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1. INTRODUCTION

Let the symbol A denote the class of normalised analytic functions f(z) = >"°7 | an2™;

(a1 = 1) defined on D := {z € C: |z| < 1}. The subclass of A consisting of one-to-one
functions denoted by S. A function f € S is starlike of order o (0 < a < 1), denoted by
S*(a), it R(zf'(2)/f(z)) > « for all z € D. Note that S*(0) = S§* is the class of starlike
functions on D. The function f € A is starlike of reciprocal order «, denoted by S¥(«), if

R sz) >a, z€D.
E)

The function g(z) = ze is a starlike function of reciprocal order 1/(2 — «) [1].
Note that every function f € S} := §7(0) is starlike and univalent. Ravichandran and
Kumar [2] investigated the argument estimates for the analytic functions f € Sf(«).
Frasin and Sabri [3] derived certain sufficient conditions for starlikeness of reciprocal
order of analytic functions in . For more related results of some associated classes, see

(1—a)z
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[4-8]. Next, we are giving terminologies, concepts and literature which will be used in
this paper.

For positive integers g and n, the Hermitian-Toeplitz determinant of order n associated
with the coefficients of the function f € A, is given by

2% An41 o Ap4q—1
[ an crr Andgq—2
an-‘rq—l an—i—q—2 T Qnp
The Hermitian-Toeplitz determinant Ty 1(f) is rotationally invariant [9, 10]. Thus, the
third order Hermitian-Toeplitz determinant T5 1 (f) is given by

Ts.1(f) := 2Re(a3 d3) — 2ag|? — |as|* + 1. (1.1)
Cudna et al. [11] investigated the sharp lower and upper bounds for the second and third
Hermitian-Toeplitz determinants for the classes of starlike and convex functions of order
a. Jastrzebski et al. [12] determined the sharp estimates on the second and third order

Hermitian-Toeplitz determinants for the close-to-star functions. Recently, the sharp upper
and lower bounds on the Hermitian-Toeplitz determinant of the third order are computed
for the classes of certain strongly starlike functions [13]. For recent updates on this type
of problem one may refer to the papers [14-18].

In view of Koebe one quarter theorem, it is noted that the image of D under a univalent
function contains a disk Dy /4 := {z € C: |2| < 1/4}. Thus for every univalent function f
there exists inverse function f~! such that f~!(f(z)) = z for z € D and f(f ' (w)) = w
for |w| < ro(f), where 7o(f) > 1/4. The Taylor series expansion of the function f~ is
given as

FHw) =w+ Agw? + Agw® + - .

Lowner [19] determined the coefficient estimates for the inverse function f € S. The
authors [20, 21] obtained bounds on the initial inverse coefficients for the classes of starlike
and convex functions of order a (0 < av < 1). In [22], the authors computed bounds on the
inverse coeflicients for Janowski starlike functions. For more details related to the inverse
coefficient problem, see [23-26]. The logarithmic coefficients ~,, are associated with the
function f € S in the following way:

f(z) =
log "0 =23 4,27, 2D 1.2
0g — n:17 2",z € (1.2)

For the Koebe function k(z) = z/(1 — €¥2)2, the n'* logarithmic coefficient is given by
Y = €™ /n for each 6 and for all n > 1. Using the concept of integral means, Duren and
Leung [27] found the sharp bound on the n** logarithmic coefficient of univalent functions.
For details, see [28-32]. Elhosh [33] proved 7, < 1/n for close-to-convex functions. In
2018, the authors in the paper [34] determined the sharp estimates on v, 72 and 3 for
functions belonging to certain subclasses of close-to-convex functions. Recently, Adegani
et al. [35] computed the sharp bounds on =, for the Ma-Minda starlike and convex
functions.

Motivated by the stated research works, we first establish coefficient inequalities for
functions f belonging to the class SF(«). The best possible lower and upper bounds
on the third order Hermitian-Toeplitz determinant 75 ; (f) and the bounds on the initial
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inverse coefficients Ao, A3, A4, As are computed for such functions. In addition, the
bounds on the initial logarithmic coeflicients 1, 72, 73, 74 are also determined.

2. PRELIMINARY RESULTS

Let the class P consists of analytic functions of the form p(z) = 1+4p1 z2+pa2z®+p323+- - -
satisfying the inequality Rep(z) > 0 for all z € D. There is a close relation between
the class P and the class B of Schwarz function w(z) = c12 + c22? + 323 + --+ and
satisfying the condition |w(z)| < 1 for z € D. Consider the coefficient functional ¥(u,v) =
les + peica + ve3| associated with the coefficients of w for w € B and u, v € R. Let us
assume that the symbols Q;’s are defined as follows:

O o= {(nv) €R?: |u <1/2, |v| <1},

1 4
0= {(u) € R 5 < il <2 ol + 1P -l + D < v <1},

2
o= {0 € R ul 2172, v < =3(ul + 1)},
Q5= {(nv) eR?: |u| <2, v>1},

1
0= () e R 2 <l < 4, V>12(u2+8)},

)
3
I

2
() € R s1ul 2 4, > S0l - D)},

o)
©
I
— T

1 2 4
() €R?: L <lul <2, —2(ul + 1) <v < 27(Iu+1)3—(lu|+1)},
2 2[p|(|pl + 1)
Qo =< (u,v) ER? 1 || > 2, —= N<p< 2 T2 0
9 (1, v) | = 5 (Iul + )_V_u2+2lu|+4
2|pl (] + 1) 1
Do = R2:2<|pf <4, 2T 20 <) < — (42
10 (#3”)6 —‘lu|— ’/J:2+2|/l|+471/712(#’ +8) )
2 +1 2 -1
1= i R iz 0, ALY, BB
w2l 44 p? = 2|l + 4
2[p|(lpl — 1) 2 }
Qua =L (uv) € R || >4, SN 20 <) < Z(|u[—1) 5.

12 (1, v) lul = u2—2|u|+4_'/—3(|m )
Lemma 2.1. [36, Lemma 2, p. 128] If w € B, then for any real numbers p and v, we
have

1, (u,v) e QU U {(2, 1)};
4

‘V|’ (:U/vy) € kU Qk;
=3

2 NS

V() <{ 2ul+D) (splthy) L (mv) € Qs U0y

1 24 u’—4 172

3V (W) (m) v () €U \ {(2, 1)}

2 -1 \'?

2 -1 (srlEls) T () €9
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The extremal functions, up to rotations, are of the form

3 z(ty — 2) z(ta + 2)
wi(z) = 2°, wo(z) =2z, w3(z) = ——2, wy(z) = ———=
(@) 2(2) = 2 wa(z) = JE 2 wala) = G
and ws(z) = c12 + c22% 4 c323 + -+ | where the parameters t,, to and the coefficients c;

are given by

= () e () - (e

= (1—c)e™, c5 = —creae’™,
where
po(v(®+8) =2 +2)\
0y = L arccos | = .
2 2w(p? +2) — 3u?
Lemma 2.2. [24, Lemma 3, p. 254] Let p € P. Then

2p2 = pt + (4 — pi)¢
for some & € D.
Lemma 2.3. [37, Lemma 2.3, p. 507] Let p € P. Then for all n,m € N,

2 0<u<i;
_ < ) — — ’
PP = Pmn] < { 2|12u — 1], elsewhere.
If 0 < pu < 1, then the inequality is sharp for the function p(z) = (14 2™T™) /(1 — 2™+,
In the other cases, the inequality is sharp for the function po(z) = (14 2)/(1 — 2).
Lemma 2.4. [38, Lemma 1] Let p € P. Then, for any real number p,
4 .
3

)

o 4
2, [ ——, = < p.
H i1 3 S H

The result is sharp. The extremal function is given by

{ [30(2)7 w< %;

2|:U’_4|7 <

|ups — pi| <

Ple)=g 122 o4
22-2 ﬁerl7 3°

3. SUFFICIENT CONDITION AND HERMITIAN-TOEPLITZ DETERMINANT

Throughout our discussion, we assume 0 < o < 1. First, we establish a sufficient
condition for the function f € A to be in the class S} («).

Theorem 3.1. If f(z) =z + > ., a,2™ € A satisfies the following inequality

oo

Z((n—1)+\1+(1—2a)n|)|an\ <2(1 - a), (3.1)

n=2

then f € S¥(a).
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Proof. Since Rw > « if and only if |w — 1] < |w + (1 — 2a)|. Therefore, f € S} (a) if
f(2) (2)
e e

or equivalently
[f(z) = 2f(2)] = |f(2) + (1 = 20)2f'(2)| < 0.

Set |F(2)| = |f(z) — 2f'(2)| = | f(2) + (1 — 2a)zf'(2)|. However, by using the hypothesis,
we have

+12o¢',

|F(2)] = Z(l —n)apz"| — 2(1 —a)z + Z(l + (1 —2a)n)a,z"
n=2 n=2
< Z(n —1lan| + Z 14 (1 —2a)n|lan] —2(1 — @)
n=2 n=2
=Y (n— 141+ (1 —2a)n|)an| - 2(1 - a) <0.
n=2
The result follows. m

Corollary 3.2. If f(2) = z+ > o0, a,2" € A satisfies Y- ,nla,| <1, then f € S;.

This corollary follows by taking a = 0 in the Theorem 3.1. However this could be seen
as a trivial consequence of the fact that > - ,nla,| < 1 is sufficient for f € SF. More
generally, we have following result:

Theorem 3.3. If f(z) = z+ > oy an2" € A satisfies the inequality Y~ ,nla,| < 1,
then f € S} (a) for o < 1.

Proof. If f(z) = 2z + >~ , anz™ € A satisfies the inequality > -, nla,| <1, then
2f'(2)
f(2)

Let w = f(z)/zf'(z). Then

1‘<1.

1
S
w

N |~

<1l or [1-w|<|w or R(w)>
Thus, we conclude that f € §*(1/2). m

Next result provides the best possible estimates on the third order Hermitian-Toeplitz
determinants for the classes S («).

Theorem 3.4. Let f(z) =z+ > ooy a,2" € S}(a). Then

16a* — 640 4+ 87a% — 460 +8, 0<a < i;
T < { » QSesy
and
—(1—-a)? 0<a<i
> ’ 27
TM(f){ 16a* — 64a® + 87a% — 460+ 8, 2 <a<1

The above estimates are best possible.
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Proof. For some p € P, each function f(z) =z + Y, a,2" € S} («a) satisfies

f(z)
= 1-— . 2
Tk =t (- ap(s) (32)
On comparing the coefficients of like power terms in the expression (3.2) , we get
az :(1 - a)pla (33)
1
as =5 (1) (2(a — 1)pi +p2) (34)
1
ay = — 6(04 -1 (6(a — 1)2p‘;’ +7(a— 1)p1ps — 2p3) , (3.5)
o _1)3,4 12,2, _
as —24(a 1)(24(a — 1)°p] + 46(a — 1)*pip2 — 20(av — 1)p1ps
+9(a — 1)p3 + 6pa). (3.6)

Since the classes S} («) and P are invariant under rotation and |p;| < 2, there is no loss
in considering 0 < p; < 2. Using (3.3), (3.4) in the expression (1.1) and then Lemma 2.2,
we get

Tgﬁl(f) =1+ 2Rea§a3 - 2|CL2|2 — |CL3|2

L (1- a)*(da — 5)(4a — 3)pt — 2(1 — a)%pF — (1 — )2 (4 — pD)?IC?

T 16
L a)( - ppiReC + 1
=0(p?, [¢|,Re(). (3.7)
If p; = 0, then we have
W(0,[¢[,Re¢) =1~ (1 —a)?¢* <1 (3.8)
and if p; = 2, then
U(4,|¢],Re¢) = 16a* — 64a® + 87a? — 460 + 8. (3.9)

We now procced to find the maximum of ¥ (p?, (|, Re(). From (3.7), with the settings
x:=p? €[0,4] and y = [{| € [0, 1], it is easy to see that

U(pi, Ic], Re ) < W(pi, [¢l, —Ic])

1 2 2 2
= 1—6(1—04) (4o — 5)(4da — 3)a* — 2(1 — a)“x

(- @)= 2+ (1 - 04— )y + 1
=: G(a, z,v).

(A): The function G(«, z,y) is defined on Q := [0, 4] x [0,1]. On the boundary of €2, we
have

Gla,2,0) = 1%(4a 54— 3)(1 — )22 — 2(1 — a)2z +1
and

G(a,z,1) = —(a —2)a+ i (40 — 8ar+3) (a — 1)°2* — (a — 1)z
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A1l: To maximize G(«, z,0), we proceed as follows. For 0 < a < 3/4, we find that
1
G" (o, ,0) = g(a —1)%(4a — 5)(4a — 3) <0

holds for 0 < « < 3/4 but for this range of « there is no critical point of G(z,0) and so
G has no maximum in (0,4). For a = 3/4, we have G(3/4,2,0) =1 — /8 < 1. In case
a > 3/4 the G'(a, x,0) > 0 which reveals that there is no maximum of G in (0, 4).

A2: Now consider the function G(a,z,1). For 0 < oo < 1/2, we find that
1
G (a,z,1) = i(oz —1)?(2a —3)(2a — 1) > 0

hence G(a, z, 1) has no maximum in (0, z). Further computation reveals that G'(«, z,1) <
0 for 1/2 < a < 1 but the function G(«, z,1) = 0 has no critical point in (0,4) for this
range of a. Finally, G(1/2,2,1) = (3 —x)/4<3/4 < 1.

A3: We now find the maximum of G inside the domain (0,4) x (0,1). For a = 3/4,
the function G takes the form

1 1 T
- (4—2) —(4— T,
g(x,y) 256( T)%y” + 128( T)Ty g T

It is a matter of simple calculation to verify that g,(x,y) = 0 = g,(z, y) holds for z = 16
and y = —4/3. No critical point in (0,4) x (0,1). Further, in the case when o # 3/4, we
have find that

1 1
Gy(z,y) = g1l —a)(d—a)z - (1 -a)*(d—2)’y =0
and
Go(z,y) =2(a—1)*((a—1)%z—1) =0
hold for
1 o 1
-1 VTN T 2a—3)2a-1)
It is verified that (z1,y1) € (0,4) x (0,1) and G(x1,31) = 0. From the above discussion
in A1, A2, A3, in view of (3.8) and (3.9), we have
G(a,z,y) < max {1; 16a* — 64a® 4 8702 — 460 + 8}
[ 16a* — 640 +87a2 — 460 +8, 0<a <1/4,
L 1/4<a<1.

r =1 =

The sharpness of the upper bound follows for the function fy defined by
fo(2) :{ % 1/A<a<l;
zf5(2) H2e)z - <o <1/4.
(B): Using (3.7) we can write
W2, ¢, ReC) > W2, |C], [C))
> W(pf,1,1)
— h(a),
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where h is given by h(z) = —(a — 2)a + (a — 1)*2? — 2(a — 1)%z (0 < 2 < 4). Now at

the end points
h(0) = (2 — «a)a and h(4) = 16a? — 64 + 87a® — 46 + 8.
It can be seen that © = x5 = 1/(a — 1)? only root of

B (z) =2(a — 1)*z — 2(a — 1) = 0.

Further h”(x3) = 2(a — 1)* > 0 and h(x3) = —(a — 1)%. Here h(0) = (2 — a)a > 0 and

h(z2) = —(a — 1)? < 0. Hence

h(z) > min {h(0), h(4), h(z2)} = { ZEZ)Q) (1)/2 z 2 i/?

Sharpness follows for the functions f; defined by

filz) [ (1—a)p(z)+a, 0<a<1/2
2f](2) _{ +(1-29)z 1/2<a<1,

1—=

where
1— 22

R et A
pz) 1— 22422

which completes the proof.

4. INVERSE COEFFICIENTS

(3.10)

Next theorem gives the bounds on initial inverse coefficients of the starlike functions

of reciprocal order a.

Theorem 4.1. Let f(z) =2+ .~ ,a,2" € Si(a). Then
[As] <2(1 - ),
|43 <(1 =) (5 — 4a),

11 .
Ogagﬁ;

1

< )
|A4|—{ 1202 — 3200+ 19|, 13 <a <1,
— (= 1) (9603 — 40402 + 501a —196), 0<a <

<
|A5|—{ F(a—1) (9603 — 28802 + 3250 — 136) , 32 <a < 1.

All bounds are sharp except for |As| in the case 15/29 < a < 1. The extremal function

f1 is given by (3.10).

Proof. Since f~1(w) = w + Aw? + Azw? + Agw* + - -+ in some neighbourhood of origin,

so we have f(f~}(w)) = w. That is,

w=fTHw) +ax(f W) +as(fTH W)+

= w+ Agw? + Azwd + Ayt + - Fag(w + Agw? + Azwd + Ayt + )2

+ az(w + Asw? + Azw® + Ay’ + )%,
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A simple calculation gives the following relations:

A2 = —ag, (41)
Az = 2a3 — a3 (4.2)
Ay = —5a§ + Sasas — ag, (4.3)
As = 14a3 — 21a3a3 + 6azay + 3a% — as. (4.4)
By using (3.3), (3.4), (3.5), (3.6) in (4.1), (4.2), (4.3), (4.4), we get
Ay =—(1—-a)p
1

Ay =~ (o —1) (p2— 200~ 1pr?) (45)

1
Ay :g(a -1) (3(a — 1)2p13 —4(a— 1D)p1ps — pg) (4.6)

1
Ay = 54 —(a—1)(24(a — 1)*p1* = 58(a — 1)*p1%ps — 28(a — 1)p1p3

4+ 9(a — 1)pa? — 6py). (4.7)

By using of the fact |p,| < 2, the desired bound on As can be readily obtained. In view
of Lemma 2.3 and the expression (4.5), we get

|As| = %(1 —a) (p2+2(1 —a)p})| < (1 — a)(5 —4a).

Since p € P if and only if w(z) = (p(z) — 1)/(p(z) + 1) € B, we have following relations

p1 = 2¢1, p2 = 2¢o + 26%, p3 = 2¢3 + 4cieo + 26‘;’. (4.8)
In view of (4.8) and (4.6), we have
2
Ar=3(a—1) ((120% = 32+ 19) ¢1® + (6 — 8a)c1co — c3)
2
:g(a —1)(es + peres + ver®), (4.9)

where p = —(6—8«) and v = — (12a% — 32« + 19). It is noted that > 0 for 3/4 < o < 1.
Now we verify the following three cases to use the Lemma 2.1:

(1) |p| < 3 and |v| <1 is equivalent to

1 1
—§§8a—6§§and —1< 1202 +3200—-19< 1

which holds for %g < « < 1. This gives (u,v) € ©; when % <a<l.

(2) |p| <2 and v < —1 is equivalent to
1 1 ,
—5 <8u—6< iand — 120"+ 32— 19 < —1
which holds for

ESO‘< ; (3-v10).

6
So for 175 <a< % (8—@),We have (u,v) € Q3.
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(3) |p| = 1/2and v < Z(|u|+1) equivalently can be written as pn > 1/2,v < 2(pu+1)
incaseof pu >0or p < —1/2,v < %(fu + 1) in case of u < 0. Now we see that
pw>1/2)v < %(u + 1) holds for % < «a < 1. Further, computation shows that
w<-—-1/2,v< %(—,u—k 1) holds for 0 < a < %.

Using triangle inequality in expression (4.7), we get

24
mms\ < |24(1 = a)’pr* +9(1 — @)p2® + 6pa| + |58(c — 1)%p1°p2 — 28(1 — ) p1ps| -
(4.10)
Consider
29(1 — «
|58(04 - 1)27112172 —28(1 - Q)P1p3| = 56(1 — a)|p1] %pﬂb — D3|
By applying Lemma 2.3, we have
29(1 — a) 2, Ly <1;
56(1—a)|p1] g PP < 56(1—a)><{ 2(22;29(1)’ (2)9§ e %. (4.11)

Therefore, in view of (4.10) and (4.11), for 0 < o < 32, we have

24
11—«

112(1 — @) (22 — 290)
7

|As| < ]24(1 — a)®pl*| + |9(1 — a)p2?| + |6p4| +

and for 32 < < 1, we have

24
T 4s] < 24(1 — a)®p1*| + |9(1 — a)p2?| + |6p4| + 112(1 — a).

Using the fact |p;| < 2, we have

1 1
|45] < —Z(a—1) (96a® — 404a* + 501 — 196) for 0 < a < %
and
1 5 ) 15
|[As] < 6(04 —1) (96a” — 288a? + 325c — 136) for 29 <a<l
This completes the proof. ]

5. LOGARITHMIC COEFFICIENTS

In this section, we determine the estimates on initial logarithmic coefficients for the
starlike functions of reciprocal order «.
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Theorem 5.1. Let ag = = ( 44 — 3177 —
2430 sanz" € S (a). Then

—t ~ 0.17051 =
. 3@4—7) 0.170516 and f(z)

|’71| S]. —Q,
11—«
2l <=——,
(1—a)(7—4a) T—4a .
|,7 |< 9 6—3042’ OZOSOL<1,
3= (a—2)(1—a)(4a*—4a—1) [5_,
9\/’(1 @) Ta OSO[SO[07
al - Cv)(1+2(1+2\f)(1 a)) 2/3<a<1;
4
(1— a)(1+2(5+2f 6a)(1— a))’ 0<a< 2/3'

All estimates are sharp ea:cept on 4.

Proof. In view of series expansion (1.2), it follows that

a
n=, (5.1)
1 a3
L a 2
72 5 <a3 B ) ) (5 )
14
~v3 =(a4 — agasz + §a2), (5.3)
1 al a?
Y4 :i <—42 + a2a3 ao04 — ?3 + a5> . (54)
By using (3.3), (3.4), (3.5), (3.6) in (5.1), (5.2), (5.3), (5.4), we get
11—«
-~ :( 5 )1?717
1
V2 :1(1 —a) ((1 - Oé)p% *Pz) )
1
v =gla—1) (=(a - 1)°p} — 2(a — D)p1pa + p3)
1
v =g(a = 1) ((a=1)°pi +3(a = 1)°pips = 2(a = Dp1ps + (@ = 1)p3 +pa) -
(5.5)

By making use of the fact |p,| < 2 and Lemma 2.3, we get the required bound on 7; and
v2. In view of (4.8), v is written in terms of Schwarz coefficients as

1
3 =— g(oz —1) ((40* —4a — 1) ¢} +2(2a — 3)cicr — c3)
so that

13| = (5.6)

-«
3
where 1 = 2(3 — 2a) and v = 1 + 4a — 4a2. It is noted that p = 2(3 — 2a) > 0 for
0<a<l.

(i) Let + <a < 1. Now consider 2 <y < 4 and v > (p? +8)/12. This is equivalent to

1
2<2(3-2a) <4and —4a? +4a+1>§(4(3—20z)2+8),
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or equivalently
1
§§a§1and3a22a2+l

that is true for 1 < a < 1 and hence (y,v) € Q.
(ii) Let

1 3 7

— | =44 -3V1T7T — —————+ 7
6 ( V44 — 3\/177 )
be smallest positive root of 223 — 722 + 7z — 1 = 0. Now assume that 0 < o < «vg. It is
easy to see that y > 2 for all 0 < a < 1. Now the condition

2u(u+1)
,u + 244

ap = ~ 0.170516

;(/Hl)

is equivalent to
2 (2 — 3)(4a —7)
“(4a—T7) < 4o’ +4a+1< :
gla =T s e ddat s e T

Further computation reveals that this holds for all a € [0, ag]. Thus (i, v) € Q9.
(iii) Let ap < a < 1/2. It can be verified that u > 4 for a < 1/2. Now the conditions

2u(p+1) __ 2p(p—1)
P4 2u+4 = T p2—2u+4
are equivalent to
(2a—3)(4a—7) (2a0 — 3)(4ax — 5)
<-4 4 1<
prre s v R PG T

which holds for ag < o < 1/2. Thus (p,v) € Qq1.
By using Lemma 2.1, the above discussion reveals that

1/2

1

2+ 1) (i) T a<a<y
2 2 1/2

v (ﬁ) (3%,77;1)) ) 0 S (6% S Qp,

(7 404),/ 340‘2, ap <a<l; 57

= 5.7
(a— 2) 4(1 —4da— 1 2—a

B\f 3(1—«) « 0<ac< @o-

From expression (5.6) and (5.7), we get the desired estimate on 3. In view of (5.5), we
have

IN

|03 + puepcg + ucﬂ

W=

1
[ya| < g(l—a) (|(a = 1)*pt — 2(a = D)paps| + [3(a — 1)*pTp2 + (o — 1)p3| + [pal) -

(5.8)
Using Lemma 2.3 and Lemma 2.4, we have
2, 2 B 2 4(1 - o), 2/3<a<l
o=+ la- e < { G T0 o BESISE 69
and
[(a = 1)%pt — 2(r — 1)p1ps| < 8V2(1 - a). (5.10)

From (5.8), (5.9) and (5.10), we get the required bound on 4. ]
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