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Abstract The concept of a generalized frame or simply a g-frame in a Hilbert space H was introduced
by Wenchang Sun in [4]. Given a g-frame {A;};cs in a Hilbert space H and a bounded operator T" on H,
we show that the sequence {A;T};cr is a g-frame for H if and only if T is invertiable on H. Moreover,
we prove that add a g-frame to its canonical dual g-frame and the canonical Parseval g-frame are also
g-frames. At the end, we provide sufficient conditions under which a subsequence of a g-frame in a Hilbert

space H is itself a g-frame for H.
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1. INTRODUCTION

Frames were first introduced in 1952 by Duffin and Schaeffer [1, 2]. Today, frames play
important roles in several applications in mathematics, science and engineering. Frames
are an extension of bases in Hilbert spaces. In fact, a frame is a sequence {fx}32,; in a
Hilbert space H which allows every element f € H can be written as: f = > o, cx(f) fxs
whereas the coefficients cx(f) are not unique [3]. The notion of a generalized frame or
simply a g-frame for a Hilbert space H was first defined by Wenchang Sun in his work [4].
Afterwards, some generalizations of frames have been attracted much more attentions.
In what follows: In section 1, it is reviewed preliminaries from operator theory and frame
theory which needed in the sequel. In section 2, for a given g-frame {A;};c; in a Hilbert
space H and a bounded operator T on H, we show that the sequence {A;T};¢; is a g-frame
for H if and only if T is invertiable on H. Also, we conclude that add a g-frame to its
canonical dual g-frame and the canonical Parseval g-frame are g-frames. Moreover, some
results on g-frames are derived. Throughout the paper, H and K denote two separable
Hilbert spaces over F(R or C) and {H;};cs denotes a sequence of closed subspaces of
K, where I is a subset of positive integers. As usual, B(H, K) consists of all bounded
operators from H to K and B(H) is abbreviated for H = K. The next definition can be
seen in any context on operators (for example, see [5]).
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Definition 1.1. An operator T € B(H) is said to be an isometry if for all h € H;
[|ITh|| = ||k||- It is a partial isometry if it is an isometry on the orthogonal complement
of its kernel.

Recall that an operator in B(H) is called a co-isometry whenever its adjoint is an
isometry. A unitary operator defines as a linear transformation which is a surjective
isometry.

Lemma 1.2 ([6]). Let U € B(K, H) be a bounded operator. Then the following holds:
@) Ul =U*||, and [[UU*|| = ||U]|>.
(ii) Ry s closed in H if and only if Ry~ is closed in K.
(iii) U is surjective if and only if there exists a constant C > 0 such that
lU*h|| = C||h||, Vh € H,i.e., U is bounded below.

Definition 1.3. A frame for a Hilbert space H is a family of vectors F = {f;};c;r in H
such that there exist constants A and B > 0 satisfying:

AlFIP <Y 1< f, fi> P <BIfIP, VfeH.
iel
The constants A and B are called lower and upper frame bounds, respectively. Those
are not unique. If only the right-hand inequality is assumed, then it is called a B-Bessel
sequence. If A = B, it is said to be an A-tight frame for H.
For a Bessel sequence F' = {f;}icr in H the synthesis (pre-frame) operator is defined by

T2 —H, T({ea}) =) cfi
il
The analysis operator T* for F is given by T*f = {< f, f; >}ier, for all f € H. The
frame operator is S =TT and it satisfies: Spf =) ,.; < f, fi > fi, Vf € H.

It is a known fact that if F' = {f;};cs is an A-tight frame for H with the frame operator
S, then S = AI and so we obtain

1
f=ZZ<f, fi>fi, VfeH.
el
Definition 1.4. A family {A;};c; C B(H, H;) is called a g-frame for H with respect to
{H,;}icr if there exist positive constants A and B such that

AIFI12 < STINFIR < BIFIE, Vf € H. (1.1)
iel
The constants A and B are called lower and upper g-frame bounds, respectively. If
A = B, it is said to be an A-tight g-frame. A Parseval g-frame is a A-tight g-frame
whenever A = 1. The family {A;};cs is called a g-Bessel sequence with g-Bessel bound
B if only the right-hand inequality (1.1) is satisfied. We define the following set for the
family {A;}er C B(H, H;) as follows:

(Z ©H;)i2 = {{gi}ier : 9: € Hi, Z llgall* < oo},

i€l il
with the inner product given by ({fi}, {g:}) = > ;c; < fi»9s >. It is well-known that
(> ier ®H;)p2 is a Hilbert space with respect to the pointwise operations. It is shown
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in [7] that if {A;};cr C B(H, H;) is a g-Bessel sequence for H, then the linear operator
T:(Xe; ®H)2 — H defined by

T({g:}) = ZA?% Vg; € Hi,
il

is well-defined and bounded. Also, its adjoint operator is T*(f) = {A:f}ier, Vf € H.
The operators T and T* are called the synthesis and the analysis operators of {A;}icr,
respectively.

Lemma 1.5 ( [4]). The family {A; € B(H, H;) : i € I} is a g-frame for H if and only if
T is a well-defined bounded and surjective operator.

Also, the next proposition can be seen in [1].

Proposition 1.6. Let {A;},cr C B(H, H;) be a g-Bessel sequence for H. Then, the
operator S defined by

S:H—H, Sf=>Y AAf V[feH,
el

s a positive and bounded operator.

Clearly, we obtain (Sf, f) =Y ,c; [|Aif|[?, Vf € H. From this, we can conclude that a
g-Bessel sequence {A;}icr is a g-frame for H if and only if S is invertible. This proposition
implies that every f € H can be written as:

F=85"1f=> AAST'S,
i€l
and
f=85715f=> STIAIAf.
iel
The operator S is called the g-frame operator of {A;};cr. It is easy to see that if {A;}ier
is a g-Bessel sequence, then S is a well-defined bounded operator. Furthermore S = TT™.

Definition 1.7. Let A = {A;};cs be a g-frame for H with respect to {H; }icr. A g-Bessel
sequence I' = {T'; };¢s is called a dual g-frame of A if f =Y., AT, f, V fe€H.

iel

A simple calculation shows that if A = {A;};,e; C B(H, H;) is a g-frame for H with
the g-frame operator S, then the sequence {A;S~'}c; C B(H, H;) is a dual g-frame of A
with g-frame operator S=1. The family {A;S~'};cs is called canonical dual g-frame of A.

Definition 1.8. A family {A;};c; C B(H, H;) is called a g-orthonormal basis for H with
respect to {H,}icr if the following properties hold:

(i) <A;‘gi, Ajgj> = 5ij<gi; gj>, V’L,] S I, Vgi S Hi,gj S Hj;

(i) e lIAfI?=IIfI1?, Vf € H.

It is clear that every g-orthonormal basis is a Parseval g-frame.

Lemma 1.9 ([8]). Let {©;}icr C B(H, H;) be a g-orthonormal basis for H with respect to
{H;}icr. Then, {A\;}icr C B(H, H;) is a g-Bessel sequence for H with respect to {H;}ier
if and only if there exists a unique bounded operator V : H — H such that A; = ©,;V*,
foralliel.
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Remark 1.10 ([8]). Given a g-orthonormal basis {©; };c; C B(H, H;), the unique opera-
tor V in Lemma 1.9, associated to g-Bessel sequence {A;};c; with the g-frame operator S
satisfies: S = VV™*. As a result, the synthesis operator T of a g-Bessel sequence {A;};er
and the operator V have similar effects although they are defined in different ways.

2. MAIN RESULTS

For an operator T' € B(H), in general, add a g-frame {A;}ier to {A;T}ier can go
wrong. For example, {A;T};er = {—Ai}ier. In this section, for a given g-frame {A;}icr
in a Hilbert space H and a bounded operator T on H, we first show that the sequence
{A;T}icr is a g-frame for H if and only if T is invertiable on H. Then, it is concluded
that add a g-frame to its canonical dual g-frame and also canonical Parseval g-frame are
g-frames. At the end, we provide sufficient conditions under what a subsequence of a
g-frame for a Hilbert space H is itself a g-frame for H.

Proposition 2.1. Let {A;};cr C B(H, H;) be a g-Bessel sequence for H with the synthesis
operator T and {©;}icr be a g-orthonormal basis for H with respect to {H;}ier. Then,
the sequence {A;}icr is a Parseval g-frame for H if and only if T is a co-isometry.

Proof. Given g-orthonormal basis {©;};cr for H, by Lemma 1.9, A; = ©,T*,Vi € I.
Thus, we have

STIAFP =D 0T fI1? = |IT*f|*, Vf € H. (2.1)
il icl
This equality shows {A; };c7 is a Parseval g-frame for H if and only if || T* f||? = || f||?,V f €
H. That is, if and only if T* is an isometry. n

Proposition 2.2. If {A;}ie; C B(H, H;) is a g-frame for H with the g-frame operator
S, then the sequence {AiS*%}ie, is a Parseval g-frame for H with respect to {H;}icr.

Proof. Because S is a positive and invertible bounded operator, S~! has a unique positive
square root S ~% which is limit of a sequence of polynomials in S~!. Thus it commutes

with S~ and S. By definition, for all f € H, we have Sf =3, A7 A; f.
Therefore, each f € H can be written as:

f o= STESSTif=STE(Y ATASTES)

iel
= Y STEAIASTES.
iel
Now, by taking the inner product this with f, we obtain
117 = <ff>=<> STEANSTHf >
iel
= D <STENSSTENS >= Y |IASTE SR
iel il

Parseval g-frame {A;S _%}ie 1 is called the canonical Parseval g-frame of {A;};c;.
The next result generalizes a known result on frames in [0] to the situation of g-frames.
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Proposition 2.3. If {A;}ic;r € B(H, H;) is a g-frame for a Hilbert space H with the
frame operator S, then for any f € H, we have

() | X ser AT A1 < (1811 Eser 1A £I12.
(i1) Yier 1A f11? < ISTHI e AT AP

In particular, both inequalities for Parseval g-frames are equal.

Proof. On the one hand, ||S|| = ||TT*|| = ||T||?, and for every f € H, we have
1T F11% =3 AAI? and [ISFIP =11 ATASIP (22)

icl el
We now substitute (2.2) in the following inequality:

ISFIP = 11TT* fII> < ITIPIT™ fI1P = (IS fI
This concludes (i). To do (ii), for any f € H, we can write

T fII? =< T*f, T*f >=< Sf, f ><|ISSIllIfI].
On the other hand, we obtain

IS A

1SS~ S]]
ISAINSTHINSFIl = SIS A%

IN

Therefore, it yields that
1T 12 < ISTHIISFIP, ¥ f € H.

Again, similar to (i) if we substitute the relations (2.2) in this inequality, it gets the
conclusion. -

Let us prove a simple lemma on operators. It uses in the sequel. (for example, see [9]).

Lemma 2.4. If T € B(H) is a positive, self-adjoint operator, then I +T is an invertible
bounded operator on H.

Proof. Because T is self-adjoint, for every h € H, we obtain

(1 +T)h|*> =||h|[> +2 < Th, h > +||Th||*.

But all the terms in the middle of this relation are nonnegative, hence for all h € H,
we get ||(I + T)h|| > ||h||. That is, I + T is bounded below, so (I + T) is injective and
(I+T)* =I+T is surjective. Furthermore, ||(I+T)h|| > ||h|| implies that for all h € H,

17+ )7 hl[ < (T + )T+ 1)~ Al = [|A]l.
Therefore, I + T is invertible in B(H). n

It is well-known that if {f;};cs is a frame for a Hilbert space H and T € B(H), then
the sequence {T'f;}icrs is a frame for H if and only if T is invertible on H (see [10]). The
next theorem generalizes this fact to the situation of g-frames.

Theorem 2.5. Let {A;}ier C B(H, H;) be a g-frame for H with bounds A,B and T €
B(H). Then, {ANiT}icr is a g-frame for H if and only if T is invertible on H. In this
case, the g-frame operator is T*ST, where S is the g-frame operator of {A;}icr.
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Proof. We first prove necessary condition. Suppose T is invertible on H. On the one
hand, since {A;}icr is a g-frame for H, hence we have

> IIAThI? < B||Th||> < B||T|]?||h||*, VA € H.
iel
On the other hand, since T* is bounded below, by Lemma 1.2, we get

D ATR|P = AT*h|[* = AT |?[|R]*, VA € H.

il
Therefore, these relations imply that {A;T}ier is a g-frame for H with respect to {H; }ier.
In contrast, if {A;T}ier is a g-frame for H, then by Proposition 1.6, its g-frame operator,
saying U is invertible and we obtain

Uh = > (MT)*(AT)h=> T*A;ATh
icl iel
T*(> A;ATh) = T*STh, Vh € H.
iel

That is, U = T*ST. Since U and S are invertible, it yields that T is invertible on H. =
Corollary 2.6. Let {A;}icr C B(H, H;) be a g-frame for H and T € B(H). Then, the
sequence {N; + N;T}ier is a g-frame for H if and only if I + T is invertible on H.

In this case, the g-frame operator is (I +7)S(I +T)*, where S is the g-frame operator
of {A;}icr. In particular, if T is positive, then {A;+A;T}ier is a g-frame with the g-frame
operator S+ ST + TS+ TST.

Corollary 2.7. If {A;}icr C B(H, H;) is a g-frame for H with the g-frame operator S,
then for all o« € R, the sequence {A; + N;S*}icr is a g-frame for H with g-frame operator
(I + SQ)QS Specially, {Al + AiS}ie], {Al + AiS_l}iej, and {Al + Ais_%}ie] (i.e., the
sum of a g-frame with its canonical dual g-frame and canonical Parseval g-frame)are
g-frames.

Corollary 2.8. If {A;};cr C B(H, H;) is a g-frame for H and P € B(H) is an idempo-
tent, then {A; + A;P}icr is a g-frame for H with respect to {H;}icr.
Corollary 2.9. Suppose that {A;};cr C B(H, H;) is a g-frame and T € B(H) is an
isometry. Then, {\;T}icr is a g-frame for H with respect to {H; }icr-
Example 2.10. Let {e;};c; be an orthonormal basis for a separable Hilbert space H.
For any f € H, we define operators A; : H — H as follows:
0, i = 2k

Al(f) o <f, 67;>€Z‘, i =2k +1

We have >,/ |[Aif||* = || f||>, Vf € H. Hence, the sequence {A;}c; is a g-frame for
H, but the subsequence {Agk }rer is not a g-frame for H.

The next result provide sufficient conditions under which a subsequence of a g-frame
is itself a g-frame.

Theorem 2.11. Assume that {A;}icr is a g-frame for H with respect to {H;}ier with
g-frame bounds A, B. If J C I and for some 0 < Cj < A, we have

STIAAIP < CollfI?, Vf € H.

i€Je
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Then, the sequence {A;}icy is a g-frame for H as well.

Proof. Tt is enough to satisfy the lower condition g-frame. In other words, for any f € H,

we get
DOIAAIP = DA =D 1A
= il ieJe
> AllFI1? = CHlFI? = (A= C)llfII*
Therefore, (A — Cy) is a lower g-frame bound and the proof is complete. n

Corollary 2.12. Suppose that {A;}icr is a Parseval g-frame for H and J C I. Then,
{A;}ics is a g-frame for H if and only if Cy < 1.

Proof. Since {A;};cr is a Parseval g-frame, for any f € H, we obtain

YOINAP = DA = D A

icJ icl ieJe
> [IfIP = CullfIIP = @ = CpIIfIP
This shows that {A;};cs is a g-frame for H if and ounly if 1 — C; > 0. [

Recall that a maximal partial isometry, either itself or its adjoint is isometry.

Proposition 2.13. If T € B(H) is a normal maximal partial isometry and {©;}52, is a
g-orthonormal basis for H, then {©;T}2, is a Parseval g-frame for H.

Proof. Because T is a normal operator, for all h € H, we have ||Th|| = ||T*h||.
If T* is isometry, then we get
|RI[* = [|T*h]|* = ||Th|* = > [|©:;Th|]*, ¥ h € H.
i=1

If T is an isometry, then for all h € H, we have
Ih][ = |ITh|[* = ||T*AI[> = |l€:Thl*.
i=1

Therefore, in each case, it concludes that Y ., ||©;Th||> = ||n|[?, V h € H.
That is, {©;T}$2, is a Parseval g-frame for H. L]

Corollary 2.14. IfT € B(H) is a unitary and {©;}2, is a g-orthonormal basis for H,
then {©;T}5°, is a Parseval g-frame for H.

Proposition 2.15. Let T € B(H) be an isometry and {A;}icr C B(H, H;) be a g-frame
for H with lower and upper bounds A and B, respectively. Then {A;T}ier is a g-frame
for H with lower and upper bounds A and B||T||?, respectively.

Proof. For all h € H, we have
All][* = AITR|P < Y I|1ATH|P,
iel
and
> _IINThI[* < BI|IThI|® < BI|T|]?||Al|>.
iel
These relations show that {A;T}cr is a g-frame for H with respect to {H;}icr. L]
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