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1. PRELIMINARIES AND INTRODUCTION

It is well known that the concept of best proximity point is derived from the concept
of fixed point, which is concerned with non-self mapping. Let (X, d) be a metric space.
In 1922, Banach [1] introduced and gave the concept of self-mapping as follows:

a mapping J : X — X is said to be contraction if there exits a constant k € [0, 1) such
that

d(Jz, Jy) < kd(x,y), for all z,y € X.

Moreover, he presented the theorem which was stated as follows:

if X is a complete metric space and J : X — X is a contraction, then J has a unique
fixed point in X.
After that, contraction and the above theorem received a lot of attention from researchers.
Because such research can be applied to many fields, resulting in such research is very
famous and researchers call this theorem “the Banach Contraction Principle”. In 1973,
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Geraghty [2] defined a contractive mapping based on the class F of mappings 3 : [0, 00) —
[0,1) such that

lim B(t,) =1 = lim ¢, =0. (1.1)

n—roo n—roo

Definition 1.1 ([2]). Let (X,d) be a metric space. A mapping J : X — X is called
Geraghty contraction if there exists § € F such that for all z,y € X,

d(Jz, Jy) < Bld(z, y))d(z,y).

Moreover, the author [2] sproved the existence and uniqueness of fixed point for self-
mapping of Geraghty contractions.

Theorem 1.2 ([2]). Let (X,d) be a complete metric space and J : X — X be Geraghty
contraction. Then J has a unique fized point x € X, and {J"x} converges to x.

In 2012, Samet et al. [3] introduced the following definition.

Definition 1.3 ([3]). Let J : X — X be a mapping and a : ¥ x Y — R be a function.
Then J is said to be a-admissible if for all z,y € X,
a(z,y) > 1 implies a(Jz, Jy) > 1.
One year later, Karapmar et al. [1] gave the following definition.
Definition 1.4 ([1]). An a-admissible mapping J : X — X is said to be triangular
a-admissible if for all z,y,z € X,
a(z,y) > 1 and a(z,z) > 1 implies a(x, z) > 1.
Next, Let (X, d) be a metric space and Y, Z be nonempty subsets of X. We give the
meaning of the sets Yy and Z; as follows:
dY,Z) :=inf{d(z,y) : €Y and y € Z},
Yo:={z €Y : d(z,y) =d(Y,Z) for some y € Z},
Zy:={yeZ : dz,y) =d(Y,Z) for some z € Y}.

Let Y and Z be nonempty subsets of X and let J : Y — Z be a non-self mapping. A
point z € Y such that d(z, Jx) = d(Y, Z) is called a best proximity point of J.

Definition 1.5. Let J: Y — Z and g : Y — Y be mappings. An element z € Y is said
to be a coincidence best proximity point of the pair (g,J) if
d(gz,Jx) =d(Y, Z).
In 2012, Caballero et al. [5] studied the best proximity point for a pair (Y, Z) of
subsets of a metric space (X, d) and the authors obtained a generalization of main result

of Geraghty [2] in the context of a non-self mapping with the P-property, which is first
introduced by Raj [0].

Definition 1.6 ([6]). Let (Y, Z) be a pair of nonempty subsets of a metric space (X, d)

with Yy # 0. Then the pair (Y, Z) is said to have the P-property if
d(xy,y1) = d(Y, Z)
= d =d
d(anyQ) :d(}/, Z) (xl’zl) (ylayZ)v

where z1,25 € Y and y1,y2 € Z.
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Definition 1.7 ([5]). Let (Y, Z) be a pair of nonempty subsets of a metric space (X, d).
A mapping J : Y — Z is said to be a Geraghty contraction if there exists § € F such
that

d(Jz, Jy) < Bd(x,y))d(z,y), (1.2)
for any z,y € Y

In 2018, Komal et al. [7] proved the existence of the best proximity coincidence point
for a-Geraghty contractions in a complete metric space with the P-property.

Definition 1.8 ([7]). Let (X, d) be a metric space and Y, Z be non-empty subsets of X,
and let @ : Y xY — [0,+00) be a function. A mapping J : Y — Z is called a-Geraghty
contraction if there exists 8 € F such that for all x,y € Y,

oz, y)d(Jz, Jy) < Bd(z,y))d(z,y).

Theorem 1.9 ([7]). Let Y and Z be two nonempty closed subsets of a complete metric
space (X, d) such that Ag is nonempty and g : Y —'Y is an isometry such that Yy C g(Yp),
leta:Y xY — [0,400) be a function. Define a map J :Y — Z satisfying the following
conditions:

(i) J is continuous a-Geraghty contraction;

(ii) J be an a-proximal admissible;

(iii) for each x,y € Yy satisfying d(z, Jy) = d(Y, Z) and a(y,x) > 1;

(iv) J(Yo) C Zy and the pair (Y, Z) has the P-property.
Then there exists © in'Y such that d(gx, Jx) = d(Y, Z).

Moreover, motivated by Geraghty, Ayari [8] defined a class B of all mappings § :
[0,00) — [0, 1] such that

lim B(t,) =1 = lim ¢, =0.
n—oo n—r oo

By using 8 € B, Ayari [8] introduced a-proximal Geraghty non-self mappings which
is a generalization of the definition of Geraghty [2]. In addition, the author proved the
existence and uniqueness of a best proximity point for such mappings.

Definition 1.10 ([9]). Given a mapping J : Y — Z and an isometry g : Y — Y, the
mapping J is said to preserve isometric distance with respect to g if

d(Jgzxy, Jgxe) = d(Jx1, Jx2)
for all 1 and zo in Y.

Lemma 1.11 ([10]). Let (Y, Z) be a pair of nonempty closed subsets of a complete metric
space (X, d) such that Yy is nonempty and (Y, Z) has the P-property. Then (Yo, Zy) is a
closed pair of subsets of X.

In addition to the above research, there are many researchers who are interested in
studying best proximity point theorems, which can see details from references [6, 10-29].

Moreover, in Theorem 1.9, which is created by Komal et al. [7], the authors stated
that g is an isometry. The main aim of this paper is to study coincidence best proximity
point results for («, g)-Geraghty contractive mappings on a complete metric space. By
using this type of mappings, we prove the existence and uniqueness of a coincidence best
proximity point for such mapings without an isometry of the mapping g under certain
condition in a complete metric space.
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2. MAIN RESULTS

In this section, we prove the existence and uniqueness of a coincidence best proximity
point in a complete metric space without an isometry of the mapping g.

Definition 2.1. Let (Y, Z) be a pair of nonempty subsets of a metric space (X, d), and
let @:Y xY — [0,+00) be a function and g : Y — Y be a self mapping. A nonself
mapping J : Y — Z is said to be an («, g)-prozimal admissible if for all 21, x2,u1,us € Y,
a(gz1,gra) > 1
d(guy, Jx,) =d(Y,Z) y = a(guy, gus) > 1.
d(gus, Jxo) = d(Y, Z)
Definition 2.2. Let o : Y XY — [0, 400) be a function and g : ¥ — Y be a self mapping.

An (o, g)-proximal admissible mapping J : Y — Z is siad to be triangular («, g)-prozimal
admissible if a(gz,gy) > 1 and a(gy, gz) > 1 implies a(gz, gz) > 1.

Definition 2.3. Let (Y, Z) be a pair of nonempty subsets of a metric space (X, d), and
let @« : Y xY — [0,4+00) be a function and ¢ : Y — Y be a self mapping. A nonself
mapping J : Y — Z is said to be an («, g)-Geraghty contractive mapping if there exists
B € B such that for all z,y € Y,

algz, gy)d(Jz, Jy) < B(d(gz, gy))d(gz, gy). (2.1)

Theorem 2.4. Let Y and Z be non-empty closed subsets of a complete metric space
(X,d) such that Yy is non-empty and the pair (Y,Z) has the P-property. Let g: Y — Y
be a self mapping with Yo C g(Yp), and let o : Y XY — [0,00) and J : Y — Z satisfy the
following conditions:

(i) J is an (o, g)-Geraghty contractive mapping with J(Yy) C Zy;
(ii) J is a triangular («, g)-prozimal admissible;
(iil) There exist xo,x1 € Yy such that d(gz1,Jx0)=d(Y, Z) and a(gzro, gx1)>1;
Then, it can establish a sequence {gz,} in Yy such that
d(gxnt1,Jxn) = d(Y, Z), for each n € NU{0},
and then the sequence {gz,} converges to gx*, for some x* € Y.
Proof. From the condition (iii), there are xg,x; € Y such that
d(gz1,Jxg) = D and a(gxo, gr1) > 1.

Since z1 € Yy and J(Yy) C Zy, Jx1 € Zy. There exits u; € Yy such that d(uy, Jz1) = D.
So, there exists o € Yy such that u; = gza since Yy C ¢g(Yp). It implies that

d(gxs, Jx1) = D.
Since d(gx1, Jxo) = D = d(gxa, Jx1), a(gzo,g921) > 1 and J is an (o, g) proximal admis-
sible, we have

a(gz1, gza) > 1.

Again, since z9 € Yy and J(Yy) € Zy, Jxo € Zy. There exits us € Yy such that
d(ug, Jxs) = D. So, there exists x3 € Yy such that us = gas since Yy C g(Yp). It implies
that

d(gxs, Jxs) = D.
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Since d(gxa, Jx1) = D = d(gx3, Jr2), a(gz1,gr2) > 1 and J is an (o, g) proximal admis-
sible, we have

a(gze, gxs) > 1.
Similarly to the above method, we get a sequence {gz,} in Yy satisfying

d(gxn+1,Jxn) = D and a(gxy, grny1) > 1, for each n € NU{0}. (2.2)
Since the pair (Y, Z) has the P-property, we have that

d(gzy, grpy1) = d(Jzp_1, Jy), (2.3)
for each n € N. Next, we claim that

nh_}n(go d(gxn—_1,9x,) = 0. (2.4)
From (2.2), (2.3) and J is an («, g)-Geraghty contractive mapping, for each n € N, we
obtain that

d(gxn, gTpy1) = d(Jxp_1, J2y)
a(gTn—1,9Cn)d(Jxpn_1, J2y)
Bld(gzn-1,9n))d(gTn-1,9Tn)
d(gzn—1,9%n). (2.5)

A

IN

That is, the sequence {d(gx,—1,gxy,)} is non-increasing. So, there exists v > 0 such that
lim d(gxn—hgxn) =7 (26)
n—oo

If v = 0, then (2.4) holds. Suppose that v > 0, it is clear that gz,_1 # gz, for alln € N,
and so d(gx,—1,92,) > 0 for all n € N. By (2.5), we obtain that
d(gn, gTni1)
d(gzn—1,9%)
From (2.6) and (2.7), we get that

< B(d(gxn—1,9%,)) <1, for each n € N. (2.7)

By the condition of the function 3, we can conclude that

lim d(gxn—lvgzn) =7= 07

n— oo

which is a contradiction. Thus v = 0, i.e., (2.4) holds. Next, we will show that the
sequence {gx,} is a Cauchy sequence. Suppose that {gz,} is not a Cauchy sequence.
Then there are subsequences {gx,, } and {gx,, } such that my > ny > k for each k € N,
we have that

A(9Zny, s 9Tm,) > €. (2.8)
Additionally, we can choose the smallest my, satisfying (2.8) and d(gzn,, g%Tm,-1) < €.
By the triangle inequality, for each k € N, we have that

€ < d(gny; 9Tmy)

< d(9Tnys 9Tmy—1) + d(GTmy—1, 9Tm,,)
<e+d(gTm,-1,9Cm,)-
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From (2.4), and by taking the limit as k¥ — oo in above inequality, we have that
lim d(gxn,,, 9%Tm, ) = €. (2.9)
k—o0 ) )

Consider

d(gxnk7gxmk) S d(g$nk,g$nk+1) + d(gxnk+17gxmk+1) + d(gxmk+17g'rmk)
(2.10)

and

A(9Znp+15 9Tmp+1) < Ad(9Tny41,9%n, ) + A(9Tn,, 9Tm,, ) + A(9Tmy s Ty +1)-
(2.11)

From (2.10), (2.11) and d(gzn,, gTm,) > €, it implies that d(gZn, +1, 9Tm,+1) > €. Again,
using (2.11), we get that

lim d(g@n, +1, 9Tmy+1) = €. (2.12)
k—o0

According to the fact that {gzm, } and {gz,, } are subsequences of {gx,,} and using (2.2),
for each k € N

d(grnit1, Jon,) = D = d(gZmyt1, JTm, ).

Since the pair (Y, Z) has the P-property, we get that
A(9Zny+1, 9Tmy+1) = d(J Ty, , Jm, ), for each k € N.

Again, from (2.2) and J is a triangular («, g)-admissible, we obtain that
(g, , gTm,) > 1, for each k € N.

Hence, for each k € N,

A(gTn,+1, 9Tmp+1) = d(JTny, JTm,,)

a(gTny,, 9Tm, )A(J T, JTim,.)
Bld(gTn,,, gTm,.))d(gTn,., GTm,,)
d(9Tn,, 9Tm, )

IN AN IA

because J is an (o, g)-Geraghty contractive mapping. From (2.8), we have that d(gxy,, , 9Tm, ) >
0. Then, we conclude that
d(gxnk—i-l;gxmk-l,-l)

d(9Zn,,, 9Tm,,)
Using (2.9) and (2.12), we obtain that

< B(d(g9xn,, 9Tm,)) < 1.

1= < lim B(d(gan, . gtm,)) < 1,

€ k—oo
that is, klim B(d(g9zn,,9Tm,)) = 1. By the definition of the function 8, we can conclude
— 00
that

lim d(gzn,,9Tm,) =0 <&,

n—oo

which contradicts (2.9). Hence, the sequence {gz,,} is a Cauchy sequence in Yy. It implies
that there exists * € Y| such that gz, — gx* as n — oo because Y} is a closed subset of
a complete metric space (X, d) and Yy C g(Yp). n
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Next, we will give the first coincidence best proximity point theorem for an («, g)-
Geraghty contractive mapping in a complete metric space without an isometry of a map-

ping g.

Theorem 2.5. Let XY, 7, Yy, q,J be as in Theorem 2.4 and suppose that all hypotheses
are true. Assume that for any sequences {gx,} in'Y such that a(gx,,grn+1) > 1 for all
n € N, if gx,, — gz* for some x* € Y, then there exists a subsequence {gxyn, } of {gzn}
such that a(gxy,,gz*) > 1 for alln € N. Then (g,J) has a coincidence best prozimity
point, i.e., there exists a point x* € Y such that

d(gz*, Jz*) =d(Y, 2).

Morover, if g is one-to-one and a(gx*, gy*™) > 1 for any coincidence best proxzimity point
z* y* €Y, then (g,J) has a unique coincidence best proximity point.

Proof. By Theorem 2.4, we can establish a sequence {gx,} in Yy such that
d(gxnt1,Jxy) = d(Y, Z) and a(gz,, grnt1) > 1, for each n € NU {0}.

Moreover, the sequence {gz,} converges to ga*, for some z* € Y. By the assumption,
we get that there exists a subsequence {gx,, } of {gx,} such that a(gz,,,gz*) > 1, for
each k € N. Sincs J is an («, g)-Geraghty contractive mapping,

d(Jzp,, Jx*) < a(gen,, gr*)d(Jz,, , Jr¥)
< Bld(gzn,, gz*))d(gzn,, g*)
< d(gan,, gz*).
By the triangular inequality, we obtain that
d(gz™, Jz*) < d(g9z", gTn,+1) + d(gTny+1, T2, ) + A(J T, , J2¥)
< d(gz”, g, 1) + D + d(gzn,, g7),

for each k € N. Taking the limit as k¥ — oo in above inequality, we get that d(gz*, Jx*) <
D. By the fact that gz* € Y and Jz* € Z, we get that D < d(ga*, Jz*). It implies that

d(gx*,Jz*) =D,
that is, «* is a coincidence best proximity point of the pair (g, J).

Next, we will show that (g, J) has a unique coincidence best proximity point. Suppose
that there exists a coincidence best proximity point y* € Y such that z* # y* and

dgy*, Jy*) = D.
From the pair (Y, Z) has the P-property and d(gz*, Jx*) = D = d(gy*, Jy*), we have
that
dgz", gy*) = d(Jz*, Jy").
Since J is an an (a, g)-Geraghty contractive mapping and a(gz*, gy*) > 1,
dgz", gy") = d(Jm*, Jy*)
a(gz®, gy*)d(Jz", Jy*)
(92", gy")d(g2", 9y")
(d(gz”, gy™))d(gz", gy")
(92", 9y").-

IN A \/\I

!
B
d
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Since g is one-to-one and x* # y*, we obain that d(gx*, gy*) > 0, and so B(d(gz*, gy*)) =
1. Tt implies that d(gz*, gy*) = 0, i.e., gx* = gy*. Again, since g is one-to-one, z* = y*,
which is a contradiction. Therefore, (g, J) has a unique coincidence best proximity point.

m

Now, we give an example to illustrate Theorem 2.5, where g is not an isometry.
Example 2.6. Consider X = R?, with the usual metric d. Let Y = {(0,z) : z € [0,00)}
and Z = {(1,y) : y € [0,00)}. Obviously, d(Y,Z) =1, Yo =Y and Zy = Z. Define
J:Y —- Zby

J(0,2) = (1,In(z + 1)), for all (0,z) €Y,
and let g : Y — Y be defined by
(0,2), ifzx=1,
0,3), ifx=2,
(0,1), ifx=3,
(

x), otherwise.

g(O,ZE) =

It is easy to see that J(Yy) C Zp, g is one-to-one and Yy C ¢(Yp). Moreover, It is easy to
verify that the pair (Y, Z) has the P-property.
Let o : R? x R? — [0,00) be a function defined by

al(an, o) a2, 0)) = {
Note that the conditions (ii) and (iii) in Theorem 2.4 is true. Next, we will show that J
is an (v, g)-Geraghty contractive mapping. Let

In(1 +¢)

ﬂ(t){ T Ao
1, ift=0.

Note that 5 € B. By the definition of the function 8, we can see that a((0,a), (0,b)) =
for all (0,a),(0,b) € Y. Let (0,a),(0,b) € Y. If a = b, then we are done. Suppose that
a # b and b < a. Hence

oz(g((), a)v g(ov b)) d(J(O, a)v J(Ov b)) =1- d(J(Oa a)7 J(Ov b))
=|ln(a+1) —In(b+1)|

[ (1))
:1n<®+D+%a—®>‘

b+1

a—2>
= ln<1+b+1>’

<In(1+ |a—b|)

1, ifa; =as =0and 0 < by,by < 00,
0, otherwise.

ln(l;r_|ab| b)) a—b]
In (1 +d(g(0, a), g(0,0)))
(50, 0).9(0.b) ~d(g(0,a),9(0,b))

9 )7
=5(d(9(0,a),9(0,b)))d(g(0, a), 9(0,b)).
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Similarly to the above inequality, we can also conclude the case a < b. Therefore, J is an
(a, g)-Geraghty contractive mapping. Finally, it is clear that for any sequences {gx,} in
Y such that a(gz,, gxn11) > 1 for all n € N, if gz, — gz* for some z* € Y, then there
exists a subsequence {gzy, } of {gz,} such that a(gz,,, gz*) > 1 for all n € N. Moreover,
(0,0) is the unique best proximity coincidence point of the pair (g, J).

Definition 2.7. Given mappings J : Y — Z and ¢ : Y — Y, the mapping J is called
preserve distance with respect to g if

d(Jgx1, Jgze) = d(Jx1, Jx2)
for all z; and x5 in Y.

Theorem 2.8. Let X,Y, 7, Yy, q,J be as in Theorem 2.4 and suppose that all hypotheses
are true. Assume that J is continuous and preserves distance with respect to g. Then
(g,J) has a coincidence best prozimity point, i.e., there exists a point x* € Y such that

d(gz*, Jz*) =d(Y, Z).

Morover, if g is one-to-one and a(gx*, gy*) > 1 for any coincidence best proxzimity point
x* y* €Y, then (g,J) has a unique coincidence best proximity point.

Proof. By Theorem 2.4, we can establish a sequence {gx,} in Yy such that
d(gxni1,J2y) = d(Y, Z) and a(gz,, grni1) > 1, for each n € NU{0}.

Moreover, the sequence {gz,} converges to ga*, for some x* € ;. Since J is continuous,
Jgzr, — Jgx* as n — oo. This is,

d(Jgxn, Jgz*) — 0 as n — oo.
But d(Jgz,, Jgz*) = d(Jz,,Jx*) since J is preserves distance with respect to g. It
implies that
d(Jxzy, Jz*) — 0 as n — oo.
Using d(gxn+1, J2,) = D for all n € NU {0}, we get that
d(gz*,Jz*) = D.
that is, * is a coincidence best proximity point of the pair (g, J).

By the proof of Theorem 2.5, we can conclude that (g,J) has a unique coincidence
best proximity point. This completes the proof. ]

3. SOME PARTICULAR CASES

As results of our main theorems, we obtian some results which is the specific case
of our main results.

Definition 3.1 ([30]). Let (Y, Z) be a pair of nonempty subsets of a metric space (X, d),
and let o : Y xY — [0,4+00) be a function. A nonself mapping J : Y — Z is said to be
an a-proximal admissible if for all x1, zo,u1,us € Y,

a(xy,z9) > 1
d(ulﬁ‘]xl) = d(Y7 Z) - a(ulau2) > 1
d(UQ,J.’EQ) = d(Y, Z)



1248 Thai J. Math. Vol. 20 (2022) /C. Klanarong

Definition 3.2. Let o : Y x Y — [0,+00) be a function. An a-proximal admissible
mapping J : Y — Z is siad to be triangular a-proximal admissible if a(x,y) > 1 and
a(y,z) > 1 implies a(z, z) > 1.

In Theorems 2.5 and 2.8, if ¢ is the identity mapping, we obtain the following corollary
as follows.

Corollary 3.3. Let Y and Z be non-empty closed subsets of a complete metric space
(X,d) such that Yy is non-empty and the pair (Y, Z) has the P-property. Assume that
a:Y xY = [0,00) and J : Y — Z satisfy the following conditions:
(i) J is an a-Geraghty contraction with J(Yy) C Zy;
(ii) J is a triangular a-prozimal admissible;
(iii) There exist xg,x1 € Yy such that d(x1, Jxo) = d(Y, Z) and a(zg, 1) > 1;
(iv) Either (a) or (b) is true;
(a) J is continuous;
(b) For any sequences {x,} in'Y such that a(xn,Xpt1) > 1 for alln € N, if
Tn —> x* for some x* € Y, then there exists a subsequence {xy,} of {zn}
such that a(xy,,x*) > 1 for alln € N.

Then J has a best proximity point, i.e., there exists a point * € Y such that
d(z*, Jz*) =d(Y, Z).

Moreover, if a(z*,y*) > 1 for any best proxzimity point x*,y* € Y, then J has a unique
best proximity point.

Definition 3.4. Let (Y, Z) be a pair of nonempty subsets of a metric space (X,d) and
g:Y — Y be a self mapping. A nonself mapping J : Y — Z is said to be an Geraghty
contractive mapping with respect to g if there exists § € B such that for all z,y € Y,

d(Jz, Jy) < B(d(gz, gy))d(gz, gy)-

By taking a(z,y) = 1 for all 2,y € Y, we immediately obtain the following corollary
as follows.

Corollary 3.5. Let Y and Z be non-empty closed subsets of a complete metric space
(X,d) such that Yy is non-empty and the pair (Y, Z) has the P-property. Assume that
g:Y =Y be a self mapping with Yo C g(Yo) and J : Y — Z satisfy the following
conditions:

(i) J is an Geraghty contractive mapping with respect to g such that J(Yy) C Zy;

(ii) There exist xo,x1 € Yy such that d(gz1, Jxo) = d(Y, Z);

(iil) g is one-to-one.
Then (g,J) has a unique coincidence best prozimity point, i.e., there exists a unique point
z* €Y such that

d(gz™, Jz*) = d(Y, Z).
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