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Abstract Let G = (V(G), E(G)) be a simple, finite and undirected graph of order p and size ¢q. For
k > 1, a bijection f : V(G)U E(G) = {k,k+1,k+2,...,k+p+q— 1} such that f(uv) = |f(u) — f(v)|
for every edge uv € E(G) is said to be a k-super graceful labeling of G. We say G is k-super graceful if
it admits a k-super graceful labeling. In this paper, we study the k-super gracefulness of some standard
graphs. Some general properties are obtained. Particularly, we found many sufficient conditions on k-
super gracefulness for many families of (complete) bipartite and tripartite graphs. We show that some of

the conditions are also necessary.
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1. INTRODUCTION

Let G = (V(G),E(G)) (or G = (V, E) for short) be a simple, finite and undirected
graph of order |V| = p and size |E| = ¢. For integers a and b with a < b, let [a, b] be the
set of integers between a and b inclusively. All notation not defined in this paper can be
found in [1]. An injective function f : V' — [0, ¢] is called a graceful labeling of G if all the
edge labels of G given by f(uv) = |f(u) — f(v)| for every uv € E are distinct. In 1967,
Rosa [2] published the conjecture of Kotzig that every nontrivial tree is graceful. Since
then, there have been more than 2000 research papers on graph labelings with hundreds
of graceful related results being published (see the dynamic survey by Gallian [3]).
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Definition 1.1. Given k > 1, a bijection f : VUE — [k, k + p+ g — 1] is called a k-super
graceful labeling if f(uwv) = |f(u) — f(v)| for every edge wv in G. We say G is k-super
graceful if it admits a k-super graceful labeling.

This is a generalization of super graceful labeling defined in [4, 5]. This was referred
to as a k-sequential labeling in [6] that we are only aware of after the completion of this
paper. For simplicity, 1-super graceful is also known as super graceful. In this paper, we
study the k-super gracefulness of some standard graphs.

2. GENERAL PROPERTIES
By definition, we have

Theorem 2.1. Let G be a (p,q)-graph with a k-super graceful labeling f. Suppose there
exists vertex u; with f(u;)) =p+q—1+2i for 1 <i <t < |k/2]. Join a new vertex v; to
u;, then G+{vy1,..., v} is (k—t)-super graceful if we extend f to f(v;) =k+p+q—1+i
and f(uv;) = k —1i. Fort = |k/2], we can join at most [k/2] — 1 new vertices to
G +{v1,...,vks2)} to get new r-super graceful graph for r = [k/2] —1,[k/2] = 2,...,1
consecutively.

Example 2.2. Take a k-super graceful graph G with k = 10, p+¢q = 191, t = 5, and that
f(u;) =190424,1 < i < 5 with f(us) = k+p+g—1 = 200 being the largest possible label.
We join new vertex v; to u; and extend f with f(v;) =200+ ¢ and f(u;v;) = k —i. Now
G + {v1,...,vs} is 5-super graceful. We can further join new vertices vg to va, v7 to vy,
vg to vg and vg to vg with f(ve) = 206, f(v7) = 207, f(vs) = 208 and f(vg) = 209. After
each addition, the new graph obtained is r-super graceful for r = 4, 3,2, 1 consecutively.

Theorem 2.3. Let G be a (p, q)-graph with a k-super graceful labeling f. Suppose there
exist vertices u; with (i) f(u;) =k —1+1, or (it) flw;)) =k+p+qg—1i for1 <i<k.
Join the vertices u1 and u; by a new edge for j = k,k —1,...,2 consecutively gives a
(j — 1)-super graceful graph consecutively.

Theorem 2.4. Let k,d > 1. Suppose G is a (p,q)-graph with a vertex v of degree d. If
G admits a k-super graceful labeling f such that f(v) = k+p+ q— 1 and incident edge
label(s) set is [k, k +d — 1], then G — v is (k + d)-super graceful.

Given t > 3 paths of length n; > 1 with an end vertex v;; (1 < j < t). A spider
graph SP(ni,ng,ns,...,n;) is the one-point union of the ¢ paths at vertex v;;. For
simplicity, we shall use al™ to denote a sequence of length n in which all items are
a, where a,n > 1. Particularly, SP(l[”]) is also known as a star graph K ,. Let
V(Kin) ={vi: 1 <i<n}U{u} and E(K;,) = {uv; : 1 <i <n}. We shall keep this
notation throughout this paper.

We first consider G — v that contains an isolated vertex. For k = 1, the star K 4 is
such a graph for all possible d > 1 by having edge label(s) set [1,d], end-vertex label(s)
set [d + 1,2d] and central vertex label 2d 4+ 1. The study of such graph with k& > 2 is an
interesting problem.

We now consider G — v without an isolated vertex. Begin with a K y1q, K > 1, by
labeling the vertex u with k+d, v; by 2k+2d+1 and edge uv; by k+d+1i for 1 < i < k+d.
Now, join a new vertex w to v;,2 < i < d+ 1. Label w by 3k + 3d + 1 and edge wv; by
k4+d+1—ifor 2<i<d+ 1. The graph such obtained is k-super graceful and deleting
the vertex w gives us a (k + d)-super graceful graph that has no isolated vertex.
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Let G + H be the disjoint union of graphs G and H. Let nG be the disjoint union of
n > 2 copy of G.
Lemma 2.5. Suppose H is super-graceful with edge label(s) set [1,q]. If G is (q+1)-super
graceful, then G + H is super graceful.

Proof. Suppose t is the largest label of a (¢ + 1)-super graceful labeling of G. Keep all
the labels of G and the edge labels of H. Add t — ¢ to each original vertex labels of H.
We now have a super graceful labeling of G + H. [

Theorem 2.6. For k > 1, if a (p,q)-graph G admits a k-super graceful labeling, then the
k largest integers in [k, k 4+ p+ q — 1] must be vertex labels of k mutually non-adjacent
vertices. Moreover, no two of the k + 1 smallest integers are vertex labels of adjacent
vertices.

Proof. The k largest integers are p+ g to k+p+ g — 1. By definition, &+ p+ ¢ — 1 must
be a vertex label. If one of the integers in [p+ ¢,k + p + ¢ — 2] is an edge label, then a
corresponding end-vertex must be labeled with an integer less than k, a contradiction.
Hence, all these k integers must be vertex labels. If there are two of these integers are
labels of two adjacent vertices, then the corresponding edge label is an integer less than
k, also a contradiction. Similarly, no two of the k + 1 smallest integers are vertex labels
of adjacent vertices. [

Corollary 2.7. If G is k-super graceful, then 1 < k < «, where « is the independent
number of G. Moreover, the upper bound is sharp.

Proof. To prove the upper bound being sharp, we consider the star K; ;. Label the
central vertex by k and the remaining vertices by 2k 4+ 1 to 3k correspondingly. Clearly,
it is a k-super graceful labeling. [

In [7], we showed that the complete graph K, is super graceful if and only if n < 3.
The following result follows directly from Corollary 2.7.

Corollary 2.8. The complete graph K, is not k-super graceful for all n,k > 2.

3. TREES AND CYCLES

Let T be a caterpillar. Suppose the central path of T'is P = a1byasbs - - - a.b,., v > 1. If
deg(a;) = n; and deg(b;) = m;, then rename a; by a; ¢ and b; by b; o, where 1 <¢,j <.
Let

N(a1,0) = {bo,1; -+ bomy -1} U {b10};

( ) {QT,O} U {a’r,lv"~7a’r‘,m,‘fl};
N(aio) ={bi—1,1,.- -, bic1n,—2} U{bi—1,0,bi0} for 2 <i <r;
N(bj70) = {aj)o, aj+170} @] {aj,l, ey ajmj_g} for ] > 2if r > 2.
Now arrange a; s as a sequence according to their subscripts under the lexicographic order.
Let A = {u1,ug,...,uq} be such ordered set. Similarly, we arrange b, by the same way
and let B = {vy,va,...,vp} be the resulting ordered set. Hence (A, B) forms a bipartition
of T. We shall denote T by Ct(a,b). Note that different caterpillars may associate the
same notation Ct(a,b).
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T T
Note that a=1—7r+ > m;, b=1—r+ > n,;. Moreover,
j=1 i=1

a; = Ui, a2 = Um,, A3 = Umi+mo—1y-++y @ = Umy+mo+-+myp_1—r+2>
by = Uny by = Unidng—1y «- > b, = /Un1+n2+---+nrfr+17
i—1
a; is adjacent to v; f0r2—2+2m <j <1—z+an, where 1 <i <r;
I=1 1=1
j—1
b; is adjacent to u; for2—]+2ml <i< 1—]—|—Zml, where 1 < j <.
=1 1=1

Suppose the central path of T is P = ajbyagbs - - - apbrarq1, v > 1. If deg(a;) = n; and
deg(bj) = mj, then rename a; by a; o and b; by b; 0, where 1 <i <r+1,1 <7 <r. Let

N(a1,0) ={bo,1,--- bon,—1} U{b1o};
(a'r+1 0) = {b'r 0} U {br Tyeeey br,nrJrl—l};
N(ai0) ={bi—1,1,- -, bicimi—2} U{bi—1,0,b5,0} for 2 <@ <r;
)=

(bj’o {aj’(), CLjJrL()} U {aj’l, ey aj,mj,g} fOI' ] Z 1.

By a similar rearrangement as above, we have vertices w’s and v’s, and a bipartition
(A,B) of T.

Theorem 3.1. A caterpillar Ct(a,b) is k-super graceful for k = a,b.

Proof. Suppose k = a.
Case 1: The length of the central path is 2r. Define a labeling f : V(Ct(a,b)) —

[a,3a + 2b — 2] as follows:
(1) flu;)) =3a+20—1—1i,1<i<a,
(2) flvj))=a+j—1,1<7<0D.

Now, the vertex labels set is [a,a +b— 1] U[2a + 2b — 1,3a + 2b — 2]. For each edge
u;vj, define f(u;v;) = f(u;) — f(v;). Now
flaivy) = f(uiv;) =2a+2b—1—jfor 1 < j < nq,

1—1 1—1
flaivy) = f(Umytogmiy—i20;) =2a+20—2+i—j— Y myfor2—i+ 3 m <j<
=1 =1
i
1—i+> n;,2<i<rand
=1

f(uibj) = f(uivn,4qon; —jt1) —2a+2b—1—Z+J—an fOf?_J‘i‘Zmz <i<
i=1 =1

1—j+zmz,2éjé7ﬂ
=1
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Thus
{flarvj) : 1<j<m}=[2a+2b—1—n1,2a+2b—2];

i—1 7
{flaw) : 2—i+ Y m<j<l—i+> m}
=1 =1

i—1 i 1—1 i—1
20+20—3+2— Y m— Y m,2a+2b—4+2i—Y m —an],
=1 =1 =1 =1

where 2 < i < r;

Jj—1 j
{fluby) = 2=+ 3 m<i<l—j+3 mj}
=1 1=1

J J j—1 J
2a+2b2+2j2mlan,2a+2b3+2j2m12nl],
=1 =1 1=1 =1

where 1 <5 <.

One may check that these edge labels cover the interval [a + b, 2a + 2b — 2]. Hence, f is
an a-super graceful labeling.

Case 2: The length of the central path is 2r + 1. Using the same labeling method and
a similar argument, we can show that an a-super graceful labeling also exists.

Suppose k = b. Let f = (3a+3b—2) — f : V(Ct(a,b) — [b,2a + 3b — 2], where f is
defined in the case k = a. Define f(u;v;) = |f(wi) — f(vj)| = f(wi) — f(vy) if v, is an
edge. It is easy to check that f is a b-super graceful labeling of Ct(a,b). L]

Corollary 3.2. For each k > 1, there are infinite families of k-super graceful trees.

Proof. We can construct infinitely many caterpillars Ct(a, k) in which the central path

Popy1 = aiby --- akbkakH and deg(bj) =2for1 <j<k. |

For n > 2, denote by Ct(my,ma,...,my,) the caterpilar with central path wjug - - - u,
such that there are m; vertices attached to vertex u;, 1 < ¢ < n. For n > 3, the ringworm
graph RW (my,ma, ..., m,) is then obtained from Ct(mq, ma,..., m;) by joining vertex

w1 and u, by an edge. From the approach used in Theorem 3.1, we can get the following
results on RW (mq,ma,...,my,).

Theorem 3.3. (i) Suppose n =2d+1,d > 1, andk =m; +mg+---+m, +d or
kE=mo+ma+ - +mu_1+d+1, then RW(mqi,ma,...,my) is (k — 1)-super graceful.
(ii) Supposen = 2d,d > 2, and k = mi+ms+---+my_1+d or k = mo+my+---+m,+d,
then RW (my,ma,...,m, — 1,0) is (k — 1)-super graceful.

By Theorem 2.3, we also obtain many ¢-super graceful tripartite graphs, 1 <t¢ < k—2,
from each (k — 1)-super graceful ringworm graph in Theorem 3.3.

Theorem 3.4. There exists k-super graceful non-star graph for each k > 1.

Proof. For k > 1, we begin with a K ;41 by labeling the vertex u by k+1, v; by 2k+2+1
and edge uv; by k+ 1+ for 1 <7< k+ 1. Join a new vertex w to vertex vy and label
edge wvy and vertex w by k and 3k + 4 respectively. The graph such obtained is k-super
graceful spider SP(1[F 2). "
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In [5, Theorems 2.1 and 2.8], Perumal et al. proved that
Theorem 3.5. All paths and cycles are super graceful.

We now investigate the k-super gracefulness of paths and cycles. Let P, = uy---uy
and C), = uj - - - u,uy be the path and the cycle of order n, respectively. By Corollary 2.7
we have

Proposition 3.6. If P,, and C, are k-super graceful, then k < [%] and k < 5],
respectively.

Consider odd n > 3. Define f(ugi—1) = Bn+1)/2 —ifor 1 < i < (n+1)/2,
flug) = Bn—=1)/2+ifor 1 <i < (n—1)/2 and f(ujuiy1) =i for 1 < i< n-—1.
We have f is a super graceful labeling of P, such that the edge label(s) set is [1,n — 1].

In a similar approach, we see that for even n > 2, P,, also admits such a super graceful
labeling. By Lemma 2.5, we have

Corollary 3.7. If G is n-super graceful, then G + P, is super graceful.
Applying Theorem 3.1, we have

Corollary 3.8. The path P, is k-super graceful for odd n > 3 with k = (n+1)/2, and
for even n > 4 with k = n/2.

We now give some results showing that the necessary conditions in Proposition 3.6
may be sufficient.

Corollary 3.9. The path Py and cycle C3 are k-super graceful if and only if k = 1.
Proof. 1t follows from Corollary 2.7 and Theorem 3.5. m
Proposition 3.10. Forn = 3,4,5, the path P, is k-super graceful if and only if k < [§].
Proof. 1t follows from Corollary 2.7, Theorem 3.5 and Corollary 3.8. ]
The next result shows that a path P, is k-super graceful for infinitely many &k and n.

Proposition 3.11. The paths Psi—3, Psp—2, Psr and Psri1 are k-super graceful for
kE>1.

PTOOf. For Pﬁk_g = V1U1V2U2 ... V3k—2U3k—2V3k—1, define a labeling f : V(Pﬁk_g) —
[k, 13k — 8] as follows:

(v;)) =13k =7 —ifor 1 <i<k;

(Vgys) =10k —6 —i for 1 <i <2k —1;

(u;) =k+i—1for 1 <i<3k—2

(u;v;) =12k — 6 — 24 for 1 <4 < k;

(ujviy1) =12k —7—2ifor 1 <i<k-—1;

(Uk4iVk+i) =8k —5 —2i for 1 <13 <2k —2;

) f(uk,1+ﬂ)k+i) =8k —4—2ifor 1 S ) S 2k — 1.

It is easy to verify that f is a k-super graceful labeling for Pgj_3.

f
S
f
f
f
f

For Pgp_o = viuivaus . .. v3k—1Usk—1, define a labeling f : V(Psr—2) — [k, 13k — 6] as
follows:
(1) flo))=13k—5—ifor1 <i<k;
(2) f(vgei) =10k —4 —ifor 1 <14 <2k —1;
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(w))=k+i—1for1<i<3k-1,

(wv;)) =12k —4 —2i for 1 < i < k;
(uvz+1)—12k—5—2zfor1§z§k—1;

(Ug4iVk+i) =8k —3 —2i for 1 <i <2k —1;

7)) flug—14iVk4i) =8k —2—2ifor 1 <i<2k—1.

It is easy to verify that f is a k-super graceful labeling for Pg_s.

For Psr = u1viugus . . . uggvsg, define a labeling f : V(P(;k) — [k, 13k — 2] as follows:
(1) flu;)) =k+i—1for1<i<3k;

(2) flo))=13k—1—ifor 1 <i<k;

(3) f(vksi) =10k — 1 —i for 1 <14 < 2k;

(4) f(uw;) =12k —2i for 1 <i < k;

(5) fluviy1) =12k —1—2ifor 1 <i < k;

(6) f(uk4+iviti) = 8k —2i for 1 < i < 2k;

(7) F(upsrsivnes) =8k —1—2ifor 1 <i < 2k — 1.

It is easy to verify that f is a k-super graceful labeling for Pgy.

For Pgpy1 = ujviugvs ... usgvsgusgr1, define a labeling f : V(Pgrr1) — [k, 13k] as
follows:
w))=k+i—1for1<i<3k+1;
v;)) =13k +1—difor 1 <i<k;
Vgti) = 10k + 1 — ¢ for 1 <4 < 2k;
V) =12k +2 —2i for 1 < < k;
it10;) = 12k 4+ 1 —2i for 1 <4 < k;
Uk4iVk+i = Sk +2 — 2i for 1 < i < 2k;
) f(uk+1+wk+i) = 8k +1-— 2k for 1 S 1 S 2k.

It is easy to verify that f is a k-super graceful labeling for Pgj41. [

(
(
(
(
(
(

We believe that P, is 2-super graceful for all n > 3. Examples for 6 < n < 11 with
consecutive vertex and edge labels are given below.
(1) n=6:2,10, 12, 8,4, 7, 11, 5, 6, 3, 9.
(2) n="7:10,8, 2,12, 14, 3,11, 5,6, 7, 13, 9, 4.
(3) n=8:5,8,13, 7,6, 10, 16, 14, 2, 9, 11, 4, 15, 3, 12.
(4) n=9:18, 16, 2, 15, 17, 14, ,3, 10, 13,9, 4, 8, 12, 7, 5, 6, 11 or
14, 4, 18, 8, 10, 6, 16, 7, 9, 3, 12, 5, 17, 15, 2, 11, 13.
(5) n=10:20, 18, 2, 17, 19, 16, 3, 12, 15, 11, 4, 10, 14, 9, 5, 8, 13, 7, 6.
(6) n=11:12,8, 4,17, 21, 18, 3, 19, 22, 20, 2, 14, 16, 11, 5, 10, 15, 9, 6, 7, 13.
Moreover, we also obtained the following k-super graceful labeling for P, with consec-
utive labels given below.
(1) n=8,k=3:11,4,7,8,15,9, 6, 10, 16, 13, 3, 14, 17, 12, 5
(2) n=9,k=3: 18, 11, 7, 12, 19, 4, 15, 5, 10, 6, 16, 13, 3, 14, 17, 9, 8.
(3) n=10,k =3: 20, 17, 3, 18, 21, 7, 14, 8, 6, 13, 19, 9, 10, 5, 15, 11, 4, 12, 16.
(4) n=11,k=3: 20, 13, 7, 16, 23, 19, 4, 11, 15, 6, 9, 12, 21, 3, 18, 10, 8, 14, 22,

17, 5.
(5) n =10,k =4: 11, 8, 19, 9, 10, 12, 22, 18, 4, 17, 21, 16, 5, 15, 20, 14, 6, 7, 13.
(6) n =11,k = 4: 20 12, 8, 16, 24, 5, 19, 15, 4, 18, 22, 13, 9, 14, 23, 6, 17, 7, 10,

11, 21
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Note that Psr_4 and Pgr_1 are k-super graceful for £ = 1,2. Thus, together with Corol-
lary 3.8, we have shown that for n < 11, P, is k-super graceful if and only if 1 < k < [n/2].

Conjecture 1. The path P, is k-super graceful if and only if 1 <k < [n/2].

Proposition 3.12. If C, is k-super graceful such that k is an edge label of Cy,, then P,
is (k + 1)-super graceful.

Proof. Given C,, and its k-super graceful labeling having k as an edge label, deleting the
edge labeled with k gives a (k + 1)-super graceful P,. m

By Theorem 3.1, we see that the given (k + 1)-super graceful labeling of Py gives a
k-super graceful Ca1 having k as an edge label.

Corollary 3.13. For all k > 1, Copy1 is k-super graceful.

Problem 1. Determine all values of k such that C,, is k-super graceful having k as an
edge label.

Proposition 3.14. The cycles Cy and C5 are k-super graceful if and only if k =1,2.

Proof. Theorem 2.8 in [5] shows that all cycles are 1-super graceful. We assume k = 2.
We can label the vertices of C4 and Cs sequentially as follows: 2,8,5,9 and 3,10,4,9,11.
So, sufficiency holds. By Proposition 3.6, necessity holds. [

We now show that the k& < |n/2] is not a sufficient condition on k-super gracefulness
of cycles. Suppose f is a 3-super graceful labeling of Cs. By Corollary 2.7, without loss
of generality, we may assume that f(u;) = 12, f(us) = 13 and f(us) = 14. Since 1 is not
available, 11 must be used to label an edge incident with the vertex us.

(1) Suppose f(usug) = 11. Then f(ug) = 3 and f(ugu;) = 9. Since 9 is used,
4 is not a vertex label. Since 1 is not available and 9 is used, f(ujus) = 4 or
f(U4’LL5) =4.

If f(ujug) = 4, then f(uz) = 8, f(ugus) = 5. In this case, we can see that 6
cannot be used.

If f(uqus) =4, then f(ug) = 10 and hence f(usuyg) = 3 which is impossible.

(2) Suppose f(uqus) = 11. Then f(uq) = 3, f(ugug) = 10. Since 3 is used, 9 must
be used to label an edge incident with the vertex us or us.

If f(ugus) =9, then f(uz) =4, f(uruz) = 8. Now 7 cannot be used to label
ug or usug. S0 f(ugur) = 7. This yields f(ug) = 5 and f(usug) = 9 which is
impossible.

If f(usug) =9, then f(ug) =5, f(ugui) = 7. Since 5 is used, 8 cannot be used
to label ug or ugus. So f(ujuz) =8, f(uz) =4. This yields f(ugus) =9 which is
impossible.

Thus C§ is not 3-super graceful. [

Using a similar approach, we can also show that Cy is not 4-super graceful. However,
Cy is 2-super graceful with consecutive vertex labels 17,4,14,12,15,7,16,11. The cor-
responding edge labels are 13,10,2,3,8,9,5,6. Deleting the edge with label 2, we have
another 3-super graceful labeling for Pg.

A tadpole graph T, j is a simple graph obtained from an m-cycle by attaching a path
of length k, where m > 3 and k& > 1.
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Proposition 3.15. For even k > 2, Ty, is (k + 2)/2-super graceful.

Proof. Begin with the n/2-super graceful labeling of P,, as in Theorem 3.1, where n > 6
is even. Exchange the labels of us and ujus. Add the edge ujus. We get the graph Ty 4
which is (n — 2)/2-super graceful. L]

Proposition 3.16. For odd n > 5, T, 1 is (n — 1)/2-super graceful.

Proof. Begin with the m/2-super graceful labeling of P,,,, where m > 6 is even. Add the
edge u1Um,—1 to get Tp,—1,1 which is clearly (m — 2)/2-super graceful. Let n = m — 1, the
result follows. [

Using the labelings in Proposition 3.11, it is easy to get the following.

Proposition 3.17. The graphs Top—1,ak—2, Tor—1,4k—1, Tok—1,ak+1 and Top_1 442 are
(k — 1)-super graceful for k > 2.

4. SOME COMPLETE BIPARTITE AND TRIPARTITE GRAPHS

Lemma 4.1. Suppose f is a k-super graceful labeling of K1 ,, where k > 2. Let m be
the largest integer such that the m largest integers in [k, k + 2n] are labeled at m mutually
non-adjacent vertices, then f(u) =m. Moreover, k + 2n > 3m.

Proof. Note that m > k. After renumbering, we may assume that f(v;) = k+2n+1—1,
1<i<m. Now f(u) =k+2n—m or k+ 2n —m is an edge-label.

For the first case, we have f(uv,,) = 1, a contradiction. For the latter case, one of the
end vertices of this edge has label greater than k& + 2n —m. So f(uv;) = k+2n—m =
f(vi)—f(u), where 1 < i < m. Since k4+2n—m > f(v1)—f(u) > f(v;)—f(u) = k+2n—m,
i = 1 and hence f(u) = m. Since {f(v;), f(uv;) : 1 <i<m}=[k+2n—2m+ 1,k + 2n],
m<k+2n—2m+1,ie., k+2n > 3m. [

Theorem 4.2. For n,k > 1, the star Ky, s k-super graceful if and only if n = 0
(mod k). Moreover, for k > 2, the central vertex must have label k.

Proof. We first prove the sufficiency. Suppose n = kt, t > 1. We rewrite all vertices v,
as v(j_1)k+i» where 1 < j < ¢, 1 <4 < k. Define a labeling f : V(K ,)U E(K1,) —
[k, k + 2kt] as follows:

(1) f(u)=k;
(2) f(vg-nyrri) = (20)k + i
(3) fluvg-1ykti) = (27 — Dk +i.
It is easy to verify that f is a k-super graceful labeling.

The necessity obviously holds for £k = 1. We now assume that k£ > 2. Let f be a k-
super graceful labeling of K ,,. Suppose m is the largest integer such that the m largest
integers in [k, k 4+ 2n] are labeled at m mutually non-adjacent vertices. By Lemma 4.1
we have f(u) =m and k + 2n > 3m. Also we may assume {f(v;), f(uv;) : 1 <i<m} =
[k+2n—2m+ 1,k + 2n].

If m =n, then 3m > k + 2m = k + 2n > 3m. Hence k = m and we have the result.

Suppose n > m. Consider K1 p_pm = K1, — {v; : 1 <i < m}. The restriction of f
on Kj y_n, is still a k-super graceful labeling. So Lemma 4.1 can be applied on K1 ,,—p,.
Repeating in this manner gives n = mt for some ¢t and m = k. [
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Example 4.3. Take k = 5, n = 15, we can label u by 5, the edges uv; to uvs by 6 to 10,
the vertices v to vs by 11 to 15, the edges uvg to uvig by 16 to 20, the vertices vg to vig
by 21 to 25, the edges uvi; to uvis by 26 to 30, and the vertices vy1 to v15 by 31 to 35.

Corollary 4.4. For any finite set A of positive integers there is a graph that is k-super
graceful for all k € A.

Proof. Let L be the least common multiple of all elements in A. The required graph is
K1, by Theorem 4.2. n

Theorem 4.5. For n > m > 1, the complete bipartite graph K, , is n- and m-super
graceful.

Proof. Let V(Kpn) = {ui,v;]1 <i<m,1 <j<
m,1 < j < n}. Define a labeling f : V(K,,n,) UE
follows:

(1) flu))=ni+i—1for 1 <i<m;

(2) flvj))=2n+mn+1)—jforl <j<m

3) fluvj))=Mn+1)(m—-i)+2n—j+1for1<i<mand1l<j<n.

n} and E(Kp, ) = {uwv; |1 <i <
(Kmn) = [n,2n+m+mn —1] as

It is easy to verify that f is an n-super graceful labeling. By swapping the roles of m
and n, we have an m-super graceful labeling for K, ,, = Ky, 5. L]

Now, keep the notation in the proof of Theorem 4.5. For n > 2,1 < k <n — 1 and
m > 1, let G(1,m,n—k) be a tripartite graph obtained from the complete bipartite graph
K, » by adding n — k edges v1v;, k+1 < j < n. Note that G(1,m,n — 1) = K1 mn-1,
the complete tripartite graph. We shall keep this notation for the following theorem.

Theorem 4.6. The tripartite graph G(1,m,n — k) is k-super graceful. In particular,
K1 m r is super graceful for all r > 1.

Proof. Note that G(1, m,n—k) has m+n vertices and mn+n—k edges. Observe that for
the n-super graceful labeling f of K., ,, n > 2, in Theorem 4.5, we have f(vi) — f(v;) =
j—1,k+1 < j <n. Here f is extended to be a k-super graceful labeling for G(1, m,n—k).
Note that if k£ = 1, we obtain a super graceful complete tripartite graph Kj ,,,—1 as
required. [

Also observe that for 2 < ¢ < m, f(u;) — f(ui—1) = n+ 1 and f(u;) — f(u1) =
(n+1)(i—1) = f(um—it2vn). Hence,
(1) by adding edge ujus and deleting edge ujv, of G(1,2,n—1), we get for n > 3,
K1 1,1,n—1—e is super graceful where K 11,1 is a complete 4-partite graph and
e is an edge with an end vertex of degree 3.
(2) for 2 <i < m, if we add edge uju; and delete edge u;v, of G(1,m,n — k), we
get infinitely many k-super graceful 4-partite graphs.

The following theorem in [7, Theorem 2.2] now follows directly from Theorem 4.6.
Theorem 4.7. Forr > 1, the complete tripartite graph K 1, is super graceful.

Corollary 4.8. There are infinitely many 2-super graceful Ky 1, —e forr > 1 and e is
an edge with an end vertex of degree 2.

Theorem 4.9. For 1 <k <r, Ky, is k-super graceful if and only if k = 1.
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Proof. The sufficiency follows from Theorem 4.7. We now prove the necessity. Let f be
a k-super graceful labeling of K i,. Without loss of generality, we may assume that
{f(v;) : 1 < i <r}is a strictly decreasing sequence, and that f(u1) < f(uz). Let ¢ <r
be the greatest integer such that f(v;) =k +3r+3 — ¢, for 1 < i < ¢. By Theorem 2.6,
k<c If c=1, then k =1 and we are done. So we assume that ¢ > 2.

Now, we consider the assignment of the label k + 3r + 2 — ¢, which is the greatest
undetermined label. If it is a vertex label, then according to the choice of ¢ and f(ug) >
f(u), f(u2) =k +3r +2 — c. In this case, f(ugv.) =1. Hence k = 1 and we are done.

From now on, we assume that k + 3r + 2 — ¢ is an edge label. That is, k+3r+2—c =
flzy) = f(z) — f(y) for some edge zy. Now f(x) =k+3r+2—c+ f(y) > k+3r+3—c.
So 2 = v; for some i (1 <4 < ¢). Moreover, y = uj or us. Since k+3r+2—c > f(v1y) >
f(viy), we have i = 1 and f(y) = c¢. Since f(viu1) > f(viuz) and k + 3r + 2 — ¢ is the
greatest undetermined label, y = uy. Thus f(u1) = ¢, and so f(uiv;) =k+3r+3—c—1,
for 1 <4 < ¢. Now the next greatest undetermined label is k4+3r+2—2¢ > c+k+1 > c+2.

Let P(t) =“Fither f(viet;) = k+3r+3—2tc—j for1 < j < c and k+3r+3—2tc—2c >
c+2, ork=1." be a statement on t > 0.

From the above discussion, we know that P(0) holds. Now we assume that P(s) holds
for 0 < s <t —1 and consider P(t). Up to now integers in [k + 3r + 3 — 2tc, k + 3r + 2]
are assigned. We consider the assignment of k& + 3r + 2 — 2tc, which is the greatest
undetermined label at this moment.

Remark 4.10. At each stage, we always examine the greatest undetermined label. Ob-
serve that any greatest undetermined label must belong to an unlabeled vertex, or edge
with a larger incident vertex label.

For convenience of exposition, we divide the undetermined labels into five types:

(I) Edge label f(uguy).

(I1) Edge labels f(v;uq), te+1<i<r.
(II1) Edge labels f(vug), 1 <i <.
(IV) Vertex label f(uz).

(V) Vertex labels f(v;), tc+1<i<r.

By Remark 4.10, Types (I) and (II) are not possible.

For Type (III): f(viug) = 3r 4+ k + 2 — 2tc for some i. Since f(ug) < 3r +k + 2 — 2tc,
f(v;) > 3r+k+2—2tc. This implies that 1 <14 < tc. Since 3r + k+2 — 2tc is the greatest
undetermined label, i = 1. Here we have f(u2) = f(v1) — (3r+k+2—2tc) = 2tc. Ift =1,
then f(ugui) = ¢ = f(u1) which is impossible. So we only need to deal with ¢ > 2. Note
that 2tc ¢ [k + 3r + 3 — 2tc, k + 3r + 2] and hence f(vseqju2) =3r+k+3—-2(s+t)c—j
for0<s<t—1land1<j<c Now3r+k+2— 2tc— cis the greatest undetermined
label. By Remark 4.10, Types (II) to (IV) are not possible.

(A) Suppose Type (I) holds. Now we have 2tc — ¢ = f(uqu1) = 3r + k +2 —
2tc — c. Hence we have f(v.) = 2tc + ¢+ 1. Now we consider the next greatest
undetermined label 3r+k+1—2tc—c= (2t —1)c—1 > 3¢ — 1. By remark 4.10,
we only need to check Types (IIT) and (V).



1386 Thai J. Math. Vol. 20 (2022) /G.C. Lau et al.

(a) For Type (III), suppose f(viug) = 2tc —c— 1. Since ¢ > 2, 2tc—c—1 =
3r+k+1—2tc—c > 3r+k+2—2c—2tc = f(veyiuz), i > teand f(ug2) > f(v;).
But we will get f(v;) =c+ 1= f(vicus), a contradiction.
(b) For Type (V), if f(v;) = (2t — 1)c — 1 for some 4, then f(ugv;) =c+1=
f(vgeus), a contradiction.
(B) Suppose Type (V) holds. By definition, f(veq1) = 3r + k + 2 — 2tc — ¢. Now
f(Vter1u1) = 3r +k+2 — 2tc — 2¢ = f(vey1uz), a contradiction.

For Type (IV): f(u2) = 3r + k + 2 — 2tc. Now 3r 4+ k 4+ 1 — 2¢c becomes the greatest
undetermined label. If it is a vertex label, then together with f(us) we get that 1 is
an edge label and hence we are done. Now, we assume that 3r + k + 1 — 2tc is labeled
to an edge. From 3r + k + 1 — 2tc > ¢ or Remark 4.10, only Type (III) is possible. If
f(vi) < f(ug), then f(v;) = 1. We are done. If f(v;) > f(uz), then 1 <7 < (t—1)c. Since
3r+k+1—2tcis the greatest undetermined label and 7 = 1 and hence 3r+k+1—2tc = 2tc.
Now f(ug) = 2tc+1. It implies that f(veuz) = (2t—1)c+1 = f(uguy) which is impossible.

Therefore, f(vietr1) = k + 3r + 2 — 2tc is the only possibility.

Let m be the greatest integer such that f(vieq;) =k+3r+3—2tc—j, for 1 <j <m.
Since k + 3r + 2 — 2tc > ¢ = f(u1), the m consecutive integers are greater than c.
Therefore, k + 3r + 3 — 2tc — m > ¢. Now we consider the greatest undetermined label
k+3r+2—2tc—m. By the choice of m or Remark 4.10, Types (I) and (V) are impossible.
If £+ 3r + 2 — 2tc — m is the label at u; or wg, then 1 is an edge label. Hence we are
done. So we only need to consider Types (II) and (III).

For Type (III): f(viuz) = k + 3r + 2 — 2tc — m. In this case, since the integers
in [k+43r+42—2tc—m,k+ 3r 4+ 2] are occupied, f(ug) < k+ 3r+ 1 — 2tc — m and
fv)) > k+3r+3—2tc—m. Hence i < tc+ m. Since k + 3r + 2 — 2tc — m is
the greatest undetermined label, ¢ = 1 and hence f(us) = 2tc + m. Now f(veus) =
kE+3r+3—c—2tc—m= f(Vtermu1), a contradiction.

So Type (II) is the only possibility. Since k+3r+2—2tc—m is the greatest undetermined
label, f(viet1u1) = k+3r+2—2tc—m. On the other hand, f(vie41u1) = k+3r+2—2tc—c.
Thus, we obtain m = c¢. Therefore, f(vieqj) = k+3r+3 —2tc — j and f(vieqjur) =
kE+3r+3—(2t+1)c—j,for1 <j <e Since k+3r+2—2tc > c and f(viey;) and
f(ietjur) (1 < j < c) are 2¢ consecutive integers, k+3r+3 — (2t +1)c— ¢ > ¢ and hence
E+3r4+3—(2t+2)c>c+1. Ifk+3r+3—(2t+2)c=c+1, then f(u2) < ¢ = f(u1),
a contradiction. Thus, we have k + 3r +3 — (2t + 2)c > ¢+ 2, i.e., P(t) holds.

By mathematical induction P(¢) holds for all ¢ > 0. Since k, r and ¢ are fixed,
k+3r 4+ 3 — 2tc — 2¢ > ¢+ 2 cannot hold for all ¢. Therefore, we conclude that k =1. m
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