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1. INTRODUCTION

The monoid of cohypersubstitutions of type 7 is one topics on universal algebra that
interested by many authors. The concept of cohypersubstitutions, the main tool used to
study cohyperidentities, was firstly studied and introduced in 2009 by K. Denecke and
K. Seangsura [1]. They defined terms for coalgebras, coidentities, cohyperidentities and
applied all the concepts to construct the monoid of cohypersubstitutions of type 7. In
2013, S. Jermjitpornchai and N. Seangsura [2] generalized the concepts of [1] by studying
on the generalized cohypersubstitutions. They introducde the coterms, generalized super-
positions, some algebraic-structural properties and constructed the monoid of generalized
cohypersubstitutions of type 7 = (n;);er. There are many researchers interested in the
monoid of generalized cohypersubstitutions of type 7 = (2),7 = (3) and 7 = (n). They
characterized the idempotent and regular elements of these structures and characterized
other special elements. For studying on the factorisable monoid, in 2015, A. Boonmee
and S. Leeratanavalee [3] focused on the monoid of generalized hypersubstitutions of type
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7. They characterized the set of all unit elements of this monoid [U(Hypg(n))] and deter-
mined the set of all unit-regular elements of this monoid of type 7 = (2) [UR(Hypg(2))].
Moreover, they showed that [UR(Hypg(2))] was a maximal unit-regular submonoid of
this monoid which was factorisable. Afterwards, in 2016, the same authors [1] generalized
the concepts of [3] by presenting the set of all unit-regular elements of the monoid of
generalized hypersubstitutions of type 7 = (n) [UR(Hypg(n))] and showed that it was
a maximal unit-regular submonoid of this monoid which was factorisable. More related
topics on terms may be seen [5—7].

In this present paper, we focus on the monoid of generalized cohypersubstitutions of
type 7. We apply the concepts of [3] for characterizations of the set of all unit elements of
this monoid. We fix a type 7 = (2), and determine the set of all unit-regular elements of
this monoid. In the last of this study, we show that it is a maximal unit-regular submonoid
of the monoid of generalized cohypersubstitutions which is factorisable.

2. MONOID OF GENERALIZED COHYPERSUBSTITUTIONS

In this section, we provide the basic concept of the monoid of set of all generalized
cohypersubstitutions which is very useful to this research.

Let A be a non-empty set and n € N. Define the union of n disjoint copies of A by
A" :=n x A where n = {1,2,...,n}, so it is called the n-th copower of A. An element
(i,a) in this copower corresponds to the element a in the i-th copy of A where i € n.
A mapping f4 : A — A" is a co-operation on A; the natural number n is called the
arity of the co-operation f4. Every n-ary co-operation f* on the set A can be uniquely
expressed as the pair of mappings (f{', f5') where f{* : A — n gives the labelling used
by f4 in mapping elements to copies of A, and f5' : A — A tells us what element of A
any element is mapped to, so f4(a) = (f{'(a), f5'(a)). We denoted the set of all n-ary
co-operations defined on A by COEI‘) ={f4: A A"}

Let 7 = (n;);ecr and let (f;)icr be an indexed set of co-operation symbols which f; has
arity n; for each i € I. Let U{e;’ |n>1,neN,0<j<n-—1} be aset of symbols which
disjoint from {f; [i € I'} such that e has arity n for each 0 < j <n —1. The coterms of
type 7 are defined as follows:

(i) For every i € I, the co-operation symbol f; is an n;-ary coterm of type 7.
(ii) For every n > 1 and 0 < j < n — 1 the symbol e’ is an n-ary coterm of type 7.

(iii) If t1,...,t,, are n-ary coterms of type 7, then f;[t1,...,t,,] is an n-ary coterm
of type 7 for every i € I, and if tg,...,t,—1 are m-ary coterms of type 7, then
e?fto, ..., tn—1] is an m-ary coterm of type 7 for every 0 < j <n — 1.

Let CTT(n) be the set of all n-ary coterms of type 7, and CT; := U CTT(") the set of
n>1
all coterms of type 7.

Definition 2.1. [2] Let m € N* = NU {0}. A generalized superposition of coterms
S™ . CT™ ! — COT is defined inductively by the following steps:
(i) Ht=el and 0 <i<m — 1, then S™(e?,t0,...,tm—1) = ti,
where tg,...,tm_1 € CT;.
(ii) ft =€l and 0 < m <i <n—1, then S™(el,to,... ,tm—1) =€},
where tg,...,tm_1 € CT,.
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(lll) Ift = fi[Sl,...,SnJ N then
Sm(t,tl,...,tm) = fi(Sm(sl,tl,...,tm),... Sm(snl,tl,...,tm)),
where S™(s1,t1, - ytm), -, S (Snyst1, -y tm) € CTx.

The above definition can be written as the following forms:
(i) It =el and 0 < i <m — 1, then el[tg,...,tm-1] = t;,
where tg,...,t;m_1 € CT,.
(ii) ft=eP and 0 < m < i <n—1, then el[tg,...,tm-1] = €F,
where tg,...,t;m_1 € CT.
(iii) If t = fi[s1,...,Sn,], then
(fi[Sh RN 7Sni])[t17 e ,tm] = fi(sl[tl, ce 7tm]7 ey Sni[th e ,fm])7
where s1[t1, ... tm]s .oy Sn;lt1y .- tm] € CT;.

Definition 2.2. [2] A generalized cohypersubstitution of type 7 is a mapping
o : {fi|li € I} — CT,;. The extension of ¢ is a mapping ¢ : CT, — CT, which is
inductively defined by the following steps :

(i) o(e}) :=e} foreveryn >1and 0 <j <n-—1,

(ii) &(f;) —O’(fl) for every i € I,

(ill) 6(filtr,- .. tn)]) = o(fi)[6(t1), ..., 6(t,) for t1,.. . t,, € CT,
Let Cohypa(T) be the set of all generalized cohypersubstitutions of type 7.
Proposition 2.3. [2] Ift,t1,...,t, € CT; and o € Cohypa(T), then

6(tltrs ... tn]) = 6()[6(t1), ..., 6(tn)].
On the set Cohypa(7) of all generalized cohypersubstitutions of type 7 we may define
a function ogg : Cohypa(7) X Cohypa(t) — Cohypa(T) by 01 ocg 09 := d1 0 g9 for
all 01,09 € Cohypa(7) where o is the usual composition of mappings. Let 0,4 be the
generalized cohypersubstitution such that o4(f;) := fileg,ef,...,en ] for all i € I.
Then o4 is an identity element in Cohypg (7). Thus Cohypa (1) := (Cohypa(7), 0ca, 0id)
is a monoid and called the monoid of generalized cohypersubstitutions of type 7. The
algebraic structural-properties of the monoid Cohypg(7) can be found in [2].
Throughout this paper, we denote:
o = the generalized cohypersubstitution o of type 7 which maps f to the coterm t,
= the injection symbol for all 0 < j <n—1,n €N,
E := the set of all injection symbols, i.e. E := {e} [n,j € N},
E(t) := the set of all injection symbols occuring in the coterm ¢,
leftmost;y;(t) := the first injection symbol (from the left) occuring in the coterm ¢,
rightmost;;(t) := the last injection symbol occuring in the coterm ¢.

3. UNiT ELEMENTS IN THE MONOID Cohypg(n)

In this section, we focus on the type 7 = (n) and characterize the unit elements of the
monoid Cohypa(n). Firstly, we recall the definition of unit element as follow.

Definition 3.1. Let M be a monoid. An element u € M is call unit if there exists
u~! € M such that uu™! = e = u~'u where e is an identity element of M. The set of all
unit elements of M is denoted by U(M).

To give a characterization of unit elements in Cohypa(n), the following two lemmas
are needed.
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Lemma 3.2. Let 0, € Cohypg(n), where t = flto, ..., tn_1] € CT(yny. Ift; € CTiny \ E
for some i € {0,1,...,n— 1}, then oy is not unit element.

Proof. Let t = f[to,...,tn_1] € CT(y) where t; € CT(y,) \ E for some i € {0,1,...,n—1}.
Let oy € Cohypg(n) and s = f[so,...,5,-1] € CT,) where s; € CT(,) for all i €
{0,1,...,n—1}. Then
(o1 ocG 05)(f) = 6¢(f[s0,-- -, 8n—1])
= (0(f))[6¢(50), - - -, 0t(8n—1)]
f[to,...,ti,...,tnfl])[&t(SO)p..,6t(8n,1)]
= f[to[é‘t(SQ),...,5}(571,1)},...,ti[&t(SO),...7(5'15(8”,1)],...,
)

tn_l[a't(SO gese ,&t(sn_l)]].

Since t; ¢ E. Then t;[6+(s0),...,0t(sn-1)] # €;0 < i < n — 1. Therefore (o; oca

Gs)(f) 7é f[egv SRR 6?, SERE) 62—1] = aid(f) for all 0s € OOhypG(n) u
Lemma 3.3. Let o, € Cohypg(n), where t = fle? ... el | € CT(,y. If ji > n for
some i € {0,1,...,n — 1}, then o is not unit element.
Proof. Let t = flel,...,e} ||, where j; > n for some i € {0,1,...,n — 1} and let
os € Cohypa(n), where s = f[so,...,Sn—1]. Then
(01 occ 0s)(f) = 64(fs0,- -+, 5n—1])
= (O-t(f))[a-t(so)a sy a-15(571—1)]
= (f[e?o, ce, e;lj,e?n_l])[&t(so), ooy 0(8n—1)]
= fle} [6e(s0)s - -5 Ge(sn-1)],- - €} [64(50), - -+, Ot (Sn—1)]5 -
6;271 [5}(80), . ,5',5(8”_1)]].
Since j; > n, then e [64(s0),...,0¢(sn-1)] # €50 < i < n— 1. So, that means

(ot ocq 05)(f) # 0ua(f) for all o5 € Cohypg(n). Hence oy is not unit in Cohypg(n). =

Theorem 3.4. Let n € NT and let S be a set of all permutation on the set
{0,1,...,n —1}. An element oy € U(Cohypc(n)) if and only if t = flel o, .- €x 1)l
where ™ € S,,.

Proof. Assume that o, € U(Cohypa(n)). Then there exists o5 € Cohypg(n) such that

0t 0cG Os = 044 = 05 0cg 0. By Lemma 3.2 and Lemma 3.3, if ¢ = f[to,...,tn_1]
and s = f[so,...,sn—1], then t;,s; € {eg,...,ep_,} for all 4,5 € {0,1,...,n — 1}. Let
m,m € S and s = f[€:'(o)v cl eﬁ,(n_l)]. Consider
aia(f) = (o1 oca 04)(f)
= 6t(f[eﬁ,(0), ez/(l), ey 61;/(”71)])
fleg. et en 1] = (f[e;‘m),eﬁ(ly e 76:(n—1)])[6:'(0)76:’(1)7 e 762’('@—1)]

= fler ) v w2 € (mn—1)))
fleg;

€(n’om)(0) e?w/ow)u)a R e?ﬂ"OW)(nfl)]‘
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And
oia(f) = (05 ocq o) (f)
=65 (flero) €y - -+ Enno1)))
fleg et en1] = (fler oy €xays - emm-nDlexo) €xcys - - > En(n—1)]
= [leR 0y €niar 1))+ > Ena (n-1)]
= [lelrony0) €lmony(1)s -+ s Elronty(n—1) -

Then mon’ = (1) = n’om and won’, 7’ o are bijective. Next, we will show that = € S,,.
Let 7(i) = w(j) for some 4,5 € {0,...,n —1}. Then (7' o7)(3) = 7' (7 (i) = 7' (7 (j)) =

(7'om)(j). Since 7’or is one-to-one, soi = j. Thus 7 is one-to-one. Let i € {0,...,n—1}.
Since m o7’ is onto, there exists j € {0,...,n — 1} such that (mon’)(j) =i = n(x'(j)) for
some 7'(j) € {0,...,n — 1}. Hence 7 is onto, so m € S,,.
Conversely, let 0, € Cohypa(n) where t = f[e:(o), €n1yr o e;l(nq)} and 7 € S,. Since
(Sn,0) is a group, there exists ' € S,, such that ron’ = (1) =7’ o 7.
Let 05 € Cohyps(n) where s = f[e;‘,(o), €1y e;‘r,(nil)]. Then
(ot oca 05)(f) = 6¢(flex oy € (1)s -+ Exr(n—1)))
= (f[e:(o)a eZ(l)a cees €Z(n—1)})[62’(0)7 62’(1)7 cees 6Z’(n—1)]
= f[en' (x(0))» €' (r(1)) 1+ 2 € (m(n—1))]
[ (n'om) (o)ve(ﬂ om) (1)1 eflw/w)(nq)]
[607613"'7671,—1]
= Uid(f)~
Similarly, we have o5 oo 0t = 0;4. Hence oy € U(Cohypa(n)). n

Corollary 3.5. |U(Cohypa(n))| = nl.

Example 3.6. Let 7 = (2), we have U(Cohyp(2)) = {0(c2,e2) = Tid, O f[e2 e2]}-

4. UNIT REGULAR ELEMENTS AND FACTORISABLE MONOID

In this section, we fix a type 7 = (2) and characterize the set of all unit-regular
elements. We show that it is a factorisable. We first recall the definitions and the sets
of elements using in this section. Let S be a semigroup and an element e € S is called
idempotent if €2 = ee = e, and we denote the set of all idempotent elements in S by £(S).
An element a € S is called regular if there exists x € S such that axa = a. A semigroup
S is called regular if all its elements are regular.

Definition 4.1. An element a of a monoid S is called unit-reqular if there exists u € U(S)
such that aua = a. A monoid S is called unit-regular if all its elements are unit-regular.

Next, we fix type 7 = (2) with a binary cooperation symbol f and denote the set of
element of the monoid Cohypa(2) as follows.
Let o, € Cohypa(2), we denote
Ey = {068,06§,0id7aﬂe§,eg] ,
Ey = {0y | E(t) N {e, e} = 0},
By :={oy | t = fle§, s] where E(t) N {ed, e} = {e§}, s € CT(z)},
E3:= {0, |t = f[s,€3] where E(t)N{e3,e?} = {e3},s € CT(9)},
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E,:={o|t= [s e3] where E(t) N {e3,e?} = {e3},s € CTy},
Es:= {0, |t = fle?, s] where E(t)N{e3,e?} = {e3},s € CT2)}-
5

In 2013 [8], N. Seangsura and S. Jermjitpornchai showed that : U FE, is a set of all
n=0

regular elements in Cohypc(2) and ( U En)\ {of1e2.e21} = E(Cohypc(2)).
n=0
5

Lemma 4.2. U E, is a set of all unit-reqular elements in Cohypg(2).
n=0

5 3
Proof. Let o, € U E,. Then o; € ( U En) \ {af[e%eg]} or o, € FE4 or 0, € E5 or
n=0

n=0
Of = Ofle2 ) From C(?))rollary 3.5, we have U(Cohyp(2)) = {0 f(ez,e2) = Tid, O f(e2,e2]}-

Case 1: oy € ( U E,) \ {ofre2,.e21} = E(Cohypi(2)). Then there exists o4 €
n=0

U(Cohyp(2)) such that (o; oca 0id oca 0¢)(f) = (01 oca o¢)(f) = ou(f).

Case 2: 0; € E;. Then t = f[s,ef] where s € CT(2) and E(t) N{ed, e} = {e§}. There
exists 0 sz 2] € U(Cohype(2)) such that

(01 006G O 41e2.e2) 006 01)(f) = 61(F 4122 (s, €5]))

Ge((fled, 3]0 pie,e2) () €d)
Ge(fleg: 0 iez.e1(5)])
= (f[s. ed))€5: 0¢(5 sie2,e3)(9))]
fls, €3] = o4 (f) since E(t) N {e2, e?} = {e2}.

Thus 0¢ oG 02 c2) °CG Ot = 0.

Case 3 : 0y € E5. Then t = flef,s] where s € CT(5) and E(t) N {ef,ei} = {ei}.
There exists o2 .2 € U(Cohypc(2)) such that

(01 00G Tgiez,e2) 00 01)(f) = 61(F ez 21 (fled, 51))
e((flet, eg))led. o prez.e2)(5)])

= 61(f[6 412,02 (5), €3])

( [6 78])[ (&f[ef,eg](s))veﬂ
= fle?, s] = a:(f), since E(t) N {ed, el} = {e?}.

Thus o4 ocq Ofle2,e2] OCG Ot = Ot.
Case 4 : 0y = 02 .2. Then there exists o2 .2 € M(Cohypc( )) such that
(0(e3.e31 °CG T gz 2] ©0G T f(e ) (f) = (0ia 006 Uf[e%,eol)(f ) = fie3,3) (f)-
5
Hence, for any oy € U E,, there exists o, € U(Cohypa(2)) such that oy oo 0y 0cc

n=0
5

oy = o¢. Therefore U E, is a set of all unit-regular elements in Cohypg(2). =
n=0
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5
We see that U E,, is not a submonoid of Cohype(2) as the following example.
n=0

Example 4.3. (1) Let 0y € By and o, € E3 such that t = f[e2, fle3,e?]] and r =
flfle3, €3], e?]. Consider

(01 00 0,)(f) = 6:(f[f[eF, €3

(oe(f)oe(fled, e3]), ed]

= (fled. flez, 3] [fled. fle3, ell, e]
f[f[elv f[e2a 61]] f[627 f[@%a f[eza 61]]]}-

I et))

So 0t Ocq Or ¢ U En.
n=0
(2) Let 0y € E4 such that t = f[f[e3, e2], e2]. Then

(o1 occ ot)(f) = 64(f [f[eg,e5] ])
= (0:(f))[6e(fled, €3]), €3]
= (fIfled. ez], gD [f[fled. €3], 5], eq)]
= fIfIf1Se5, 3], edl €3], FLS €5, €3] edll-

5
So o100 o ¢ U E,.

(3) Let oy € E5 such &1;5 t = fle?, fle3,e?]]. Then
(01 00 01)(f) = 6e(flel, flei. i)
= (a1(f))[e?, Gu(f[ed e7])]
= (fle, flei, eill)lel, flei, fled, 7]

f[f[ % [64’ el“v f[eiv f[elv [eia 6?]“]

So o4 o o1 ¢ U E,.
n=0
5

Therefore, U E,, is not a submonoid of Cohypc(2).
n=0
Let o4 € Cohypa(2), we denote
Ej :={oy | t = fle§, s] where E(t) N{ed, e} = {e§}, s € CT(2) and
rightmostin;(s) # €3},
EL = {o, | t = f[s, €3] where E(t) N {ed, e} = {e3}, s € CT(3) and
le ftmostiy;(s) # €1},
E} :={o¢ | t = f[s,e§] where E(t) N{ed, e} = {ef}, s € CT(2) and
leftmostin;(s) # €3},
El:={o | t = f[el,s] where E(t) N {ed, e} = {e3}, s € CT3) and
rightmosty;(s) # et }.
In 2020, N. Chansuriya [9] presented the following proposition.

Proposition 4.4. [9] E, U {04} and ESU {04} are submonoids of Cohypc(2).
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Now, we see that Ej C Ey, Ef C E5 and also have the following proposition.
Proposition 4.5. Ej U {04} and EL U {04} are submonoids of Cohypa(2).

Proof. 1t is easy to see that E} C Cohype(2) Next, we will show that Ej closed under
the binary operation ocg. Let o4,0, € Ej. Then t = f[s,e2] where E(t) N {e3,e?} =
{ed}, s € CT (o), leftmostin;(s) # ef and r = f[s', eg] where E(r) N {ed, e} = {e§}. s’ €
CT(2),leftmostin;(s") # €§. Consider
CAVICN)
= (ae(H)oe(s), €]
= (fls,€gD)[Ge(s"), €]
fls, €], since E(t)N{e,e3} = {e2}.
By the same way, we have (o, ocg 0¢)(f) = af[slyeg](f). Hence oy ocg 0,000 ot € Ej.
Therefore, E} U {0;4} is a submonoid of Cohypa(2).

Similarly, we can prove that Ef U {04} is a submonoid of Cohypg(2). L]

(o1 occ or)(f) =

To determine the unit-regular submonoid of Cohypg(2), we denote the set of all unit-
5

regular elements of Cohypg(2) by UR(Cohypa(2)) = Eg U Eq U ( U E).

n=2

Theorem 4.6. UR(Cohypa(2)) is the unit-regular submonoid of Cohypg(2).

Proof. 1t is easy to see that UR(Cohyps(2)) C Cohypa(2) and every elements in
UR(Cohypi(2)) is unit-regular. Then we will prove that UR(Cohypg(2)) is a submonoid
of Cohype(2). We have the following cases.

Case 1: 0, € Ej. Then t = fle§,s] where E(t) N {ef,ef} = {ef}.s € CT(s) and
rightmost;,j(s) # e2. Let o, € UR(Cohyp(2)). We consider the six subcases:

Case 1.1: 0, € Ey, sor € {€3,¢3, fle3, e?], fle?, ed]}.

If r = €3, then (0; ocg 0,)(f) = 6¢(e2) = €3 and (0, occ 0¢)(f) = 6,(fled,s]) =
63[6(2)’ &eg (s)] = 6(2)'

If r = €2, then (0; ocg 0,)(f) = 6¢(e?) = €2 and (0, ocq 0¢)(f) = 6,(fled,s]) =
e?ed, Ge2(s)]. Since Et)n{ed, ei} = {3} and rightmost;,;(s) # €3, we have €% [e3, & 2(s)] =
e2;i > 2.

If r = fle3, e?], then (0y ocg 0,)(f) = ou(f) = (0 occ a1)(f).

If r = fle2, e?], then

(ot oca or)(f) = 6t(f[e%v eg]) = (f[e(%v s])[ei eg} = f[efa 5[6?7 eg“
Since E(t) N {e3,e?} = {eZ} and m'ghtmostm]( s) # eZ, this force that E(s[e?,e2]) N
{€3,e3} = {e?} and rightmost;,;(sle?, ed]) # e?. Thus oyocgo, € Ef C UR(Cohypa(2)).
Consider

(0r oG 0v)(f) = 6v(fled, s]) = (fled, eg])led, ov(s)] = FI6+(s), €f]-

Since E(t) N{e?, et} = {et} and rightmostn;(s) # €3, then E(6,.(s)) N{ed, et} = {ei}
and le ftmost;n;(6,(s)) # k. Thus we get 0, ocg 01 € Ejy C UR(Cohyp(2)).
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Case 1.2: 0, € F;. Then r = f[ry,72] where E(r) N {e3,e?} = (. Consider

& (flep, s))

= (0:(f))[e3, 6+ (s)]

= (flr1,r2))led, 6v(5)]

flr1,m2] since E(r) N {e3,e2} = 0.

(oroca or)(f) =

Thus o, ocg 0 € E1 CUR(Cohyp(2)). Consider

6(flri,ra])

= (ou(f))[6¢(r1), 6¢(r2)]

= (fleg, s)16¢(r1), 64(r2)]
Fleg[o4(r1), 61(r2)], s[64(r1), 64(r2)]]-

Since E(r)N{ed, e3} = 0, we have 3, €3 ¢ E(6,(r1))UE(64(r2)). So €3, e & E(64(r1),64(r2)).
Thus o¢ oo o € E1 CUR(Cohypa(2)).

Case 1.3: o, € E). Then, by Proposition 4.4, we have oy ocg 0,0, 0cG 0t € Efy C
UR(Cohypc(2)).

Case 1.4: 0, € E5. Then r = f[s',ef] where E(r) N{ej,ei} = {ei}, s € CT{9) and
le ftmostiy;(s') # €3. Compute

(oroca or)(f) =

(Ut o°ca J’r‘)(f) = a_t(f[sl7 6%
(

= flegloe(s), eil, sloe(s"), i)

Since E(r) N {e3,e3} = {e?} and leftmostm](s) # €2, we have e2,e3 ¢ E(64(s)).
Since E(t) N {e3,e?} = {3} and €Z,e3 ¢ E(64(s')), so we have e2,e3 ¢ E(s[6,(s'),€3]).
Thus o ocg o, € E1 C UR(Cohypa(2)).

Similarly, we have o, ocg or € E1 C UR(Cohypa(2)).

Case 1.5: 0, € Ej. Then r = f[¢,e] where E(r) N {e§,ef} = {ef},s’ € CT(2) and
leftmostin;(s") # et. Consider

(01 oca ov)(f) = o4(f[$, eo])

(0e(f))6e(s), €3]
= (fled, s)[6¢(s), €]
= fleglae(s"), eg], s[6e(s"), eg]]-

Since E(r)N{ed, e?} = {e3} and le ftmostn;(s') # eZ, we have e}, e ¢ E(64(s')). Since
E(t)n{e3, et} = {3} and €3, e? ¢ E(64(s")), then we obtain €2, €3 ¢ E(s[64(s'), e2]). Thus
ot ocg 0r € By CUR(Cohypa(2)).

Similarly, we have o, ocg o1 € E1 C UR(Cohypa(2)).
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Case 1.6: 0, € Ef. Then r = fle?, s'] where E(r) N {e§,ef} = {el},s’ € CT(z) and
rightmost;,;(s') # e?. Consider
G (flet, s'])
= (0e(f))le?, 62(s")]
= (fled, sDle?, +(s")]
= fleglet, 6e(s")], slet, oe(s")]]-

(o1 occ or)(f) =

So €% € E(s[e3,64(s")]). Since rightmost,;(s) # e2, we have
rightmost;y;(sle?, 6¢(s')]) # €3. Thus oy ocq 0, € Ef C UR(Cohyp(2)). Consider
) = &(fled, s1)
(o (P)led, 61 (5)]
= (fle, s'Dled, (5)]
= [leiled, 60(s)], s'[ed, v (s)]]-
Since E(t) N {e3,e?} = {e2} and rightmostmj( s) ;é e3, then €3, e? ¢ E(6,(s)). Since
E(r)n{ed,e2} = {e?} and €,e2 ¢ E(6,(s)), so e2,e? ¢ E(s'[ed, 5¢(s)]). Thus o, 0cc o €
E; CUR(Cohypa(2)).
Case 2: 0y € E} and 0, € Ey U E; U B} U EL. We can prove similarly to Case 1.
Case 3: 0, € Ej. Then ¢t = f[s,e}] where E(t) N {e3,ei} = {e§},s € CTs) and
le ftmostiy;(s) # e2. Let 0, € Ey U Ey U E)} U EL. We cansider the four subcases:
Case 3.1: 0, € Ey, we can prove similarly to Case 1.1.
Case 3.2: 0, € Fy, the proceed proof similarly Case 1.1. We have that ¢, oo o and
o1 oo op are in UR(Cohypa(2)).
Case 3.3: o, € E}. By Proposition 4.5, we obtain that o, ocg 0 and oy ocg o, are
in UR(Cohypa(2)).
Case 3.4: 0, € E}. Then r = flef,s'] where E(r) N{e§,ef} = {el},s’ € CT(z) and
rightmosti,;(s') # e?. Consider

(0¢ ocG 0v)(f) = 6e(fled, s'])
= (fls,eg)le?, 4(s")]
= flslel, 62(s")], €f].

So, €3 ¢ E(s[e?,6+(s")]). Since leftmostn;(s) # €3, this force that
leftmostm]( [e2,6¢(s")]) # e2. Thus o ocg 0, € By CUR(Cohypa(2)).
Consider

(UT oca Ut)(

(oroca or)(f) = &T(f[s,ef]

)

= (flef, sNov(s), €3]
= fled, s'[6+(s), €g)).

So, €7 ¢ E(s'[6,(s), €}]). Since rightmost;,;(s') # €3, this force that

rightmosti,;(s'(6,(s),ed]) # e3. Thus o, ocg o1 € E5 C UR(Cohypg(2)).

Case 4: 0y € Ef and o0, € Ey U E1 U Ef. We can prove similarly to Case 3.

Case 5: 04 € Ey and 0, € Eg U E1. We can prove similarly to Case 1.1.

Case 6: 0; € E1 and 0, € E;. Then 0y ocg 0, = 04 and 0, ocg 0¢ = 0. S0, 0, 0cqG Ot
o1 ocg 0y € By CUR(Cohypa(2)).
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Hence UR(Cohypa(2)) is a submonoid of Cohypa(2).
Therefore, UR(Cohypa(2)) is a unit-regular submonoid of Cohypa(2). L]

Theorem 4.7. UR(Cohypc(2)) is a mazimal unit-reqular submonoid of Cohypa(2).

Proof. Let M be a proper unit-regular submonoid of Cohypg(2) such that UR(Cohypa(2)) C
M C Cohypc(2). Let o € M. Then oy is a unit-regular element.

Case 1: If 0y € Ey \ Eb, then t = f[ef, s] where E(t) N {e§,el} = {ef},s € CT(2) and
rightmosti,;(s) = e2. We choose o, € Ef C M. Thenr = f[s', e3] where E(r)N{ed, e} =
{e1},s' € CT(9) and leftmostiy;(s’) # ef. Consider

or(fled, s))

= (0v(f))leg, o+ (s)]

= (fls, el))leg, 6:(5)]

f18'led, 6+ ()], iled, o1 (s)]]

fls'led, ar ()] 60 (s)].

Since E(r) N {eZ, et} = {e?} and rightmost,;(s) = €3, so €3 € E(6,(s)). Since €3 €

E(6,(s)), this force that o, oo o is not unit-regular. It is a contradiction. So oy € Fj.
Case 2: If 0y € B3\ Ej, then t = f[s, ef] where E(t) N {e§, e} = {ei},s € CT(») and

le ftmost,j(s) = e. We choose 0, € Ej € M. Then r = fe3, s'] where E(r)N{ed, e} =
{ed}, s’ € CT(9) and rightmost,;(s') # ef. Consider

(oroca o)(f) =

[
= fleglor(s), eil, s'[6v(5), €]
Il '

Since E(r) N {ed,e3} = {e3} and leftmostin;(s) = €3, so e} € E(6,(s)). Since e} €
E(6,(s)), we have that o, ocg o4 is not unit-regular. It is a contradiction. So oy € Fj.

Case 3: If 0y € By \ E}, then t = f[s, ef] where E(t) N {e§,el} = {ef},s € CT(2) and
le ftmosti,j(s) = e2. Since €3 € E(s) and leftmostn;(s) = €%, 6¢(s) = t. Consider

(0t oo 00)(f) = 64(fs, €f])
= (oe(f))[6+(s), €3]

= (s, egD)[oe(s), ef]
= (fls, DIt €]

= [lslt, 5], 5[t eql]
= flslt, €3] 1]-

Since €3 € E(s) and t occurs in s[t, 2], so €3 € E(s[t,e3]). SinceE(t)N{ed, €3} = {e2} and
e3 € E(s[t,e3]), we have o, ocg 0y is not unit-regular. It is a contradiction. So o € Ej.
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Case 4: If 0y € E5 \ Ef, then t = f[ef, s] where E(t) N {e3, e} = {ei},s € CT(») and
rightmost;,;(s) = e3. Since €3 € F(s) and rightmost;,;(s) = e%,6+(s) = t. Consider

(or0cG or)(f) = (}t(f[e%, s])
= (ou(f))lef, 64(s)]
= (flef. s])el, 1]
= f[t, s[e3,t]].

Since e€? € E(s) and t occurs in s[e?, t], so €2 € E(s[e?,t]). Since E(t) N {e3,e?} = {e?}
and e? € FE(s[e?,t]), we have o; ocg 0y is not unit-regular. It is a contradiction. So
ot € Eé

Thus M C UR(Cohypa(2)). Hence M = UR(Cohyp(2)). Therefore, UR(Cohypa(2))

is a maximal unit-regular submonoid of Cohypg(2). n

Definition 4.8. [10] Let S be a semigroup and E(S) be the set of all idempotents in S.
We say S is left [right] factorisable if S = GE(S) [S = E(S)H] for some subgroup G, H
of S. Moreover, S is factorisable if S is both left and right factorisable.

Theorem 4.9. [10] A monoid S is factorisable if and only if it is unit-reqular.

Corollary 4.10. UR(Cohypc(2)) is factorisable.
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