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Abstract : In this paper, we introduce and study the modified Noor iterative
scheme for three asymptotically nonexpansive mappings in the intermediate sense.
Weak and strong convergence theorems of such iterations to a common fixed point
of three asymptotically nonexpansive mappings in a uniformly convex Banach
space are established. The results obtained in this paper extend and improve the
recent ones announced by Xu and Noor and many others.
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1 Introduction

Fixed-point iterations process for asymptotically nonexpansive mapping in Ba-
nach spaces including Mann and Ishikawa iterations processes have been studied
extensively by many authors. Many of them are used widely to study the approx-
imate solutions of the certain problems. Recently, Xu and Noor [20] introduced
and studied a three-step scheme to approximate fixed points of asymptotically
nonexpansive mappings in Banach space. In 2004, Cho, Zhou and Guo [3] ex-
tended the work of Xu and Noor [20] to the three-step iterative scheme with errors
and gave weak and strong convergence theorems for asymptotically nonexpansive
mapping in Banach space. Suantai [14] defined a new three-step iterations which
is an extension of the modified Noor iterations for asymptotically nonexpansive
mappings in uniformly Banach space. Nammanee and Suantai [7] gave strong
convergence theorem of the modified Noor iterations with errors for completely
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continuous asymptotically nonexpansive mappings in the intermediate sense. In-
spired and motivated by research going on this area, we consider and study the
modified Noor iterations with errors for three asymptotically nonexpansive map-
pings in a uniformly convex Banach space. The scheme is defined as follows.

Let X be a normed space, C be a nonempty convex subset of X, and T1, T2 and T3 :
C → C be given mappings. Then for a given x1 ∈ C, compute the sequences
{xn}, {yn} and {zn} by the iterative scheme

zn = anTn
3 xn + (1− an − γn)xn + γnun,

yn = bnTn
2 zn + cnTn

3 xn + (1− bn − cn − µn)xn + µnvn, (1.1)
xn+1 = αnTn

1 yn + βnTn
2 zn + (1− αn − βn − λn)xn + λnwn, n ≥ 1,

where {an}, {bn}, {cn}, {αn}, {βn}, {γn}, {λn} are appropriate sequences in [0, 1]
and {un}, {vn} and {wn} are bounded sequences in C.

The iterative schemes (1.1) are a generalization of the modified Noor iterations
with errors. If T1 = T2 = T3 := T, then (1.1) reduces to modified Noor iterations
with errors .

zn = anTnxn + (1− an − γn)xn + γnun,

yn = bnTnzn + cnTnxn + (1− bn − cn − µn)xn + µnvn, (1.2)
xn+1 = αnTnyn + βnTnzn + (1− αn − βn − λn)xn + λnwn, n ≥ 1,

Noor iterations include the Mann-Ishikawa iterations as spacial cases.
If T1 = T2 = T3 := T, and γn = µn = λn ≡ 0, then (1.1) reduces to the modified
Noor iterations defined by Suantai [14]

zn = anTnxn + (1− an)xn,

yn = bnTnzn + cnTnxn + (1− bn − cn)xn, (1.3)
xn+1 = αnTnyn + βnTnzn + (1− αn − βn)xn, n ≥ 1,

where {an}, {bn}, {cn}, {αn}, {βn}, are appropriate sequences in [0,1].
If γn = µn = λn = cn = βn ≡ 0 and T1 = T2 = T3 := T, then (1.1) reduces to
Noor iterations defined by Xu and Noor [20].

zn = anTnxn + (1− an)xn,

yn = bnTnzn + (1− bn)xn, (1.4)
xn+1 = αnTnyn + (1− αn)xn, n ≥ 1,

where {an}, {bn}, {αn} are appropriate sequences in [0, 1].
For γn = µn = λn = cn = βn = an ≡ 0 and T1 = T2 = T3 := T, then (1.1) reduces
to the usual Ishikawa iterative scheme

yn = bnTnxn + (1− bn)xn,

xn+1 = αnTnyn + (1− αn)xn, n ≥ 1, (1.5)
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where {bn}, {αn} are appropriate sequences in [0, 1].
The purpose of this paper is to establish several strong convergence theorems

for the modified Noor iterations with errors (1.1) for three asymptotically non-
expansive mappings in the intermediate sense, and weak convergence theorems
for three asymptotically nonexpansive mappings in the intermediate sense in a
uniformly convex Banach space with Opial’s condition. Our results extend and
improve the corresponding ones announced by Xu and Noor [20] and many others.

Now, we recall the well-known concepts and results.
Let X be normed space and C be a nonempty subset of X. A mapping

T : C → C is said to be asymptotically nonexpansive on C if there exists a se-
quence {kn}, kn ≥ 1 with lim

n→∞
kn = 1, such that

‖Tnx− Tny‖ ≤ kn‖x− y‖,

for all x, y ∈ C and each n ≥ 1.
If kn ≡ 1, then T is known as a nonexpansive mapping. The mapping T is

called uniformly L- Lipschitzian if there exists a positive constant L such that

‖Tnx− Tny‖ ≤ L‖x− y‖,

for all x, y ∈ C and each n ≥ 1.
T is called asymptotically nonexpansive in the intermediate sense [2] provided

T is uniformly continuous and

lim sup
n→∞

sup
x,y∈C

(‖Tnx− Tny‖ − ‖x− y‖) ≤ 0, ∀ x, y ∈ C.

From the definitions, it follows that asymptotically nonexpansive mapping must
be asymptotically nonexpansive in the intermediate sense and L-Lipschitzian map-
ping. But the convergence does not hold such as in the following example.
Example 1.(see [10]) Let X = R, C = [−1

¶ , 1
¶ ] and |k| < 1. For each x ∈ C, define

T (x) =
{

kx sin 1
x if x 6= 0,

0 if x = 0.

Then T is asymptotically nonexpansive in the intermediate sense. It is well known
[9] that Tnx → 0 uniformly, but is not a Lipschitzian mapping so that it is not
asymptotically nonexpansive mapping.

It is known [5] that if X is a uniformly convex Banach space and T is asymp-
totically nonexpansive in the intermediate sense, then F (T ) 6= ∅.

Recall that a Banach space X is said to satisfy Opial’s condition [10] if xn → x
weakly as n →∞ and x 6= y imply that

lim sup
n→∞

‖xn − x‖ < lim sup
n→∞

‖xn − y‖.
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2 Preliminaries

Lemma 2.1. [16, Lemma 1]. Let {an}, {bn} and {δn} be sequences of nonnegative
real numbers satisfying the inequality

an+1 ≤ (1 + δn)an + bn, ∀n = 1, 2, ...

If
∞∑

n=1

δn < ∞ and
∞∑

n=1

bn < ∞, then

(i) lim
n→∞

an exists.

(ii) lim
n→∞

an = 0 whenever lim inf
n→∞

an = 0.

Lemma 2.2. [6, Lemma 1.4]. Let X be a uniformly convex Banach space and
Br = {x ∈ X : ‖x‖ ≤ r}, r > 0. Then there exists a continuous, strictly increasing,
and convex function g : [0,∞) → [0,∞), g(0) = 0 such that

‖αx + βy + µz + λw‖2 ≤ α‖x‖2 + β‖y‖2 + µ‖z‖2 + λ‖w‖2 − αβg(‖x− y‖),

for all x, y, z, w ∈ Br and all α, β, µ, λ ∈ [0, 1] with α + β + µ + λ = 1.

Lemma 2.3. [3, Lemma 1.6] Let X be a uniformly convex Banach space,C a
nonempty closed convex subset of X, and T : C → C be an asymptotically non-
expansive mapping. Then I − T is demiclosed at 0, i.e., if xn → x weakly and
xn − Txn → 0 strongly, then x ∈ F (T ), where F (T ) is the set of fixed point of T .

Lemma 2.4. [14, Lemma 2.7]. Let X be a Banach space which satisfies Opial’s
condition and let {xn} be a sequence in X. Let u, v ∈ X be such that lim

n→∞
‖xn−u‖

and lim
n→∞

‖xn − v‖ exist. If {xnk
} and {xmk

} are subsequences of {xn} which
converge weakly to u and v, respectively, then u = v.

3 Main Results

In this section, we prove strong convergence theorems for the modified Noor
iterations with errors (1.1) for three asymptotically nonexpansive mappings in the
intermediate sense in a uniformly convex Banach space. In order to prove our
main results, the following lemmas are needed.

The next lemma is crucial for proving the main theorems.

Lemma 3.1. Let X be a uniformly convex Banach space and let C be a nonempty
closed and convex subset of X. Let T1, T2 and T3 be an asymptotically nonexpansive
in the intermediate sense self-maps of C

Put
G(i)

n = sup
x,y∈C

(‖Tn
i x− Tn

i y‖ − ‖x− y‖) ∨ 0
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for all x, y ∈ C, n ≥ 1, i = 1, 2, 3, so that
∞∑

n=1

G(i)
n < ∞, i = 1, 2, 3. Let

{an}, {bn}, {cn}, {αn}, {βn}, {γn}, {µn} and {λn} be real sequences in [0, 1] such
that an + γn , bn + cn + µn and αn + βn + λn are in [0, 1] for all n ≥ 1 and
∞∑

n=1

γn < ∞,
∞∑

n=1

µn < ∞,
∞∑

n=1

λn < ∞, and let {un}, {vn} and {wn} be bounded

sequences in C. For a given x1 ∈ C, let {xn}, {yn} and {zn} be the sequences
defined as in (1.1). Then we have
(i) lim

n→∞
‖xn − p‖ exists for all p ∈ F (T1) ∩ F (T2) ∩ F (T3).

(ii) If 0 < lim inf
n→∞

αn ≤ lim sup
n→∞

(αn + βn + λn) < 1, then lim
n→∞

‖Tn
1 yn − xn‖ = 0.

(iii) If 0 < lim inf
n→∞

bn ≤ lim sup
n→∞

(bn + cn + µn) < 1, then lim
n→∞

‖Tn
2 zn − xn‖ = 0.

(iv) If 0 < lim inf
n→∞

an ≤ lim sup
n→∞

(an + γn) < 1, then lim
n→∞

‖Tn
3 xn − xn‖ = 0.

Proof. (i) Let p ∈ F (T1) ∩ F (T2) ∩ F (T3). Since {G(i)
n }, {un}, {vn} and {wn} are

bounded sequences in C.
We can put M = supn≥1 G

(i)
n ∨supn≥1 ‖un−p‖∨supn≥1 ‖vn−p‖∨supn≥1 ‖wn−p‖.

Then

‖zn − p‖ = ‖anTn
3 xn + (1− an − γn)xn + γnun − p‖

= ‖an(Tn
3 xn − p) + (1− an − γn)(xn − p) + γn(un − p)‖

≤ (1− an − γn)‖xn − p‖+ an‖Tn
3 xn − p‖+ γn‖un − p‖

≤ (1− an − γn)‖xn − p‖+ an[‖xn − p‖+ G(3)
n ] + γn‖un − p‖

= (1− γn)‖xn − p‖+ anG(3)
n + γn‖un − p‖

≤ ‖xn − p‖+ G(3)
n + Mγn, (3.1)

and
‖yn − p‖ = ‖bnTn

2 zn + cnTn
3 xn + (1− bn − cn − µn)xn + µnvn − p‖

= ‖bn(Tn
2 zn − p) + cn(Tn

3 xn − p) + (1− bn − cn − µn)(xn − p) + µn(vn − p)‖
≤ (1− bn − cn − µn)‖xn − p‖+ bn‖Tn

2 zn − p‖+ cn‖Tn
3 xn − p‖+ µn‖vn − p‖

≤ (1− bn − cn − µn)‖xn − p‖+ bn[‖zn − p‖+ G(2)
n ]

+ cn[‖xn − p‖+ G(3)
n ] + Mµn

≤ (1− bn − cn − µn)‖xn − p‖+ bn[‖xn − p‖+ G(3)
n + Mγn + G(2)

n ]
+ cn[‖xn − p‖+ G(3)

n ] + Mµn

= (1− µn)‖xn − p‖+ bn[G(3)
n + Mγn + G(2)

n ] + cnG(3)
n + Mµn

≤ ‖xn − p‖+ G(2)
n + 2G(3)

n + M(γn + µn). (3.2)

It follows from (3.1) and (3.2) that

‖xn+1 − p‖ = ‖αnTn
1 yn + βnTn

2 zn + (1− αn − βn − λn)xn + λnwn − p‖
= ‖αn(Tn

1 yn − p) + βn(Tn
2 zn − p) + (1− αn − βn − λn)(xn − p) + λn(wn − p)‖

≤ (1− αn − βn − λn)‖xn − p‖+ αn‖Tn
1 yn − p‖+ βn‖Tn

2 zn − p‖+ λn‖wn − p‖
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≤ (1− αn − βn − λn)‖xn − p‖+ αn[‖yn − p‖+ G(1)
n ] + βn[‖zn − p‖+ G(2)

n ] + Mλn

≤ (1− αn − βn − λn)‖xn − p‖
+ αn[‖xn − p‖+ G(2)

n + 2G(3)
n + M(γn + µn) + G(1)

n ]
+ βn[‖xn − p‖+ G(3)

n + Mγn + G(2)
n ] + Mλn

= (1− λn)‖xn − p‖+ αn[G(1)
n + G(2)

n + 2G(3)
n + M(γn + µn)]

+ βn[G(3)
n + Mγn + G(2)

n ] + Mλn

≤ ‖xn − p‖+ G(1)
n + 2G(2)

n + 3G(3)
n + M(2γn + µn + λn)

Since
∞∑

n=1

G(i)
n <∞, i = 1, 2, 3,

∞∑
n=1

γn<∞,
∞∑

n=1

µn<∞ and
∞∑

n=1

λn <∞,

it follows from Lemma 2.1 that lim
n→∞

‖xn − p‖ exists.

(ii) By (i) we have that lim
n→∞

‖xn−p‖ exists for any p ∈ F (T1)∩ F (T2)∩ F (T3).

It follow that {xn − p}, {yn − p}, {zn − p}, {Tn
1 yn − p}, {Tn

2 zn − p}, {Tn
3 xn − p}

are all bounded also both {un − p}, {vn − p} and {wn − p} by assumption. Next,
we set

r1 = sup
n
‖xn − p‖, r2 = sup

n
‖Tn

3 xn − p‖, r3 = sup
n
‖Tn

2 zn − p‖, r4 = sup
n
‖Tn

1 yn − p‖,

r5 = sup
n
‖yn − p‖, r6 = sup

n
‖zn − p‖, r7 = sup

n
‖un − p‖, r8 = sup

n
‖vn − p‖

and r9 = sup
n
‖wn − p‖.

Choose a number r = max{r1, r2, r3, r4, r5, r6, r7, r8, r9}. Then Br contains the
following sequences {xn−p}, {yn−p},{zn−p}, {Tn

1 yn−p}, {Tn
2 zn−p},{Tn

3 xn−p},
{un − p}, {vn − p},{wn − p}. By Lemma 2.2, there exists a continuous, strictly
increasing, and convex function g : [0,∞) → [0,∞), g(0) = 0 such that

‖αx+βy+µz+λw‖2 ≤ α‖x‖2 +β‖y‖2 +µ‖z‖2 +λ‖w‖2−αβg(‖x−y‖), (3.3)

for all x, y, z, w ∈ Br and all α, β, µ, λ ∈ [0, 1] with α + β + µ + λ = 1.
It follows from (3.3) that

‖zn − p‖2 = ‖anTn
3 xn + (1− an − γn)xn + γnun − p‖2

= ‖an(Tn
3 xn − p) + (1− an − γn)(xn − p) + γn(un − p)‖2

≤ (1− an − γn)‖xn − p‖2 + an‖Tn
3 xn − p‖2 + γn‖un − p‖2

− an(1− an − γn)g(‖Tn
3 xn − xn‖)

≤ (1− an − γn)‖xn − p‖2 + an[‖xn − p‖+ G(3)
n ]2 + M2γn

− an(1− an − γn)g(‖Tn
3 xn − xn‖)

= (1− γn)‖xn − p‖2 + an[2G(3)
n ‖xn − p‖+ (G(3)

n )2]
+ M2γn − an(1− an − γn)g(‖Tn

3 xn − xn‖)
≤ ‖xn − p‖2 + 2G(3)

n ‖xn − p‖+ (G(3)
n )2 + M2γn

− an(1− an − γn)g(‖Tn
3 xn − xn‖), (3.4)
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‖yn − p‖2 = ‖bnTn
2 zn + cnTn

3 xn + (1− bn − cn − µn)xn + µnvn − p‖2

= ‖bn(Tn
2 zn − p) + (1− bn − cn − µn)(xn − p) + cn(Tn

3 xn − p) + µn(vn − p)‖2

≤ (1− bn − cn − µn)‖xn − p‖2 + bn‖Tn
2 zn − p‖2

+ cn‖Tn
3 xn − p‖2 + µn‖vn − p‖2 − bn(1− bn − cn − µn)g(‖Tn

2 zn − xn‖)
≤ (1− bn − cn − µn)‖xn − p‖2 + bn[‖zn − p‖+ G(2)

n ]2

+ cn[‖xn − p‖+ G(3)
n ]2 + M2µn − bn(1− bn − cn − µn)g(‖Tn

2 zn − xn‖)
= (1− bn − cn − µn)‖xn − p‖2 + bn[‖zn − p‖2 + 2G(2)

n ‖zn − p‖+ (G(2)
n )2]

+ cn[‖xn − p‖2 + 2G(3)
n ‖xn − p‖+ (G(3)

n )2]
+ M2µn − bn(1− bn − cn − µn)g(‖Tn

2 zn − xn‖)
≤ (1− bn − cn − µn)‖xn − p‖2 + bn[‖xn − p‖2 + 2G(3)

n ‖xn − p‖+ (G(3)
n )2

+ M2γn + 2G(2)
n (‖xn − p‖+ G(3)

n + Mγn) + (G(2)
n )2]

+ cn[‖xn − p‖2 + 2G(3)
n ‖xn − p‖+ (G(3)

n )2] + M2µn

− bn(1− bn − cn − µn)g(‖Tn
2 zn − xn‖)

= (1− µn)‖xn − p‖2 + bn[(2G(2)
n + 2G(3)

n )‖xn − p‖+ (G(2)
n )2 + (G(3)

n )2

+ 2G(2)
n G(3)

n + 2MγnG(2)
n + M2γn] + cn[2G(3)

n ‖xn − p‖+ (G(3)
n )2]

+ M2µn − bn(1− bn − cn − µn)g(‖Tn
2 zn − xn‖)

≤ ‖xn − p‖2 + (2G(2)
n + 4G(3)

n )‖xn − p‖+ (G(2)
n )2 + 2(G(3)

n )2 + 2G(2)
n G(3)

n

+ 2MG(2)
n + M2(γn + µn)− bn(1− bn − cn − µn)g(‖Tn

2 zn − xn‖). (3.5)
And
‖xn+1 − p‖2 = ‖αnTn

1 yn + βnTn
2 zn + (1− αn − βn − λn)xn + λnwn − p‖2

= ‖αn(Tn
1 yn − p) + (1− αn − βn − λn)(xn − p) + βn(Tn

2 zn − p) + λn(wn − p)‖2

≤ (1− αn − βn − λn)‖xn − p‖2 + αn‖Tn
1 yn − p‖2 + βn‖Tn

2 zn − p‖2

+ λn‖wn − p‖2 − αn(1− αn − βn − λn)g(‖Tn
1 yn − xn‖)

≤ (1− αn − βn − λn)‖xn − p‖2 + αn[‖yn − p‖+ G(1)
n ]2 + βn[‖zn − p‖+ G(2)

n ]2

+ M2λn − αn(1− αn − βn − λn)g(‖Tn
1 yn − xn‖)

≤ (1− αn − βn − λn)‖xn − p‖2 + αn[‖yn − p‖2 + 2G(1)
n ‖yn − p‖+ (G(1)

n )2]
+ βn[‖zn − p‖2 + 2G(2)

n ‖zn − p‖+ (G(2)
n )2] + M2λn

− αn(1− αn − βn − λn)g(‖Tn
1 yn − xn‖)

≤ (1− αn − βn − λn)‖xn − p‖2 + αn[‖xn − p‖2 + (2G(2)
n + 4G(3)

n )‖xn − p‖
+ (G(2)

n )2 + 2(G(3)
n )2 + 2G(2)

n G(3)
n + 2MG(2)

n + M2(γn + µn)
− bn(1− bn − cn − µn)g(‖Tn

2 zn − xn‖)
+ 2G(1)

n (‖xn − p‖+ G(2)
n + 2G(3)

n + M(γn + µn)) + (G(1)
n )2]

+ βn[‖xn − p‖2 + 2G(3)
n ‖xn − p‖+ (G(3)

n )2 + M2γn

− an(1− an − γn)g(‖Tn
3 xn − xn‖)

+ 2G(2)
n (‖xn − p‖+ G(3)

n + Mγn) + (G(2)
n )2] + M2λn

− αn(1− αn − βn − λn)g(‖Tn
1 yn − xn‖)

= (1− λn)‖xn − p‖2 + αn[(2G(1)
n + 2G(2)

n + 4G(3)
n )‖xn − p‖+ (G(1)

n )2 + (G(2)
n )2

+ 2(G(3)
n )2 + 2G(1)

n G(2)
n + 4G(1)

n G(3)
n + 2G(2)

n G(3)
n + 2M(γn + µn)G(1)

n

+ 2MG(2)
n + M2(γn + µn)− bn(1− bn − cn − µn)g(‖Tn

2 zn − xn‖)]
+ βn[(2G(2)

n + 2G(3)
n )‖xn − p‖+ (G(2)

n )2 + (G(3)
n )2

+ 2G(2)
n G(3)

n + 2MγnG(2)
n + M2 − γnan(1− an − γn)g(‖Tn

3 xn − xn‖)]
+ M2λn − αn(1− αn − βn − λn)g(‖Tn

1 yn − xn‖)
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≤ ‖xn − p‖2 + (2G(1)
n + 4G(2)

n + 6G(3)
n )‖xn − p‖+ (G(1)

n )2 + 2(G(2)
n )2 + 3(G(3)

n )2

+ 2G(1)
n G(2)

n + 4G(1)
n G(3)

n + 4G(2)
n G(3)

n + 4MG(1)
n + 4MG(2)

n

+ M2(2γn + µn + λn)− αn(1− αn − βn − λn)g(‖Tn
1 yn − xn‖)

− bn(1− bn − cn − µn)g(‖Tn
2 zn − xn‖)− an(1− an − γn)g(‖Tn

3 xn − xn‖)
≤ ‖xn − p‖2 + (2G(1)

n + 4G(2)
n + 6G(3)

n )‖xn − p‖+ MG(1)
n + 2MG(2)

n + 3MG(3)
n

+ 2MG(1)
n + 4MG(1)

n + 4MG(2)
n + 4MG(1)

n + 4MG(2)
n

+ M2(2γn + µn + λn)− αn(1− αn − βn − λn)g(‖Tn
1 yn − xn‖)

− bn(1− bn − cn − µn)g(‖Tn
2 zn − xn‖ − an(1− an − γn)g(‖Tn

3 xn − xn‖).(3.6)

This implies that

αn(1− αn − βn − λn)g(‖Tn
1 yn − xn‖) ≤ ‖xn − p‖2 − ‖xn+1 − p‖2 + L(2G(1)

n +4G(2)
n +6G(3)

n )
+ M(11G(1)

n + 10G(2)
n + 3G(3)

n ) + M2(2γn + µn + λn), (3.7)

bn(1− bn − cn − µn)g(‖Tn
2 zn − xn‖) ≤ ‖xn − p‖2 − ‖xn+1 − p‖2 + L(2G(1)

n + 4G(2)
n + 6G(3)

n )
+ M(11G(1)

n + 10G(2)
n + 3G(3)

n ) + M2(2γn + µn + λn), (3.8)

an(1− an − γn)g(‖Tn
3 xn − xn‖) ≤ ‖xn − p‖2 − ‖xn+1 − p‖2 + L(2G(1)

n + 4G(2)
n + 6G(3)

n )
+ M(11G(1)

n + 10G(2)
n + 3G(3)

n ) + M2(2γn + µn + λn), (3.9)

where L = sup{‖xn − p‖ : n ≥ 1}.
If 0 < lim inf

n→∞
αn ≤ lim sup

n→∞
(αn + βn + λn) < 1, then there exist a positive integer

n0 and η1, η2∈(0, 1) such that
0 <η1 <αn, and αn + βn + λn <η2 <1 for all n ≥ n0.

This implies by (3.7) that

η1(1− η2)g(‖Tn
1 yn − xn‖) ≤ ‖xn − p‖2 − ‖xn+1 − p‖2 + L(2G(1)

n + 4G(2)
n + 6G(3)

n )
+ M(11G(1)

n + 10G(2)
n + 3G(3)

n ) + M2(2γn + µn + λn)
≤ ‖xn − p‖2 − ‖xn+1 − p‖2 + K(2G(1)

n + 4G(2)
n + 6G(3)

n )
+ K(11G(1)

n + 10G(2)
n + 3G(3)

n ) + M2(2γn + µn + λn)
= ‖xn − p‖2 − ‖xn+1 − p‖2 + K(13G(1)

n + 14G(2)
n + 9G(3)

n )
+ M2(2γn + µn + λn), (3.10)
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where K = max{M,L} , for all n ≥ n0. It follows from (3.10) that for m ≥ n0

m∑
n=n0

g(‖Tn
1 yn − xn‖) ≤ 1

η1(1− η2)

( m∑
n=n0

(‖xn − p‖2 − ‖xn+1 − p‖2)

+
m∑

n=n0

(K(13G(1)
n + 14G(2)

n + 9G(3)
n ) + M2(2γn + µn + λn))

)

≤ 1
η1(1− η2)

(
‖xn0 − p‖2 + K

m∑
n=n0

(13G(1)
n + 14G(2)

n + 9G(3)
n )

+ M2
m∑

n=n0

(2γn + µn + λn)
)

. (3.11)

Since
∞∑

n=1

γn <∞,
∞∑

n=1

µn <∞,
∞∑

n=1

λn <∞, and
∞∑

n=1

G(i)
n <∞, i = 1, 2, 3,

by letting m →∞ in inequality (3.11), we get that
∞∑

n=n0

g(‖Tn
1 yn−xn‖) < ∞, and

therefore lim
n→∞

g(‖Tn
1 yn − xn‖) = 0. Since g is strictly increasing and continuous

at 0 with g(0) = 0, it follows that lim
n→∞

‖Tn
1 yn − xn‖ = 0.

(iii) If lim inf
n→∞

bn ≤ lim sup
n→∞

(bn + cn + µn) < 1, then by using a similar method,

together with inequality (3.8), it can be shown that lim
n→∞

‖Tn
2 zn − xn‖ = 0.

(iv) If lim inf
n→∞

an ≤ lim sup
n→∞

(an + γn) < 1, then by using a similar method,

together with inequality (3.9), it can be shown that lim
n→∞

‖Tn
3 xn − xn‖ = 0.

Lemma 3.2. Let X be a uniformly convex Banach space and let C be a nonempty
closed and convex subset of X. Let T1, T2 and T3 be an asymptotically nonexpansive
in the intermediate sense self-maps of C.

Put
G(i)

n = sup
x,y∈C

(‖Tn
i x− Tn

i y‖ − ‖x− y‖) ∨ 0

for all x, y ∈ C, n ≥ 1, i = 1, 2, 3, so that
∞∑

n=1

G(i)
n < ∞, i = 1, 2, 3. Let

{an}, {bn}, {cn}, {αn}, {βn}, {γn}, {µn} and {λn} be real sequences in [0, 1] such
that an + γn , bn + cn + µn and αn + βn + λn are in [0, 1] for all n ≥ 1 and
∞∑

n=1

γn < ∞,
∞∑

n=1

µn < ∞,
∞∑

n=1

λn < ∞, and let {un}, {vn} and {wn} be bounded

sequences in C. For a given x1 ∈ C, let {xn}, {yn} and {zn} be the sequences
defined as in (1.1) and
(i) 0 < lim inf

n→∞
αn ≤ lim sup

n→∞
(αn + βn + λn) < 1,

(ii) 0 < lim inf
n→∞

bn ≤ lim sup
n→∞

(bn + cn + µn) < 1,
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(iii) 0 < lim inf
n→∞

an ≤ lim sup
n→∞

(an + γn) < 1,

then lim
n→∞

‖T1xn − xn‖ = lim
n→∞

‖T2xn − xn‖ = lim
n→∞

‖T3xn − xn‖ = 0.

Proof. By Lemma 3.1, we have

lim
n→∞

‖Tn
1 yn − xn‖ = 0, lim

n→∞
‖Tn

2 zn − xn‖ = 0, lim
n→∞

‖Tn
3 xn − xn‖ = 0. (3.12)

From xn+1 = αnTn
1 yn + βnTn

2 zn + (1− αn − βn − λn)xn + λnwn, we have

‖xn+1 − xn‖ = ‖αnTn
1 yn + βnTn

2 zn + (1− αn − βn − λn)xn + λnwn − xn‖
≤ αn‖Tn

1 yn − xn‖+ βn‖Tn
2 zn − xn‖+ λn‖wn − xn‖ → 0,

and

‖yn − xn‖ = ‖bnTn
2 zn + cnTn

3 xn + (1− bn − cn − µn)xn + µnvn − xn‖
≤ bn‖Tn

2 zn − xn‖+ cn‖Tn
3 xn − xn‖+ µn‖vn − xn‖ → 0. (3.13)

By (3.12) and (3.13), we have

‖Tn
1 xn − xn‖ ≤ ‖Tn

1 xn − Tn
1 yn‖+ ‖Tn

1 yn − xn‖
≤ ‖xn − yn‖+ G(1)

n + ‖Tn
1 yn − xn‖ → 0.

Hence

‖xn+1 − Tn
1 xn+1‖ ≤ ‖xn+1 − xn‖+ ‖Tn

1 xn+1 − Tn
1 xn‖+ ‖Tn

1 xn − xn‖
≤ 2‖xn+1 − xn‖+ G(1)

n + ‖Tn
1 xn − xn‖ → 0.

Since

‖xn+1 − T1xn+1‖ ≤ ‖xn+1 − Tn+1
1 xn+1‖+ ‖T1xn+1 − Tn+1

1 xn+1‖ → 0 and
‖xn − T1xn‖ ≤ ‖xn − xn+1‖+ ‖xn+1 − T1xn+1‖+ ‖T1xn+1 − T1xn‖,

it follows from uniform continuity of T1 that lim
n→∞

‖T1xn − xn‖ = 0.

From zn = anTn
3 xn + (1− an − γn)xn + γnun, we have

‖zn − xn‖ = ‖anTn
3 xn + (1− an − γn)xn + γnun − xn‖

≤ an‖Tn
3 xn − xn‖+ γn‖un − xn‖ → 0. (3.14)

By (3.12) and (3.14), we have

‖Tn
2 xn − xn‖ ≤ ‖Tn

2 xn − Tn
2 zn‖+ ‖Tn

2 zn − xn‖
≤ ‖xn − zn‖+ G(2)

n + ‖Tn
2 zn − xn‖ → 0,

and

‖xn+1 − Tn
2 xn+1‖ ≤ ‖xn+1 − xn‖+ ‖Tn

2 xn+1 − Tn
2 xn‖+ ‖Tn

2 xn − xn‖
≤ 2‖xn+1 − xn‖+ G(2)

n + ‖Tn
2 xn − xn‖ → 0,
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Since

‖xn+1 − T2xn+1‖ ≤ ‖xn+1 − Tn+1
2 xn+1‖+ ‖T2xn+1 − Tn+1

2 xn+1‖ → 0 and
‖xn − T2xn‖ ≤ ‖xn − xn+1‖+ ‖xn+1 − T2xn+1‖+ ‖T2xn+1 − T2xn‖,

it follows from uniform continuity of T2 that lim
n→∞

‖T2xn − xn‖ = 0.

From lim
n→∞

‖Tn
3 xn − xn‖ = 0, we have

‖xn+1 − Tn
3 xn+1‖ ≤ ‖xn+1 − xn‖+ ‖Tn

3 xn+1 − Tn
3 xn‖+ ‖Tn

3 xn − xn‖
≤ 2‖xn+1 − xn‖+ G(3)

n + ‖Tn
3 xn − xn‖ → 0.

Since

‖xn+1 − T3xn+1‖ ≤ ‖xn+1 − Tn+1
3 xn+1‖+ ‖T3xn+1 − Tn+1

3 xn+1‖ → 0 and
‖xn − T3xn‖ ≤ ‖xn − xn+1‖+ ‖xn+1 − T3xn+1‖+ ‖T3xn+1 − T3xn‖,

it follows from uniform continuity of T3 that lim
n→∞

‖T3xn − xn‖ = 0.

Theorem 3.3. Let X be a uniformly convex Banach space and let C be a nonempty
closed and convex subset of X. Suppose that T1 be a completely continuous asymp-
totically nonexpansive in the intermediate sense self-maps of C and T2 and T3 are
continuous asymptotically nonexpansive in the intermediate sense self-maps of C

Put
G(i)

n = sup
x,y∈C

(‖Tn
i x− Tn

i y‖ − ‖x− y‖) ∨ 0

for all x, y ∈ C, n ≥ 1 and i = 1, 2, 3, so that
∞∑

n=1

G(i)
n < ∞, i = 1, 2, 3. Let

{an}, {bn}, {cn}, {αn}, {βn}, {γn}, {µn} and {λn} be real sequences in [0, 1] such
that an + γn , bn + cn + µn and αn + βn + λn are in [0, 1] for all n ≥ 1 and
∞∑

n=1

γn < ∞,

∞∑
n=1

µn < ∞,

∞∑
n=1

λn < ∞ and let {un}, {vn} and {wn} be bounded

sequences in C For a given x1 ∈ C, let {xn}, {yn} and {zn} be the sequences
defined as in (1.1) and
(i) 0 < lim inf

n→∞
αn ≤ lim sup

n→∞
(αn + βn + λn) < 1,

(ii) 0 < lim inf
n→∞

bn ≤ lim sup
n→∞

(bn + cn + µn) < 1,

(iii) 0 < lim inf
n→∞

an ≤ lim sup
n→∞

(an + γn) < 1,

then the sequences {xn}, {yn} and {zn} converge strongly to a common fixed point
of T1, T2 and T3.

Proof. By Lemma 3.2, we have
lim

n→∞
‖T1xn − xn‖ = lim

n→∞
‖T2xn − xn‖ = lim

n→∞
‖T3xn − xn‖ = 0.

Since T1 is completely continuous and {xn} is bounded, there exists a subsequence
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{xnk
} of {xn} such that {Txnk

} converges. Therefore from lim
n→∞

‖T1xn−xn‖ = 0,

{xnk
} converges. Let lim

k→∞
xnk

= p. By continuity of T1 and lim
n→∞

‖T1xn−xn‖ = 0,

we have that T1p = p, so p is a fixed point of T1. Since T2, T3 are continuous,
T2xnk

→ T2p and T3xnk
→ T3p. Since ‖T2xnk

−xnk
‖ → 0 and ‖T3xnk

−xnk
‖ → 0,

it follows that xnk
= T2xnk

− (T2xnk
− xnk

) → T2p and xnk
= T3xnk

− (T3xnk
−

xnk
) → T3p. Hence T2p = p and T3p = p. So p ∈ F (T1)∩F (T2)∩F (T3). By Lemma

3.1, lim
n→∞

‖xn − p‖ = 0 exists. But lim
n→∞

‖xnk
− p‖ = 0. Thus lim

n→∞
‖xn − p‖ = 0.

Since ‖yn − xn‖ → 0 and ‖zn − xn‖ → 0 as n → ∞, it follows that lim
n→∞

yn = p

and lim
n→∞

zn = p.

For T1 = T2 = T3 := T in Theorem 3.3, the following results are obtained.

Corollary 3.4. [7, Theorem 2.2]. Let X be a uniformly convex Banach space, and
let C be a nonempty bounded closed and convex subset of X. Let T be a completely
continuous asymptotically nonexpansive in the intermediate sense. Put

Gn = sup
x,y∈C

(‖Tnx− Tny‖ − ‖x− y‖) ∨ 0 ∀n ≥ 1,

so that
∞∑

n=1

Gn < ∞. Let {an}, {bn}, {cn}, {αn}, {βn}, {γn}, {µn} and {λn} be

real sequences in [0, 1] such that an + γn , bn + cn + µn and αn + βn + λn are in

[0, 1] for all n ≥ 1, and
∞∑

n=1

γn < ∞,
∞∑

n=1

µn < ∞,
∞∑

n=1

λn < ∞, and let {un}, {vn}

and {wn} be bounded sequences in C. For a given x1 ∈ C,let {xn}, {yn} and {zn}
be the sequences defined as in (1.2) and
(i) 0 < lim inf

n→∞
αn ≤ lim sup

n→∞
(αn + βn + λn) < 1 and

(ii) 0 < lim inf
n→∞

bn ≤ lim sup
n→∞

(bn + cn + µn) < 1.

Then {xn}, {yn} and {zn} converge strongly to a fixed point of T .

Corollary 3.5. [6, Theorem 2.3]. Let X be a uniformly convex Banach space,
and C a nonempty closed, bounded and convex subset of X. Let T be a completely
continuous asymptotically nonexpansive self-map of C with {kn} satisfying kn ≥ 1

and
∞∑

n=1

(kn − 1) < ∞. Let {an}, {bn}, {cn}, {αn}, {βn}, {γn}, {µn} and {λn} be

sequences of real numbers in [0, 1] with bn+cn+µn ∈ [0, 1] and αn+βn+λn ∈ [0, 1]

for all n ≥ 1, and
∞∑

n=1

γn < ∞,
∞∑

n=1

µn < ∞,
∞∑

n=1

λn < ∞ and

(i) 0 < lim inf
n→∞

bn ≤ lim sup
n→∞

(bn + cn + µn) < 1, and

(ii) 0 < lim inf
n→∞

αn ≤ lim sup
n→∞

(αn + βn + λn) < 1.

Let {xn}, {yn} and {zn} be sequences defined by the modified Noor iterations with
errors (1.2). Then {xn}, {yn} and {zn} converge strongly to a fixed point of T .
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Corollary 3.6. [14, Theorem 2.3]. Let X be a uniformly convex Banach space,
and C a nonempty closed , bounded and convex subset of X. Let T be a completely
continuous asymptotically nonexpansive self-map of C with {kn} satisfying kn ≥ 1

and
∞∑

n=1

(kn − 1) < ∞. Let {an}, {bn}, {cn}, {αn}, {βn} be sequences of real

numbers in [0, 1] with bn + cn ∈ [0, 1] and αn + βn ∈ [0, 1] for all n ≥ 1, and
(i) 0 < lim inf

n→∞
bn ≤ lim sup

n→∞
(bn + cn) < 1, and

(ii) 0 < lim inf
n→∞

αn ≤ lim sup
n→∞

(αn + βn) < 1.

Let {xn}, {yn} and {zn} be the sequences defined by the modified Noor iterations
(1.3). Then {xn}, {yn} and {zn} converge strongly to a fixed point of T .

For T1 = T2 = T3 := T and cn = βn = γn = µn = λn ≡ 0 in Theorem 3.3, we
obtain the following result.

Corollary 3.7. [20, Theorem 2.1]. Let X be a uniformly convex Banach space,
and let C be a bounded, closed and convex subset of X. Let T be a completely
continuous asymptotically nonexpansive self-map of C with {kn} satisfying kn ≥ 1

and
∞∑

n=1

(kn − 1) < ∞. Let {an}, {bn}, {αn} be real sequences in [0, 1] satisfying

(i) 0 < lim inf
n→∞

bn ≤ lim sup
n→∞

bn < 1, and

(ii) 0 < lim inf
n→∞

αn ≤ lim sup
n→∞

αn < 1.

For a given x1 ∈ C, define

zn = anTnxn + (1− an)xn,

yn = bnTnzn + (1− bn)xn, n ≥ 1,

xn+1 = αnTnyn + (1− αn)xn.

Then {xn}, {yn} and {zn} converge strongly to a fixed point of T .

When T1 = T2 = T3 := T and an = cn = βn = γn = µn = λn ≡ 0 in Theorem
3.3, we can obtain Ishikawa-type convergence result.

Corollary 3.8. Let X be a uniformly convex Banach space, and let C be a
bounded, closed and convex subset of X. Let T be a completely continuous asymp-

totically nonexpansive self-map of C with {kn} satisfying kn ≥ 1 and
∞∑

n=1

(kn−1) <

∞. Let {bn}, {αn} be a real sequences in [0, 1] satisfying
(i) 0 < lim inf

n→∞
bn ≤ lim sup

n→∞
bn < 1, and

(ii) 0 < lim inf
n→∞

αn ≤ lim sup
n→∞

αn < 1.

For a given x1 ∈ C, define

yn = bnTnzn + (1− bn)xn,

xn+1 = αnTnyn + (1− αn)xn, n ≥ 1.
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Then {xn} and {yn} converge strongly to a fixed point of T .

In the next result, we prove weak convergence for the iterative scheme (1.1)
for asymptotically nonexpansive mapping in the intermediate sense in a uniformly
convex Banach space satisfying Opial’s condition.

Theorem 3.9. Let X be a uniformly convex Banach space which satisfies Opial ’s
condition, and let C be a nonempty closed and convex subset of X. Let T1, T2 and T3

be asymptotically nonexpansive in the intermediate sense self-maps of C
Put

G(i)
n = sup

x,y∈C
(‖Tn

i x− Tn
i y‖ − ‖x− y‖) ∨ 0

for all x, y ∈ C, n ≥ 1, i = 1, 2, 3, so that
∞∑

n=1

G(i)
n < ∞, i = 1, 2, 3. Let

{an}, {bn}, {cn}, {αn}, {βn}, {γn}, {µn} and {λn} be real sequences in [0, 1] such
that an + γn , bn + cn + µn and αn + βn + λn are in [0, 1] for all n ≥ 1 and
∞∑

n=1

γn < ∞,
∞∑

n=1

µn < ∞,
∞∑

n=1

λn < ∞ and let {un}, {vn} and {wn} be bounded

sequences in C. If F = F (T1) ∩ F (T2) ∩ F (T3) 6= ∅ and
(i) 0 < lim inf

n→∞
αn ≤ lim sup

n→∞
(αn + βn + λn) < 1,

(ii) 0 < lim inf
n→∞

bn ≤ lim sup
n→∞

(bn + cn + µn) < 1,

(iii) 0 < lim inf
n→∞

an ≤ lim sup
n→∞

(an + γn) < 1,

then the sequence {xn}, {yn} and {zn} defined by (1.1) converges weakly to a com-
mon fixed point of T1, T2 and T3.

Proof. It follows from Lemma 3.2 that lim
n→∞

‖T1xn−xn‖ = 0, lim
n→∞

‖T2xn−xn‖ =

0, lim
n→∞

‖T3xn − xn‖ = 0. Since X is uniformly convex and {xn} is bounded, we
may assume that xn → u weakly as n →∞, without loss of generality. By Lemma
2.3, we have u ∈ F . Suppose that subsequences {xnk

} and {xmk
} of {xn} converge

weakly to u and v, respectively. From Lemma 2.3, u, v ∈ F . By Lemma 3.1 (i),
lim

n→∞
‖xn − u‖ and lim

n→∞
‖xn − v‖ exist. It follows from Lemma 2.4 that u = v.

Therefore {xn} converges weakly to a common fixed point of T1, T2 and T3.Since
‖yn−xn‖ → 0 (as n →∞) and ‖zn−xn‖ → 0 (as n →∞) and xn → u weakly
as n →∞, it follows that yn → u and zn → u weakly as n →∞.

For T1 = T2 = T3 := T, in Theorem 3.9, we follow results.

Corollary 3.10. [7, Theorem 2.7]. Let X be a uniformly convex Banach space
which satisfies Opial ’s condition, and let C be a nonempty bounded, closed and
convex subset of X. Let T be an asymptotically nonexpansive in the intermediate
sense. Put

Gn = sup
x,y∈C

(‖Tnx− Tny‖ − ‖x− y‖) ∨ 0, ∀n ≥ 1,
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so that
∞∑

n=1

Gn < ∞. For a given x1 ∈ C,let {xn}, {yn} and {zn} be the sequences

defined as in (1.2) and
(i) 0 < lim inf

n→∞
αn ≤ lim sup

n→∞
(αn + βn + λn) < 1 and

(ii) 0 < lim inf
n→∞

bn ≤ lim sup
n→∞

(bn + cn + µn) < 1.

Then {xn} converges weakly to a fixed point of T .

Corollary 3.11. [6, Theorem 2.8]. Let X be a uniformly convex Banach space
which satisfies Opial ’s condition, and C a nonempty closed,bounded and convex
subset of X. Let T be an asymptotically nonexpansive self-map of C with {kn} sat-

isfying kn ≥ 1 and
∞∑

n=1

(kn−1) < ∞. Let {an}, {bn}, {cn}, {αn} {βn}, {µn}, {λn}

be sequences of real numbers in [0, 1] with an + γn, bn + cn + µn and αn + βn + λn

are in [0, 1] for all n ≥ 1, and
∞∑

n=1

γn < ∞,

∞∑
n=1

µn < ∞,

∞∑
n=1

λn < ∞ and

(i) 0 < lim inf
n→∞

bn ≤ lim sup
n→∞

(bn + cn + µn) < 1, and

(ii) 0 < lim inf
n→∞

αn ≤ lim sup
n→∞

(αn + βn + λn) < 1.

Let {xn} be the sequence defined by the modified Noor iterations with errors (1.2).
Then {xn} converges weakly to a fixed point of T .

Corollary 3.12. [14, Theorem 2.8]. Let X be a uniformly convex Banach space
which satisfies Opial ’s condition, and C a nonempty closed, bounded and convex
subset of X. Let T be an asymptotically nonexpansive self-map of C with {kn}

satisfying kn ≥ 1 and
∞∑

n=1

(kn − 1) < ∞. Let {an}, {bn}, {cn}, {αn}, {βn} be se-

quences of real numbers in [0, 1] with bn + cn ∈ [0, 1] and αn + βn ∈ [0, 1] for all
n ≥ 1, and
(i) 0 < lim inf

n→∞
bn ≤ lim sup

n→∞
(bn + cn) < 1, and

(ii) 0 < lim inf
n→∞

αn ≤ lim sup
n→∞

(αn + βn) < 1.

Let {xn} be the sequence defined by the modified Noor iterations (1.3). Then {xn}
converges weakly to a fixed point of T .

When T1 = T2 = T3 := T and γn = µn = λn = cn = βn ≡ 0 in Theorem 3.9,
we obtain the following result.

Corollary 3.13. Let X be a uniformly convex Banach space which satisfies Opial
’s condition, and C a nonempty bounded, closed and convex subset of X. Let T
be an asymptotically nonexpansive self-map of C with {kn} satisfying kn ≥ 1 and
∞∑

n=1

(kn − 1) < ∞. Let {an}, {bn}, {αn} be sequences of real numbers in [0, 1] and

(i) 0 < lim inf
n→∞

bn ≤ lim sup
n→∞

bn < 1, and
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(ii) 0 < lim inf
n→∞

αn ≤ lim sup
n→∞

αn < 1.

Let {xn}, {yn} and {zn} be the sequences defined by

zn = anTnxn + (1− an)xn,

yn = bnTnzn + (1− bn)xn, n ≥ 1,

xn+1 = αnTnyn + (1− αn)xn.

Then {xn} converges weakly to a fixed point of T .

When T1 = T2 = T3 := T and γn = µn = λn = cn = βn = an ≡ 0 in Theorem
3.9, we obtain Ishikawa-type weak convergence theorem as follows:

Corollary 3.14. Let X be a uniformly convex Banach space which satisfies Opial
’s condition, and C a nonempty bounded, closed and convex subset of X. Let T
be an asymptotically nonexpansive self-map of C with {kn} satisfying kn ≥ 1 and
∞∑

n=1

(kn − 1) < ∞. Let {bn}, {αn} be sequences of real numbers in [0, 1] such that

(i) 0 < lim inf
n→∞

bn ≤ lim sup
n→∞

bn < 1, and

(ii) 0 < lim inf
n→∞

αn ≤ lim sup
n→∞

αn < 1.

Let {xn} and {yn} be the sequences defined by

yn = bnTnzn + (1− bn)xn,

xn+1 = αnTnyn + (1− αn)xn, n ≥ 1.

Then {xn} converges weakly to a fixed point of T .
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