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1. INTRODUCTION

Metric space is one of the most useful and important spaces in mathematics. Its wide
area provides a powerful tool to the study of variational inequalities, optimization and
approximation theory, computer sciences and etc.

In 2011, Azam et al. [1] gave the concepts of new spaces called complex valued metric
spaces and established existence of fixed point theorems under the contraction condition.
Recently, several authors have studied the existence and uniqueness of the fixed points
and common fixed points of self-mappings in view of contrasting contractive conditions.
For example, Sintunavarat and Kumam [2] and Sintunavarat et al. [3] established the
existence of common fixed point theorems in complete complex-valued metric spaces and
presented some applications for these results. Kumam et al. [4] established fixed point
results satisfying contractive conditions of rational type in the setting of complex valued
metric spaces. Ali [5] proved some common fixed point theorems for a pair of weakly
compatible mappings satisfying (CLRg) property and property (E.A) in complex valued
metric spaces. Lately, Verma and Pathak [6] proved some common fixed point theorems
for two pairs of weakly compatible mappings in a complex-valued metric space by using
new property, known as common limit converging in the subset or (CLCS)-property (see
also [2, 7-10]).
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The purpose of this work is to present some common fixed point results for the map-
pings satisfying rational expressions on a closed ball in complex valued metric spaces
where these results are very useful in the sense that they require contractiveness of the
mappings only on a closed ball instead of the whole space. Moreover, the obtained results
are generalizations of recent results proved by Ahmad et al. [7], Azam et al. [1], Klin-eam
and Suanoom [11], Rouzkard and Imdad [9], Sitthikul and Saejung [10] and Sintunavarat
and Kumam [2].

2. PRELIMINARIES

In this section, we recall some definitions and properties in complex valued metric
spaces that will be used in this paper.

Let C be the set of complex numbers and z1, 29 € C. Define a partial order < on C as
follows:

21 = 29 if and only if Re(z1) < Re(z2), Im(z1) = Im(z2).
It follows that z; < 2o if and only if one of the following conditions is satisfied:

(i) Re(z1) = Re(#2), Im(zl) < Im(zz),
(ii) Re(z1) < Re(za), Im(z1) = Im(z2),
(iii) Re(z1) < Re(z2), Im(zl) < Im(z2),
(iv) Re(z1) = Re(za), Im(z1) = Im(z2).

In particular, we will write 2, 3 2o if 21 # 22 and one of (i), (ii), and (iii) is satisfied and
we will write z; < 2y if only (iii) is satisfied. Note that it is obvious that the following
statements hold:

(i) If 0 = 21 3 22, then |z] < |2o].

(ii) If 2 < 20 and 2o 3 23, then z; < 23.

Definition 2.1. [1] Let X be a nonempty set. Suppose that the mapping d : X x X — C,
satisfies:

(a) 0 =d(z,y

(b) d(z,y) =

(c) d(z,z) =
Then d is called a complex valued metric on X, and (X,d) is called a complex valued
metric space.

y), for all ,;y € X and d(x,y) = 0 if and only if z = y;
d(y,x) for all z,y € X;
d(z,y) + d(y, 2), for all z,y,z € X.

Definition 2.2. [1] Let (X, d) be a complex valued metric space.

(i) A point z € X is called interior point of a set A C X whenever there exists
0 < r € C such that B(z,r) = {y € X : d(z,y) < r} C A, where B(xz,r) is an
open ball. Then B(z,r) ={y € X : d(x,y) < r} is a closed ball.

(ii) A point z € X is called a limit point of A whenever for every 0 < r € C,
B(z,r)N(A—X) #0.

(iii) A subset A C X is called open whenever each element of A is an interior point
of A. A subset B C X is called closed whenever each limit point of B belongs
to B. In this case, the family F = {B(z,r) : « € X,0 < r}, is a sub-basis for a
Hausdorff topology 7 on X.

Definition 2.3. [1] Let (X, d) be a complex valued metric space. Let {z,} be a sequence
in X and 2 € X.



Some Common Fixed Point Theorems in Complex Valued Metric Spaces 1365

(i) If for every ¢ € C with 0 < ¢ there is ng € N such that d(x,,z) < ¢, for all
n > ng, then {z,} is said to be convergent to x. We denote this by lim,z, = x
or T, — .

(ii) If for every ¢ € C with 0 < ¢ there is ng € N such that d(z,,z,,) < ¢ for all
n,m > ng, then {z,} is called a Cauchy sequence.

(iii) If every Cauchy sequence is convergent in (X, d), then (X, d) is called a com-
plete complex valued metric space.

Lemma 2.4. [1] Let (X,d) be a complex valued metric space and let {x,} be a sequence
in X. Then {x,} converges to x if and only if |d(x,,z)| = 0 as n — co.

Lemma 2.5. [1] Let (X, d) be a complex valued metric space and let {x,} be a sequence
in X. Then {x,} converges to = if and only if |d(zpn, Tpnem)| — 0 as n — oo, where
m € N.

Lemma 2.6. [10] Let (X,d) be a complete complex valued metric space. Suppose {x,}
be a sequence in X and h € [0,1). If ap, = |d(zpn, Tni1)| satisfies

anp < hap_1, Vn eN,
then {x,} is a Cauchy sequence.

Recently, many authors established some common fixed point results in complex valued
metric.

Theorem 2.7. [1] Let (X,d) be a complete complex valued valued metric space and let
A1, A2 be monnegative real numbers such that Ay + Ao < 1. Suppose S,T : X — X are
mappings satisfying
Aod(z, Sz)d(y, Ty)

L+d(z,y) 7
forall xz,y € X. Then S and T have a unique common fized point in X.

Theorem 2.8. [9] If S and T are self-mappings defined on a complete complex valued

metric space (X,d) satisfying the condition

+ )
1+d(z,y)

for all x,y € X, where A1, \o, A3 are nonnegative reals with Ay + Ao + A3 < 1. Then S
and T have a unique common fixzed point in X.

d(Sz,Ty) =< Md(z,y)

Theorem 2.9. [11] If S and T are self-mappings defined on a complete complez valued
metric space (X,d) satisfying the condition

Aod(z, Sw)d(y, Ty)

1+d(z,y)
+)\3d(y,S:c)d(:E,Ty) Md(z, Sz)d(z, Ty)
1+ d(z,y) 1+d(z,y)
Asd(y, Sz)d(y, Ty)
1+d(z,y) ’

forallxz,y € X where \; fori =1,2,3,4,5 are nonnegative with \1 +A o+ A3+2 4 +2A5 <
1. Then S and T have a unique common fized point in X.
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Theorem 2.10. [2] Let (X,d) be a complete complex valued metric space and S, T :
X — X. If there exists a mapping A(z), E(x) : X — [0,1) such that for all z € X :
(i) A(Sz) < A(z) and Z(Sz) < E(z);
(ii) A(Tz) < A(x) and E(Tz) < Z(x);
(iii) (A+Z2)(z) < 1;
: E(x)d(z, Sz)d(y, Ty)
< .
(iv) d(S2,79) = Alw)da,y) + =N
Then S and T have a unique common fixed point.

3. MAIN RESULTS
The following theorem is the main result of this paper.

Theorem 3.1. Let (X,d) be a complete complex valued metric space, xg € X and S,T :
X — X. Suppose that there exist mappings A; : X x X — [0,1) where i = 1,2,---,7
such that

(a) Xi(T'Sz,y) < Ai(z,y) and Xi(x, STy) < Ai(z,y),

(b) Mz, y)+Aa(@,y) + Az, y) +2 (Aa(@, ) + As(@,y) + As(@, ) + Ar(z,y)) < 1,

(c)
A(S2,Ty) = M(o,5)d(,y) + Do, ) ST | () M5 Ts)
P T ol >%
for all x,y € B(xg,r). If
|d(x0, Szo)| < (1= N)|r], (3.2)

where
)\1(5007 Smo) =+ )\4(1‘0, Sx()) + )\6(1307 S.CL‘())

1-— )\2(!1}0, SCE()) — A4(1}0, Smo) — )\6(.’1’07 Sl’o)’
Al(‘fo, Swo) + )\5(1‘0, S{Eo) =+ )\7(.’E0, Sl’o)

1- )\2($07 SiEo) — )\5(1‘0, Smo) — )\7($07 Sl‘o) }’

A = max{

then there exists a unique point u € B(xg,r) such that u = Su = Tu.
Proof. Let xy be an arbitrary point in X. Define the sequence {z,} by
Tong1 = STon, Topnto = TTopi1, VN =0,1,2,---. (33)

From condition (a), for z,y € X, n=0,1,2,--- and i =1,2,--- ,7, we have

Ai(T2n,y) = Xi(TSx2n_2, )< Ni(Zan—2,9)
< Aim2n—a,y) < -0 < Xil@o, ). (3.4)
Similarly, we obtain
Xi(@,2on41) = Ni(x,STwop—1) < Ni(x, 20-1)
< iz, won—3) < - < Az, a0). (3.5)

We break the argument into four steps.
Step 1. z,, € B(zo,7) for all n € N.
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Proof. By induction, let n = 1. From condition (b), we have 0 < A < 1. Using (3.2), we
obtain |d(zg, Szg)] < (1 — N)|r| < |r]. So x1 € B(zo,r), and the result hold for n = 1.
Let x2, z3...,x; € B(xo,7). It is enough to show that z; 1 € B(xo,r). First suppose that
j =2k, then j +1 =2k + 1. Now from inequality (3.1), we have

d(zort1, or) =d(STxop—1,Txok—-1) =X M (Tx2p—1, T2k—1)d(TT2k—1, Tor—1)

and hence

d(Tor41, T2k)

+ X (Txop—1,T2—1)
+ As(Txok—1, T2k—1)

+ M(Tor—1, T2k-1)

+ A5 (Txok—1, Tak—1)
+ X6(Txop—1,T2—1)

+ A (Txop—1,T2—1)

+A2 (2K, Tak—1)
+A3(Tok, Top—1)
+Aa T2k, Tok—1)
+As5(Tak, Tar—1)
+X6(T2k, Tap—1)

+ A7 (2o, Tak—1)

d(Twog—1,STwop—1)d(wop—1, TT21)
1+ d(Trog—1,T2k-1)

d(xor—1,STxok—1)d(Txok—1, Txo8—1)
1+ d(Trog—1,T2r-1)

d(Txzor—1,STrop—1)d(T2xok—1, TT2k—1)
1+ d(Twop—1,T2k—1)

(3.6)
d(xok—1,STxop—1)d(x2k—1,TTo8—1)
14+ d(Twop—1,T26-1)
d(Txor—1,Twop—1)(1 + d(Txop—1,STT2k—1))

1+ d(Txog—1,T2k-1)
d(zok—1,STxok—1)(1 + d(zo—1, TT21—1))
1+ d(Txop—1,T2-1)

3

d(STxop—1,Txok—1) = M (@ok, Tak—1)d(T2k, T2r—1)

d(22k, Toky1)d(Tog—1, Tok)
1+ d(xap, Top—1)
d(zor—1, Tort1)d(Tok, Tor)
1+ d(wop, T2p—1)
d(wok, oy 1)d(Tar, Tar)
1+ d(fﬁgk, $2k—1)
d(2ok—1, Top41)d(Tok—1, T2k)
1+ d(xop, Top—1)
d(zor, 2r) (1 + d(2ok, Tori1))
1 + d(wak, Tap—1)
d(zor—1, Tort1) (1 + d(x2r—1, T21))
1+d(332k;332k—1) '

(3.7)

Combining (3.4), (3.5) and (3.7), since |d(zag, Tar—1)| < |1 + d(zak, Tar—1)|, we get

|d(2ar1, vor)|

IN

|d(STxog—1,Txok—1)| < M (z0, T2k—1)|d(z28, T2r—1)|

+A2(x0, Tap—1)|d(x2k, Tary1)| + A5 (0, Tor—1)|d(T2n—1, Tor+1)]

+A7(20, Tok—1)|d(T2k—1, T2n41)]

A (2o, 21)|d(@2k, Tor—1)| + A2 (@0, 1) |d(z2k, Zok41)

+5(zo, z1)[|d(z2k, Tor—1)| + |d(z2k, T2r41)]]
+ A7 (o, z1)[|d(z2k, T2r—1)| + |d(z2K, T2r+1)]],
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which implies that

Ai(zo, 1) + As (o, 1) + A7(2o, 1)
1 — Xo(zo,21) — As(2o, 1) — A7(@o, 1)

|d(zopy1, x2r)| < |d(zak, xor—1)]. (3.8)

Similarly, if j = 2k + 1 then j + 1 = 2k + 2, and we have

d(Tort2, Takt1) = d(Tapy1, Taprz) = d(Szar, T'Szay)
< >\1(330,331)|d($2k, 332k+1)| =+ /\2(330, $1)|d($2k+1,$2k+2)|
+ Ao, 21)[|d(@2r, Tor+1)] + |d(T2rt1, T2nt2) ]
+ A6 (w0, v1)[|d(z2r, Tort1)| + [d(T2r41, Tort2)]],

which implies that

)\1({1}0, xl) + >\4($0a xl) + >‘6(x0’ xl)
d <
|d(z2k+2, Tor+1)| < 1 — Xo(wo,21) — (0, 21) — N6(T0, 21

) |d(z2p11, T2k)]- (3.9)

A1 (zo,x1)+Aa(wo,21)+ A6 (20,21) A1 (20,21)+As5 (20,%1) +A7(20,71)
*>\2(5E0,:vl)f/\4(aco,ac1)f)\5(zg,a:1) ’ 17)\2("1;0,w1)7A5(1,‘0,$1)7>\7($0)aj1) }’ then by (38)

and (3.9), we conclude that |d(z;11,2;)| < Ad(xj,x;_1)| for all j € N. Therefore we have
|d(zj41,25)] < M|d(x1,20)| for all j € N and

Since A = max{ 3

< d(@jgr, @) + - 4 |d(@, 20)]
< Nl|d(zy,@o)| + -+ |d(z1, 20)|
|d(z1,20)|(N + N7+ 1)
1 — A+l
N

|d(541,70)]

IN

(1= A)r]

< Il
Hence, ;11 € B(xzo,r), and consequently z,, € B(xg,r) for all n € N and
|d(@nt1,20)] < A|d(@n, Tp-1)], (3.10)

for all n € N. [
Step 2. {z,} is a Cauchy sequence.

Proof. From inequality (3.10) and applying Lemma 2.6, we get that {z,} is a Cauchy
sequence in B(zg, ). [

Step 3. T and S have a common fixed point.

Proof. Inasmuch as B(xg,r) is complete, there exists z € B(xq, ) such that lim,x, = z.
Now, we show that z is a fixed point of S. From rectangle inequality and (3.1), we have
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d(z,Sz)

IA

IA

d(z, Tron+1) + d(Tx2n41,5%)
d(z,xon12) + d(Sz, Txopt1)
d(z, xon+2) + M (2, Tan+1)d(2, Tant1)
d(z,S8z)d(x2n+1, TT2n+1)
1+d(z,xon4+1)
d(xont1,52)d(z, Txont1)
1+d(z,22n41)
d(z,82)d(z, Txon+1)
14+ d(z, x2n+1)
d(x2n+1,592)d(T2n+1, TTon+1)
1+d(z,x2n41)
d(z, Tron+1)(1 +d(z,S2))
1+d(z,22n41)

+X2(2, Tan41)

+A3(2, T2n41)

+A4(2, Zont1)

+A5(2, Tan41)

+>\6(Za m2n+1)

+A7(2, Ton41) 1+d(z, x2n41)

Consequently, from (3.5), we have

d(z,8%)

Taking n — oo results |d(z, Sz)| < A7(z,21)]d(z, Sz)].

=< d(z,@on42) + M (2, 21)d(2, Tant1)
d(z,S8z)d(xon 11, Tant2)
1+ d(Z, 372n+1)
d(l‘2n+1, SZ)d(Z, l‘2n+2)
1+d(z,z2n41)
d(z,52)d(z, xan12)
1+d(z,72n41)
d(@on+1, 52)d(Ton+1, Tony2)
1+ d(z, Jign_;,_l)
d(z, Tant2)(1 + d(z, Sz))
1+d(z,z2n41)
d(@2n+1, S2)(1 + d(@2n+1, T2nt2))
L +d(z,72n41) '

+A2(z, 1)

+As3(z, 1)

+A4(z, 1)

+)\5(Zax1)

+X6(2, 1)

+A7(2, 1)

d(w2n41,52)(1 + d(z2n+1, TT2141))

By condition (b), A7z(z,z1) < 1.

Thus d(z,Sz) = 0 and z = Sz. It follows similarly that z = T'z. Therefore, z is a common

fixed point of S and T'.

Step 4. Common fixed point of S and T is unique.
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Proof. Assume that zx € B(xg,r) is a second common fixed point of S and T. From
(3.1), we have

d(z,Sz)d(zx, Tzx)

d(z,zx) = d(Sz,Tzx) 2 A1(z, z%)d(z, 2%) + Aa(z, 2%)

1+ d(z, %)
M) Tt
(s, o) ARSI e L)
— (2, 2)d(z, 2%) + A2, Z*)W
ooz T 222 D

Since |1 + d(z, zx)| > |d(z, z*)| and |1 + d(z, zx)| > 1 we get,

|d(z, zx)| < [A1(z, 2%) + A3(z, z2%) + A6(z, 2%) + A7 (z, 2%)]|d(z, z%)|.
From condition (b), \1(z, 2%) + A3(z, 2%) + As(2, 2%) + A7 (2, 2%) < 1, therefore we conclud
that |d(z, z%)| = 0. Thus z = z*. This completes the proof. (]

Remark 3.2. Theorem 3.1 holds if the condition (3.2) is replaced by |d(xo, Tzg)| <
(1= X)r].

Remark 3.3. Existence of the common fixed point of the mappings satisfying a contrac-
tive condition on the closed ball is a stronger condition instead of the whole space. The
following example shows this fact.

Example 3.4. Let X = {(1,2),(2,3),(3,4),(4,5),(5,6),(6,7)}. Define the mapping
d: X xX — Cforall 21,20 € X, by

d(z1,22) = |z1 — @2| + t|y1 — V2|,

where 21 = 1 4+ iy1, 22 = T2 +iys. Then (X, d) is a complete complex valued metric
space. Now, define two mappings 7, S : X — X by

6+ 74 z=(5,6)
Sz=Tz=
|X_ Y‘ + 2i|X_Y| VAS {(LQ) ) (273) ) (374) ;(4,5), (677)}

forall z=a+1iy € X.
Take zp = (2,3) =2+ 3i and r = 2 + 21, so

B(ZO>T) = {(17 2)v (273)’ (354)7 (4’ 5)}



Some Common Fixed Point Theorems in Complex Valued Metric Spaces 1371

Let A\; : X x X — [0,1) where ¢ = 1,2,---,7 for all 21,29 € B(z0,7) be defined as
follows:

|71 — yil[r2 — ya| 1

A = +—

1(z1,22) 10 24
)\i(21722) = |l'1 _y12‘lf2 _y2| Vi = 2,3,"' ,7.

Clearly, )\1(21, ZQ)+)\2(21, 22)+)\3 (Zl, 22)+2(>\4(Zl, ZQ)+)\5 (21, 22)"_)\6(21, 22)+>\6 (21, 2’2)) <
1 and also,

M(TSz1,22) = M(T(|xy — y1| + 2i]z1 — 1)), 22)
= M(llzr — 1] = 2021 — yal| + 2i[|z1 — y1| = 2]21 — y1l], 22)

) [lz1 — 11| — 2|z —wil|jwe —y2| 1
1|z — y1| + 2ifxr — ya, 22) 10 *t a3
|$1—y1|\$2—yz| 1
= :)\
10 +24 1(21722)

A1(z1, 8T z2) = A1 (21, S(|z2 — Y2 + 2i[w2 — y2|))
= Ai(z1, |72 — yo| — 2|22 — Y2l + 2i]|z2 — yo| — 2|22 — y2||)

, |72 — ya| = 2|lz2 — yo|l|lz1 —y1] | 1
l(zlv |$2 y2| + ’L‘Q?g y2|) 10 + 2
_ o lmi—wnllwe —wel 1
= 10 +24 _)\2(21,22)'
Similarly for ¢ = 2,3,--- ,7 we will have

/\i(TSZh 2’2) S )\7;(21, 2’2) and /\i(Zh STZQ) S )\7;(21, 22).
Also we have,
V2 = |d(z0, Sz0)| < (1 —0.2571)2V/2,

where A = 0.2571 and |r| = 2v/2, so condition (3.2) holds.
We next verify inequality (3.1) of Theorem 3.1. For all z,y € B(zp,r) we have

d(z,Sz)d(y, Ty) d(y,Sz)d(x,Ty) d(z,Sz)d(z,Ty)

0 =2 d(wz,y),

Ltd(e,y)  1+dxy) ~ 1+dy)
d(y, Sz)d(y,Ty) d(z,Ty)(1 +d(z,Tz)) d(y,Tx)(1+d(y,Ty))
1+d(z,y) 1+d(z,y) ’ 1+d(z,y) '

On the other hand, d(Sz1,Tz2) = 0 for all 21,25 € B(zg,7). So we get inequality (3.1).
Hence the required condition of Theorem 3.1 are satisfied and the point (1,2) € B(zo,r)
is a unique common fixed point of S and T
Inequality (3.1) of Theorem 3.1 doesn’t hold for the whole space X. Because for
z1 = (1,2) and 22 = (5,6) where 22 & B(zo,7), we have
5+i5 = d(S(1,2),T(5,6)) > 0.8766 + 0.8604i
1 1 . 1 (4+4i)(5+ 5i) 1 (4+49)(1+1))
T \444 S TR T ) BT EIATY)
T A Y S oy TR Y R T
1 (G540 1 (4+40)(2+14)

24 (54 4i) 24 (5+ 4i)
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If S =T in Theorem 3.1, then we get the following result.

Theorem 3.5. Let (X,d) be a complete complex valued metric space, xo € X and
T:X — X. Suppose there exist mappings A; : X x X — [0,1) where t = 1,2,---,7
such that

(a) Ni(Tz,y
(b) Mi(z,y)
(c)

+ X2z, y) + As(z,y) + 204z, y) + 2205(2,9) + 206 (2, y) + 207 (2, y) < 1

d(z, Tz)d(y, Ty)

1 +d(z,y)
sy T A T0),

for all x,y € B(xg,r). If
|d(.%'0,TCL‘())| < (1 - )\)|7“7
A1 (wo,Tw0)+)\4(:r07T:v0)+)\6(x0,Ta:0) )\1(ZD07T£E0)+>\5(IQ,TI0)+/\7(w0,T10)

—A2(20,Tz0)—Aa(z0,Tx0)— N6 (20,T20)’ 1—>\2($O,TI0)—>\5(fﬂo,Tfﬂo)—M(rmTro)}’ then
there exists a unique point u € B(xg,r) such that u = Tu.

where X = max{ 1

If we take fixed functions A;(x,y) = A; where ¢ = 1,2,---,7, in Theorem 3.1, we
conclude the following corollary.

Corollary 3.6. Let (X,d) be a complete complex valued metric space and xg € X. Let
S, T : X — X satisfying the following condition
d(z, Sz)d(y, Ty)  , dly,Sz)d(z,Ty)
L+d(z,y) T 1+d(w,y)
d(x, Sz)d(z, Ty) d(y, Sz)d(y, Ty)
Ay As
1+d(z,y) 1+d(z,y)
dly, Sy)d(z, Tx) |\ dly, Sy)d(y, Tx)
1+d(z,y) 1+d(z,y)

d(Sz,Ty) = Md(z,y)+ o

+X6
for all z,y € B(xg,7), where \; for i = 1,2,...,7 are nonnegative real numbers with
A+ Ao+ A3 4+ 204 + 2A5 4+ 206 + 207 < 1.
If
|d(w0, Swo)| < (1= A)|r],
where A = max{ 13\?};\11\‘;67 li\l)\ji\i\':gw}, then there exists a unique point u € B(xg,r)
such that u = Su = Tu.

By choosing A;(z,y) = A; wherei =1,2,--- /5 and Ag(z,y) = A7(x,y) = 0, in Theorem
3.1, we get the result obtained by Ahmad et al. in [7, Theorems 6].
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Corollary 3.7. Let (X,d) be a complete complex valued metric space and S, T : X — X
satisfying the following condition

d(Sz, Ty)
d(z, Sz)d(y, Ty) d(y, Sz)d(z,Ty)
=<
2 Al y) ¥ 1+ d(z,y) As 1+d(z,y)
I\ d(x, Sx)d(x, Ty) ) d(y, Sx)d(y, Ty)
Y 1+ d(z,y) Yl td(xy)

for all z,y € B(xg,r), where \; for i = 1,2,...,5 are nonnegative with Ay + A2 + A3 +
20+ 205 < 1. If

|d(z0, Szo)| < (1= A)lr],
where \ = max{lgf;\‘;%, 1f1)\ji5>\0
that uw = Su = Tu.

}, then there exists a unique point u € B(xg,r) such

Remark 3.8. Setting \;(x,y) = 0 for ¢ = 4,5 in Theorem 3.1, we obtain an extension
from the result obtained by Sitthikul and Saejung in [10, Theorems 2.4] to the closed ball.

Remark 3.9. By definition A\ (z,y) = A(x), Xo(z,y) = E(x) and \;(z,y) = 0 for ¢ =
3,4,5 in Theorem 3.1, we get an extension from Theorem 2.10 to the closed ball.

Remark 3.10. By choosing \;(z,y) = A; for i = 1,2, N\(x,y) = 0 for ¢ = 3,4,5 in
Theorem 3.1, we deduce an extension from Theorem 2.7 to the closed ball.

Remark 3.11. By letting A\;(z,y) = A; for i = 1,2,3, \j(z,y) = 0 for i = 4,5 in Theorem
3.1, we get an extension from Theorem 2.8 to the closed ball.

Remark 3.12. By letting A\;(x,y) = \; for ¢ = 1,2,3,4,5 in Theorem 3.1, we obtain an
extension from Theorem 2.9 to the closed ball.

Remark 3.13. With given argument in Theorem 3.1 we can get an extension from the
obtained results by Kumam et al. in [4] to the closed ball.
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