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Abstract The aim of this paper is to present the extended multi-index Mittag-Leffler type functions
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Leguerre polynomials and Whittakar functions. Further, several properties of the Riemann-Liouville

fractional derivative and integral operators related to extended multi-index Mittag-Leffler functions are

also investigated. Finally, various interesting special cases of these functions are also pointed out.

MSC: 26A33; 33B15; 33C05; 33C20; 44A10; 44A20.

Keywords: Extended multi-index Mittag-Leffler function; Extended beta function; Beta transform;

Mellin transform; Laguerre polynomials; Whittaker functions; Riemann-Liouville fractional calculus op-

erators.

Submission date: 23.05.2020 / Acceptance date: 09.10.2021

1. Introduction and preliminaries

Fractional calculus generalizes the integration and differentiation of integer order to
arbitrary order is being studied for past 300 years. The growing interest of researchers
in this field has led to solve the real-world issues in type of fractional differential equa-
tions due to their non-local behavior and these equations are well suited to describe
various phenomenon in the field of physics and engineering. Also fractional derivatives
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are capable to model various processes mathematically which exhibit the memory and
hereditary properties. A number of researchers [1–21] have also investigated the struc-
ture, implementations and various directions of extensions of the fractional integration
and differentiation in detail.

In 1903, Mittag-Leffler (M-L) [22] defined a function in term of a power series:

Eξ (z) =

∞∑
n=0

zn

Γ (ξn+ 1)
(ξ > 0, z ∈ C) . (1.1)

Wiman [23] has also given a two-index generalization of this function as:

Eξ,τ (z) =

∞∑
n=0

zn

Γ (ξn+ τ)
(ξ > 0, τ > 0, z ∈ C) . (1.2)

In particular, the functions (1.1) and (1.2) are entire functions of order ρ = 1/ξ and type
σ = 1, (see, for example ([24], P. 118)).
Prabhakar [25] presents the generalizing series representation (1.2) as:

Eςξ,τ (z) =

∞∑
n=0

(ς)n
Γ (ξn+ τ)

zn

n!
(ξ, τ, ς ∈ C,<(ξ) > 0,<(τ) > 0) . (1.3)

This is an entire function of order [<(τ)]
−1

([25], p. 7) and (ς)n denotes the well-known
Pochhammer’s symbol that is defined (see, ([26], p.2 and p.5)) as:

(ς)n =
Γ (ς + n)

Γ (ς)
=

{
1 n = 0; ς ∈ C\ {0}
ς (ς + 1) ... (ς + (n− 1)) , ς = n ∈ N; ς ∈ C.

By means of the generalizing (1.3) series representation Kilbas et al. [27] defined an
extension as:

Eς [(ξ, τ)m ; z] = Eς [(ξ1, τ1) , ..., (ξm, τm) ; z] =

∞∑
n=0

(ς)n∏m
j=1 (ξjn+ τj)

zn

n!
. (1.4)

If τj ∈ R (τj 6= 0), ξj ∈ C ( j = 1, ...,m) and z = C, then it is proved by Kilbas et al. [27]
that:

(1) If
∑m
j=1 τj > 0, then the above extended Wright function is an entire function

of z.
(2) If

∑m
j=1 τj > 0 and either |z| <

∑m
j=1 |τj |

τj or z =
∑m
j=1 |τj |

τj ,
∑m
j=1<(ξj) >

<(ς) +m/2, then the series in
∑∞
n=0

(ς)n∏m
j=1(ξjn+τj)

zn

n! is absolutely convergent.

In addition, Formula (1.4) gives the Mellin-Barnes integral formulation for the extensive
M-L function Eς [(ξ, τ)m ; z]. A full H-function account is available in the Mathai and
Saxena [28] Kilbas and Saigo [29] and monographs.

Further, generalized multi-index M-L function are well-defined and studied by Saxena
and Nishimoto [30] in the following manner:

Eς,q [(ξ, τ)m ; z] = Eς,q(ξj ,τj)m
[z] =

∞∑
n=0

(ς)qn∏m
j=1 Γ (ξjn+ τj)

zn

n!
, (1.5)
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(ξj , τj , ς, q, z ∈ C,< (τj) > 0 (j = 1, 2, ...,m) ;<(

m∑
j=1

ξj) > max{0,< (q)− 1}).

Readers may refer to the recent research work [31–40] and the references cited therein
for a detailed account of the various properties, extended version and implementations of
this function.

Motivated by the established potential for application of these M-L function, we extend
the generalized multi-index M-L function Eq. (1.5) by means of the extended beta function
Bp (x, y) and investigate other physical properties, including integral representation and
differentiation laws, Mellin Transform and Beta Transform with their various special
cases, Relations between the proposed function with Laguerre polynomials and Whittaker
functions. Furthermore, certain relationships between the proposed function and the
fractional derivatives and integrals of Riemann-Liouville (R-L) are investigated. Several
specific cases of our main outcomes are also considered.

2. A Class of Extended multi-index M-L type function

For the present investigation, we extent the generalized multi-index M-L function Eς,q(ξj ,τj)m
[z]

in the following way:

E(ς,c);q [(ξ, τ)m ; (z; p)] = E
(ς,c);q
(ξj ,τj)m

(z; p)

=

∞∑
n=0

Bp (ς + nq, c− ς)
B (ς, c− ς)

(c)qn∏m
j=1 Γ (ξjn+ τj)

zn

n!
, (2.1)

where ξj , τj , ς, q, z ∈ C, p ≥ 0,< (c) > < (ς) > 0,< (τj) > 0 (j = 1, 2, ...,m) ; <
(∑m

j=1 ξj

)
>

max {0,< (q) − 1}, which will be called as extended multi-index M-L type functions
(EMMLF). The Bp (x, y) is an extended beta function shown as follows in [41, 42]:

Bp (x, y) =

∫ 1

0

tx−1 (1− t)y−1 e
−p

t(1−t) dt (< (x) > 0,< (y) > 0,< (p) > 0) . (2.2)

If p = 0, the function Bp (x, y) reduces into the classical beta function. Specific special
cases of this function are listed below as:

(1) When p = 0, the EMMLF reduces into the one that has been considered by
Saxena and Nishimo defined in Eq. (1.5) (see [30]).

(2) If we set m = 1 and p = 0 with < (τ) > 0; < (ξ) > max{0,< (q) − 1}, the
EMMLF reduces in to generalized M-L function which has been considered by
Srivastava and Tomovski ([43], p. 200, Eq. (1.13))

Eς,q [(ξ, τ) ; z] = Eς,q(ξ,τ) [z] =

∞∑
n=0

(ς)qn
Γ (ξn+ τ)

zn

n!
, (2.3)

when q = 1, we obtain as special case of Eq. (2.3) which is defined in Eq. (1.4).
(3) The special case of (2.1), when ς, q = 1 and p = 0 yields the M-L function due

to Al-Bassam and Luchko [44]

E1,1

[
(ξj , τj)m ; z

]
= E1,1

(ξj ,τj)m
[z] =

∞∑
n=0

zn∏m
j=1 Γ (ξjn+ τj)

(2.4)
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(ξj , τj , z ∈ C,< (τj) > 0,< (ξj) > 0 (j = 1, 2, ...,m)) .

Next, if we set m = 2 in Eq. (2.4) provides another type of generalization of M-L
function due to Djrbashyan [24].

(4) When ς, q = 1, p = 0 and ξj is substituted by 1
ξj

(j = 1, 2, ...,m) , then Eq.

(2.1) reduces to the multi-index M-L function defined by Kiryakova [45]

E1,1

[
(1/ξj , τj)m ; z

]
= E1,1

(1/ξj ,τj)m
[z] =

∞∑
n=0

zn∏m
j=1 Γ ((n/ξj) + τj)

(2.5)

(ξj , τj , z ∈ C,< (τj) > 0,< (ξj) > 0 (j = 1, 2, ...,m)) .

(5) If we put ς = q = m = 1 with min {< (ξ) ,< (τ)}, then (2.1) reduces in to the
generalized M-L function considered by Wiman [23] defined in Eq. (1.2) and also
ς = τ = q = m = 1 found in Eq. (1.1).

3. Basic Properties of E
(ς,c);q
(ξj ,τj)m

(z; p)

In this section, we acquire some basic properties, including integral representation, inte-
gral and differentiation properties of the extended multi-index M-L functions.

Theorem 3.1. The extended multi-index M-L function can be represented as:

E
(ς,c);q
(ξj ,τj)m

(z; p) =
1

B (ς, c− ς)

∫ 1

0

tς−1 (1− t)c−ς−1 e
−p

t(1−t)Ec,q(ξj ,τj)m
(tqz) dt (3.1)

where p ≥ 0,< (c) > 0,< (ς) > 0,< (τj) > 0 (j = 1, 2, ...,m) ;<
(∑m

j=1 ξj

)
> max {0,< (q)−

1}.

Proof. Using Eq. (2.2) in Eq. (2.1), we obtain

E
(ς,c);q
(ξj ,τj)m

(z; p) =

∞∑
n=0

{∫ 1

0

tς+qn−1 (1− t)c−ς−1 e
−p

t(1−t) dt

}
×

(c)nq z
n

B (ς, c− ς)
∏m
j=1 Γ (ξjn+ τj)n!

.

Changing the order of summation and integration, and after simplification of above equa-
tion, we get

E
(ς,c);q
(ξj ,τj)m

(z; p)

=
1

B (ς, c− ς)

∞∑
n=0

∫ 1

0

tς+qn−1 (1− t)c−ς−1 e
−p

t(1−t)
(c)nq z

n∏m
j=1 Γ (ξjn+ τj)n!

dt.
(3.2)

Using Eq. (1.5) in Eq. (3.2), we obtain the desired result Eq. (3.1).

Corollary 3.2. Taking t = r
1+r in Theorem 3.1, we get

E
(ς,c);q
(ξj ,τj)m

(z; p) =
1

B (ς, c− ς)

∫ ∞
0

rς−1

(1 + r)
c e

−p(1+r)2
r Ec,q(ξj ,τj)m

(
(r)

q
z

(1 + r)
q

)
dr. (3.3)
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Corollary 3.3. Consider t = sin2 θ in Theorem 3.1, we obtain

E
(ς,c);q
(ξj ,τj)m

(z; p) =
2

B (ς, c− ς)

∫ π
2

0

(sin θ)
2ς−1

(cos θ)
2c−2ς−1

exp

(
−p

sin2 θ cos2 θ

)
(3.4)

× Ec,q(ξj ,τj)m

(
z sin2q θ

)
dθ.

Corollary 3.4. Recurrence relation holds in the definition of (2.1) for j = 1 as:

E
(ς,c);q
(ξ,τ) (z; p) = τE

(ς,c);q
(ξ,τ+1) (z; p) + ξz

d

dz
E

(ς,c);q
(ξ,τ+1) (z; p) (3.5)

where p ≥ 0,< (c) > 0,< (ς) > 0,< (τ) > 0;< (ξ) > max {0,< (q)− 1}.

Proof. Consider the definition of (2.1) for j = 1, and the right side of the Eq. (3.5), we
obtain

τE
(ς,c);q
(ξ,τ+1) (z; p) + ξz

d

dz
E

(ς,c);q
(ξ,τ+1) (z; p)

= τ

∞∑
n=0

Bp (ς + nq, c− ς)
B (ς, c− ς)

(c)qn
Γ (ξn+ τ + 1)

zn

n!

+ ξ z
d

dz

∞∑
n=0

Bp (ς + nq, c− ς)
B (ς, c− ς)

(c)qn
Γ (ξn+ τ + 1)

zn

n!

=

∞∑
n=0

Bp (ς + nq, c− ς)
B (ς, c− ς)

(c)qn (ξn+ τ)

Γ (ξn+ τ + 1)

zn

n!

= E
(ς,c);q
(ξ,τ) (z; p) .

Theorem 3.5. For the extended multi-index M-L functions, we have the following higher
derivative formula:

dn

dzn
E

(ς,c);q
(ξj ,τj)m

(z; p) = (c)q (c+ q)q ... (c+ (n− 1) q)q E
(ς+nq,c+nq);q
(ξj ,τj+nξj)m

(z; p) . (3.6)

Proof. Differentiating with respect to z in Eq. (2.1), we get

d

dz
E

(ς,c);q
(ξj ,τj)m

(z; p) =

∞∑
n=0

Bp (ς + nq, c− ς)
B (ς, c− ς)

(c)qn∏m
j=1 Γ (ξjn+ τj)

nzn−1

n!

=

∞∑
n=0

Bp (ς + (n− 1)q + q, c− ς)
B (ς, c− ς)

(c)(n−1)q+q∏m
j=1 Γ (ξjn+ τj)

zn−1

(n− 1)!
,

(3.7)

we can write the Pochhammer symbols as

(c)q(n−1)+q = (c+ q)q(n−1) (c)q . (3.8)

Now using Eq. (3.8) in Eq. (3.7), we obtain Eq. (3.9) as

d

dz
E

(ς,c);q
(ξj ,τj)m

(z; p) = (c)q E
(ς+q,c+q);q
(ξj ,τj+ξj)m

(z; p) . (3.9)
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Again differentiation with with respect to z in Eq. (3.9), we get

d2

dz2
E

(ς,c);q
(ξj ,τj)m

(z; p) = (c)q (c+ q)q E
(ς+2q,c+2q);q
(ξj ,τj+2ξj)m

(z; p) . (3.10)

Continuing this procedure n times, we obtain the desired result Eq. (3.6).

Theorem 3.6. The following differentiation holds for the extended multi-index M-L func-
tions as

dn

dzn

{
zτ1...τm−1E

(ς,c);q
(ξj ,τj)m

(
λzξ1...ξm ; p

)}
= zτ1...τm−n−1E

(ς,c);q
(ξj ,τj−n)m

(
λzξ1...ξm ; p

)
.

(3.11)

Proof. Replace z by λzξ1...ξm in Eq. (2.1) and take its product with zτ1...τm−1, after that
taking differentiation with respect to z, we get

d

dz

{
zτ1...τm−1E

(ς,c);q
(ξj ,τj)m

(
λzξ1...ξm ; p

)}
= zτ1...τm−2

∞∑
n=0

Bp (ς + nq, c− ς)
B (ς, c− ς)

(c)qn∏m
j=1 Γ (ξjn+ τj)

λnzξ1n...ξmn

n!
.

Further, taking differentiation with respect to z up to n times of above term, we obtain
our required result.

4. Integral Transform of E
(ς,c);q
(ξj ,τj)m

(z; p)

Definition 4.1. The Mellin transform [46] of the function f (z) is defined as

M (f (z) ; s) =

∫ ∞
0

zs−1f (z) dz = f∗ (s) , (< (s) > 0) , (4.1)

then inverse Mellin transform

f (z) =M−1[f∗ (s) ; z] =
1

2πi

∫ λ+i∞

λ−i∞
f∗ (s) z−sds, (4.2)

where λ > 0 .

In the following theorem, we provide Mellin transform of the extended multi-index M-L
functions in term of the Wright generalized hypergeometric function [47].

pψq (z) = pψq

[
(c1, C1) , (c2, C2) , ..., (cp, Cp) ;
(d1, D1) , (d2, D2) , ..., (dq, Dq) ;

z

]
=

∞∑
n=0

∏p
i=1 Γ (ci, Cin) zn∏q
j=1 Γ (di, Din)n!

,

(4.3)

where the coefficients Ci (i = 1, 2, , ..., p) and Dj (j = 1, 2, ..., q) are positive real numbers
such that

1 +

q∑
j=1

Dj −
p∑
i=1

Ci ≥ 0.
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Theorem 4.2. The Mellin transform of the extended multi-index M-L functions is given
by

M
{
E

(ς,c);q
(ξj ,τj)m

(z; p); s)
}

=
Γ (s) Γ (s+ c− ς)

Γ (ς) Γ (c− ς) 2ψm+1

[
(c, q) , (r + s, q) ;
(τj , ξj)

m
1 , (c+ 2s, q) ;

z

]
,

(4.4)

where < (c) > 0,< (s) > 0,< (ς) > 0,< (τj) > 0 (j = 1, 2, ...,m) ;<
(∑m

j=1 ξj

)
> max

{0,< (q)− 1}, p ≥ 0 and 2ψm+1 is the Wright generalized hypergeometric function.

Proof. Applied the Mellin transform of the extended multi-index M-L functions, we have

M
{
E

(ς,c);q
(ξj ,τj)m

(z; p); s)
}

=

∫ ∞
0

ps−1E
(ς,c);q
(ξj ,τj)m

(z; p) dp. (4.5)

Using equation (3.1) in right sided of equation (4.5), we get

M
{
E

(ς,c);q
(ξj ,τj)m

(z; p); s)
}

=
1

B (ς, c− ς)

∫ ∞
0

ps−1
{∫ 1

0

tς−1 (1− t)c−ς−1 e
−p

t(1−t)Ec,q(ξj ,τj)m
(tqz) dt

}
dp.

(4.6)

Upon Interchanging the order of integration in Eq. (4.6), which is admittable due to the
conditions of the Theorem 4.2, we get

M
{
E

(ς,c);q
(ξj ,τj)m

(z; p); s)
}

=
1

B (ς, c− ς)

∫ 1

0

tς−1 (1− t)c−ς−1Ec,q(ξj ,τj)m
(tqz)

{∫ ∞
0

ps−1e
−p

t(1−t) dp

}
dt.

(4.7)

Now letting u = p
t(1−t) in Eq. (4.7), and applying the mathematical formula that Γ (s) =∫∞

0
us−1e−udu, we get

M
{
E

(ς,c);q
(ξj ,τj)m

(z; p); s)
}

=
Γ (s)

B (ς, c− ς)

∫ 1

0

tς+s−1 (1− t)c−ς+s−1Ec,q(ξj ,τj)m
(tqz) dt.

(4.8)

Using Eq. (1.5), and interchanging the order of summation and integration which is
permitted for < (ξj) > 0,< (τj) > 0,< (s) > 0,< (c) > < (ς) > 0,< (c+ s− ς) > 0, we
obtain

M
{
E

(ς,c);q
(ξj ,τj)m

(z; p); s)
}

=
Γ (s)

B (ς, c− ς)

∞∑
n=0

(c)qn∏m
j=1 Γ (ξjn+ τj)

(z)
n

n!

∫ 1

0

tς+s+qn−1 (1− t)s+c−ς−1 dt.
(4.9)

Using the relation between Beta function and Gamma function, we obtain

M
{
E

(ς,c);q
(ξj ,τj)m

(z; p); s)
}

=
Γ (s)

B (ς, c− ς)

∞∑
n=0

(c)qn∏m
j=1 Γ (ξjn+ τj)

zn

n!

Γ (ς + s+ qn) Γ (s+ c− ς)
Γ (c+ 2s+ qn)

.
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After simplification, we obtain

M
{
E

(ς,c);q
(ξj ,τj)m

(z; p); s)
}

=
Γ (s) Γ (s+ c− ς)

Γ (ς) Γ (c− ς)

∞∑
n=0

Γ (c+ qn) Γ (ς + s+ qn) zn∏m
j=1 Γ (ξjn+ τj) Γ (c+ 2s+ qn)n!

.
(4.10)

In view of Eq. (4.3), we arrived at our result Eq. (4.4).

Corollary 4.3. Taking s = 1, Theorem 4.2, we get∫ ∞
0

E
(ς,c);q
(ξj ,τj)m

(z; p) dp =
Γ (c− ς + 1)

Γ (ς) Γ (c− ς) 2ψm+1

[
(c, q) , (r + 1, q) ;
(τj , ξj)

m
1 , (c+ 2, q) ;

z

]
. (4.11)

Corollary 4.4. Applying the inverse Mellin transform on reft and right side of equation
(4.4), we gain the important complex integral representation

E
(ς,c);q
(ξj ,τj)m

(z; p); s) =
1

2πiΓ (ς) Γ (c− ς)

∫ λ−i∞

λ−i∞
Γ (s) Γ (s+ c− ς)

× 2ψm+1

[
(c, q) , (ς + s, q) ;
(τj , ξj)

m
1 , (c+ 2s, q) ;

z

]
p−sds.

(4.12)

5. Relations between the E
(ς,c);q
(ξj ,τj)m

(z; p) with Laguerre polyno-

mial and Whittaker function

In this part, we represent the extended multiindex M-L functions in terms of Laguerre
polynomials and Whittaker’s function.

Theorem 5.1. For < (c) > 0,< (ς) > 0, < (τj) > 0 (j = 1, 2, ...,m) ;<
(∑m

j=1 ξj

)
>

max{0,< (q)− 1}, p ≥ 0. The extended multiindex M-L functions holds true:

e2pE
(ς,c);q
(ξj ,τj)m

(z; p) =
1

B (ς, c− ς)

∞∑
a,b,k=0

La (p)Lb (p) (c)qk z
k∏m

j=1 Γ (ξjn+ τj) k!

×B (a+ qk + ς + 1, c+ b− ς + 1) .

(5.1)

Proof. We begin by recalling the valuable identity which is used in [48] as:

e(
−p

t(1−t) ) = e−2p
∞∑

a,b=0

Lb (p)La (p) ta+1 (1− t)b+1
; (0 < t < 1). (5.2)

Applying equation (5.2) in equation (3.1), we get

E
(ς,c);q
(ξj ,τj)m

(z; p) =
1

B (ς, c− ς)

∫ 1

0

tς−1 (1− t)c−ς−1 e−2p

×
∞∑

a,b=0

Lb (p)La (p) ta+1 (1− t)b+1
Ec,q(ξj ,τj)m

(tqz) dt,

(5.3)
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and using equation (1.5) in (5.3), we get

E
(ς,c);q
(ξj ,τj)m

(z; p) =
1

B (ς, c− ς)

∫ 1

0

tς−1 (1− t)c−ς−1 e−2p

×
∞∑

a,b=0

Lb (p)La (p) ta+1 (1− t)b+1
∞∑
k=0

(c)qk∏m
j=1 Γ (ξjk + τj)

(tqz)
k

k!
dt.

(5.4)

Upon interchanging the order of integration and summation, which provide under the
assumption of the theorem, we obtain

E
(ς,c);q
(ξj ,τj)m

(z; p) =
e−2p

B (ς, c− ς)

∞∑
a,b,k=0

Lb (p)La (p) (c)qk z
k∏m

j=1 Γ (ξjk + τj) k!

∫ 1

0

ta+qk+ς (1− t)c+b−ς dt.

(5.5)

Now using definition of Beta function

E
(ς,c);q
(ξj ,τj)m

=
e−2p

B (ς, c− ς)

∞∑
a,b,k=0

Lb (p)La (p) (c)qk z
k∏m

j=1 Γ (ξjk + τj) k!
B (a+ qk + ς + 1, c+ b− ς + 1) .

(5.6)

After simplification, we found the desired result.

Theorem 5.2. For the extended multi-index M-L functions, we have

e
3p
2 E

(ς,c);q
(ξj ,τj)m

=
Γ (c− ς + 1)

B (ς, c− ς)

∞∑
a,k=0

La (p) (c)qk z
k∏m

j=1 Γ (ξjk + τj) k!
p

(
a+qk+ς−1

2

)

×W−1−a−qk+ς−2c
2 ,

a+qk+ς
2

(p).

(5.7)

Proof. Allowing for the following equality e(
−p

t(1−t) ) = e(
−p
1−t )e(

−p
t ) and via the generating

function relating to the Laguerre polynomials, we obtain

e
−p

t(1−t) = e(−p)e(−p/t) (1− t)
∞∑
a=0

La (p) ta, (5.8)

Substituting Eq. (5.8) in to account in Eq. (3.1), we get

E
(ς,c);q
(ξj ,τj)m

(z; p) =
1

B (ς, c− ς)

∫ 1

0

tδ+a−1 (1− t)c−ς−1 e(−p)e(−p/t) (1− t)

×
∞∑
a=0

La (p)Ec,q(ξj ,τj)m
(tqz) dt,

Interchanging the order of summation and integration, we obtain

E
(ς,c);q
(ξj ,τj)m

(z; p) =
e−p

B (ς, c− ς)

∞∑
a,k=0

La (p) (c)qk z
k∏m

j=1 Γ (ξjk + τj) k!

×
∫ 1

0

ta+qk+ς−1 (1− t)c−ς e(−p/t)dt.

(5.9)
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Using the following integral representation [49]:∫ 1

0

tµ−1 (1− t)ν−1 e
−p
t dt = Γ (ν) p

µ−1
2 e

−p
2 W 1−µ−2ν

2 ,µ2
(p) (< (ν) > 0,< (p) > 0) ,

in Eq. (5.9), we found the desired result.

6. Fractional Calculus Approach of E
(ς,c);q
(ξj ,τj)m

(z; p)

In this section, we derive a little useful EMMLF properties associated with the right-
sided Riemann-Liouville (R-L) fractional integral operator Iϑa+ and the right sided R-L

fractional derivative operator Dϑ
a+, defined for ϑ ∈ C, (< (ϑ) > 0), x > 0 (See, for details

[50, 51]):

(
Iϑa+f

)
(x) =

1

Γ (ϑ)

∫ x

a

f(t)

(x− t)1−ϑ
dt, (6.1)

and (
Dϑ
a+f

)
(x) =

(
d

dx

)` (
I`−ϑa+ f

)
(x) ` = [< (ϑ) + 1] . (6.2)

where [< (ϑ)] is the integral part of < (ϑ). The above is a generalization of the R-L
fractional derivative operator (6.2) by implementing a right-hand R-L fractional derivative

operator Dϑ,σ
a+ of order 0 < ϑ < 1 and 0 ≤ σ ≤ 1 of Hilfer [52]:(

Dϑ,σ
a+ f

)
(x) =

(
I
σ(1−ϑ)
a+

d

dx

)(
I
(1−σ)(1−ϑ)
a+ f

)
(x). (6.3)

The extension of Eq. (6.3) yields the R-L fractional derivative operator Dϑ
a+ when σ = 0.

Theorem 6.1. Let ϑ, λ, ξj , τj , ς ∈ C be such that < (ϑ) > 0, p ≥ 0 and the conditions
given in Eq. (2.1) is satisfied, for x > a, the following relation holds:Iϑa+


m∏
j=1

(z − a)
τj−1E

(ς,c);q
(ξj ,τj)m

(
λ (z − a)

ξj ; p
)
 (x)

= (x− a)
ϑ+τ1...τm−1E

(ς,c);q
(ξj ,τj+ϑ)m

(
λ(x− a)ξ1...ξm ; p

)
. (6.4)Dϑ

a+


m∏
j=1

(z − a)
τj−1E

(ς,c);q
(ξj ,τj)m

(
λ (z − a)

ξj ; p
)
 (x)

= (x− a)
τ1...τm−ϑ−1E

(ς,c);q
(ξj ,τj−ϑ)m

(
λ(x− a)ξ1...ξm ; p

)
. (6.5)Dϑ,σ

a+


m∏
j=1

(z − a)
τj−1E

(ς,c);q
(ξj ,τj)m

(
λ (z − a)

ξj ; p
)
 (x)

= (x− a)
τ1...τm−ϑ−1E

(ς,c);q
(ξj ,τj−ϑ)m

(
λ(x− a)ξ1...ξm ; p

)
. (6.6)



The Extended Multi-Index Mittag-Leffler Functions ... 1261

Proof. By virtue of the formulas Eq. (6.1) and Eq. (2.1), the term by term fractional
integration and use of the relation [51]:(

Iϑa+ (z − a)
τ−1
)

(x) =
Γ (τ)

Γ (ϑ+ τ)
(x− a)

ϑ+τ−1
(τ, ϑ ∈ C,< (ϑ) > 0,< (τ) > 0)

(6.7)

yield for x > a,Iϑa+


m∏
j=1

(z − a)
τj−1E

(ς,c);q
(ξj ,τj)m

(
λ (z − a)

ξj ; p
)
 (x)

=

(
Iϑa+

{ ∞∑
n=0

Bp (ς + nq, c− ς)
B (ς, c− ς)

(c)qn∏m
j=1 Γ (ξjn+ τj)

λn(z − a)τ1...τm+(ξ1...ξm)n−1

n!

})
(x)

= (x− a)
ϑ+τ1...τm−1E

(ς,c);q
(ξj ,τj+ϑ)m

(
λ(x− a)ξ1...ξm ; p

)
. (6.8)

Subsequent, by Eq. (6.5) and Eq. (2.1), we find thatDϑ
a+


m∏
j=1

(z − a)
τj−1E

(ς,c);q
(ξj ,τj)m

(
λ (z − a)

ξj ; p
)
 (x)

=

(
d

dx

)`I`−ϑa+


m∏
j=1

(z − a)
τj−1E

(ς,c);q
(ξj ,τj)m

(
λ (z − a)

ξj ; p
)
 (x)

=

(
d

dx

)` (
(x− a)

τ1...τm+`−ϑ−1
E

(ς,c);q
(ξj ,τj+`−ϑ)m

(
λ (x− a)

ξ1...ξm ; p
))

(x). (6.9)

Applying Eq. (3.11), we are led to the desired result Eq. (6.5). Lastly, by Eq. (6.3) and
Eq. (2.1), we becomesDϑ,σ

a+


m∏
j=1

(z − a)
τj−1E

(ς,c);q
(ξj ,τj)m

(
λ (z − a)

ξj ; p
)
 (x)

=

(
Dϑ,σ
a+

{ ∞∑
n=0

Bp (ς + nq, c− ς)
B (ς, c− ς)

(c)qn∏m
j=1 Γ (ξjn+ τj)

λn(z − a)τ1...τm+(ξ1...ξm)n−1

n!

})
(x)

=

∞∑
n=0

Bp (ς + nq, c− ς)
B (ς, c− ς)

(c)qn∏m
j=1 Γ (ξjn+ τj)

λn

n!

(
Dϑ,σ
a+

{
(z − a)τ1...τm+(ξ1...ξm)n−1

})
(x).

(6.10)

Using the familiar relation of Srivastava and Tomovski [43]:(
Dϑ,σ
a+

{
(z − a)

τ−1
})

(x) =
Γ (τ)

Γ (τ − ϑ)
(x− a)

τ−ϑ−1
(6.11)

(x > a; 0 < ϑ < 1; 0 ≤ σ ≤ 1,< (τ) > 0) .

In Eq. (6.10), we are led to the result Eq. (6.6).



1262 Thai J. Math. Vol. 20 (2022) /F. Author et al.

The classical ϑ fractional R-L derivative is typically defined by

Dϑ
z {f (z)} =

1

Γ (−ϑ)

∫ z

0

(z − t)−ϑ−1 f (t) dt (< (ϑ) < 0), (6.12)

where the path of integration is a line from 0 to z in the complex t-plane. For the case
`− 1 < < (ϑ) < ` (` = 1, 2, ...) , it is defined below as

Dϑ
z {f (z)} =

d`

dz`
Dϑ−`
z {f (z)}

=
d`

dz`

{
1

Γ (`− ϑ)

∫ z

0

(z − t)`−ϑ−1 f (t) dt

}
.

Özarslan and Özergin [48] have established the extended R-L fractional derivative oper-
ator as follows:

Dϑ,p
z {f (z)} =

1

Γ (−ϑ)

∫ z

0

(z − t)−ϑ−1 e
−pz2
t(z−t) f (t) dt (< (ϑ) < 0,< (p) > 0),

(6.13)

and for `− 1 < < (ϑ) < ` (` = 1, 2, ...) ,

Dϑ,p
z {f (z)} =

d`

dz`
Dϑ−`
z {f (z)}

=
d`

dz`

{
1

Γ (`− ϑ)

∫ z

0

(z − t)`−ϑ−1 e
−pz2
t(z−t) f (t) dt

}
.

If we set p = 0, then we obtain the classical R-L fractional derivative operator.

Theorem 6.2. Let p ≥ 0,< (λ) > 0,< (ξj) > 0,< (τj) > 0.Then

Dλ−c,p
z

{
zλ−1Ec,q(ξj ,τj)m

(zq)
}

=
zc−1

Γ (c− λ)
B (λ, c− λ)E

(ς,c);q
(ξj ,τj)m

(zq; p) (6.14)

Proof. Replacing ϑ by λ−c in the definition of the extended fractional derivative operator
(6.13), we get

Dλ−c,p
z

{
zλ−1Ec,q(ξj ,τj)m

(zq)
}

=
1

Γ (c− λ)

∫ z

0

tλ−1 (z − t)c−λ−1Ec,q(ξj ,τj)m
(tq) e

−pz2
t(z−t) dt

=
zc−λ−1

Γ (c− λ)

∫ z

0

tλ−1
(

1− t

z

)c−λ−1
Ec,q(ξj ,τj)m

(tq) e
−pz2
t(z−t) dt,

Substitute, u = t/z in above equation, we get

Dλ−c,p
z

{
zλ−1Ec,q(ξj ,τj)m

(zq)
}

=
zc−1

Γ (c− λ)

∫ 1

0

uλ−1 (1− u)
c−λ−1

× Ec,q(ξj ,τj)m
(uqzq) e

−p
u(1−u) du.

Relating this result with equation (3.1), we obtain

Dλ−c,p
z

{
zλ−1Ec,q(ξj ,τj)m

(zq)
}

=
zc−1

Γ (c− λ)
B (λ, c− λ)E

(ς,c);q
(ξj ,τj)m

(zq; p) .
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7. Concluding remark and discussion

The properties, integral transform, representation in terms of Laguerre polynomials,
Whittaker function and fractional calculus of the newly defined extended multi-index
M-L type functions are investigated here. Various special cases of the paper’s related
results may be analyzed by taking appropriate values of the relevant parameters. For
example, if we set m = 1 and q = 1 in (2.1), we obtain the unswervingly result due to

Mittal et al. [53] and Özarslan and Yilmaz [31] respectively. For several other special
cases, we refer to [25, 54, 55] and have left the findings to interested readers.
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