ, for some n,m, l ≤ n0.

This implies that, the cardinality of the set {(n,m, l) : M {||ζnml − ζ|| ≥ ε} ≥ δ} is at
most n3

0.
Hence, lim

p,q,r→∞
1

pqr |{(n,m, l) : n ≤ p,m ≤ q, l ≤ r,M {||ζnml − ζ|| ≥ ε} ≥ δ}|

≤ lim
p,q,r→∞

n3
0

pqr = 0.

As a consequence, the complex uncertain triple sequence is statistically convergent to ζ
in measure.

Remark 3.11. Theorem 3.6 is true for the cases of convergence in mean, in distribution
and with respect to almost surely.
By considering the expected value operator and complex uncertainty distribution function
respectively in the Theorem 3.10, we can easily prove that every convergent complex
uncertain triple sequence is statistically convergent in mean and distribution respectively.
Also, considering the uncertain set events Λ i.e., Λ ⊆ Γ, with unit uncertain measure
and then by taking the events γ ∈ Λ in the Theorem 3.6, it can be proved that every
convergent complex uncertain triple sequence with respect to almost surely is statistically
convergent therein.

Theorem 3.12. The triple sequence {ζnml} of complex uncertain variable converges
statistically to ζ with respect to uniformly almost surely if there exists a subset K of
N×N×N with δ3(K) = 1 and a sequence of events Et having uncertain measure of each
events approaching zero such that

lim
x,y,z→∞

ζxyz(γ) = ζ(γ), ∀ (x, y, z) ∈ K, γ ∈ Γ− {Et}.

Proof. Let {ζnml} be a statistically convergent complex uncertain triple sequence in uni-
formly almost surely to ζ.
We construct the following two sets Sr and Lr as

Sr = {(x, y, z) ∈ N× N× N : ||ζxyz(γ)− ζ(γ)|| ≥ 1
r}, ∀ γ ∈ Γ− Et

and
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Lr = {(x, y, z) ∈ N× N× N : ||ζxyz(γ)− ζ(γ)|| < 1
r}, ∀ γ ∈ Γ− Et,

where r ∈ N.
Then

δ3(Sr) = 0, L1 ⊃ L2 ⊃ ......... ⊃ Li ⊃ Li+1 ⊃ .... (3.1)
and

δ3(Lr) = 1, r = 1, 2, ..... (3.2)
At this stage, we aim to show that for any (x, y, z) ∈ Lr, the complex uncertain triple
sequence {ζxyz} is convergent in uniformly almost surely to ζ.
Let {ζxyz} is not convergent in uniformly almost surely to ζ. Then, there exists ε > 0
such that

||ζxyz(γ)− ζ(γ)|| ≥ ε,

for infinitely many (x, y, z) ∈ N× N× N and γ ∈ Γ− Et.
Let us suppose that Lε = {(x, y, z) : ||ζxyz(γ)− ζ(γ)|| < ε} and ε > 1

r (r = 1, 2, 3, .....).
Then,

δ3(Lε) = 0 (3.3)
and by the Equation 3.1, Lr ⊂ Lε.
Hence, δ3(Lε) = 0, which is a contradiction to the Equation 3.2.
Thus {ζxyz} is convergent in uniformly almost surely to ζ.
Conversely, let there exists subset K ⊆ N× N× N such that δ3(K) = 1 and

lim
x,y,z→∞

||ζxyz(γ)− ζ(γ)|| = 0, (x, y, z) ∈ K,

which implies there exists n0 ∈ N such that for every ε > 0

||ζxyz(γ)− ζ(γ)|| < ε, ∀ x, y, z ≥ n0.

Now, Sε = {(x, y, z) : ||ζxyz(γ)− ζ(γ)|| ≥ ε}
⊆ N× N× N− {(xn0+1, yn0+1, zn0+1), (xn0+2, yn0+2, zn0+2), ......},
that is, δ3(Sε) ≤ 1− 1 = 0.
Hence, {ζxyz} is statistically convergent in uniformly almost surely to ζ.
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