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1. INTRODUCTION

The Jensen inequality for convex function is one of the most important inequality
and no one can ignore the importance of this inequality in almost every field of science.
Due to the great importance of this inequality, there is an extensive literature devoted
to the Jensen inequality concerning different refinements, counterparts, generalizations
in different manners and their applications [1-27]. Jensen’s inequality has been given
for different classes of functions such as («, m)—convex, a(z)—convex, —class convex,
m—convex, strongly convex and coordinate convex functions ete [28-32].

The following Jensen inequality for convex functions of several variables has been given
in [33].

Theorem 1.1. Let Iy, I, ..., I, be intervals in R and y; €L, ¢GeERT fori=1,2,...,m,

j=12,....n. If:I; x I3 x - -+ X I, = R is a convex function, then
n 1 n 2 n
Zj:l GY; Zj:l GiYj Zj:l GYj" < 1 & 1,2 m
'(/J n ) n ] n = n Zgjw(yjaij--wyj )
Zj:l G Zj:l G Zj:l G Zj:l G =1
(1.1)
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Let ¢ : I — R be a continuous and strictly monotone function defined on the interval
I, then the quasiarithmetic (g-mean) of vector z = (21, 22,...,2,) € I™ with positive
weights ¢ = ((1, (2, - - ., () is defined by

q(z:¢) =q~ G 14] Zégq zj) | - (1.2)

Similarly, integral quasiarithmetic mean can be defined as:

Let ¢ : I — R be a continuous and strictly monotone function defined on the interval I,
g:la,b] = I and p : [a,b] — R be integrable functions, then the quasiarithmetic mean
of the function g with weight p is defined by

-1 # ' w w))dw
qa(g;p) = ¢ (fabp(w)dw/a p(w)g(g(w))d )

The following weighted version of Beck’s inequality has been given in [34].

Theorem 1.2. Let ¢; : I; = R (i = 1,2,...,m) be strictly monotone and P : Ip — R
be continuous and strictly increasing functions whose domains are intervals in R, and
P o I X Ig X +oo x I, — Ip be a continuous function. Lety' = (yi,vys,...,y)) €
L xIpx--x1I,,i=12,....m and ¢ = ((1,(2,...,(n) be a nonnegative n-tuple such
that Z _ CJ =1, then

w<ql(y1;C) @2(¥%5€), - am (Y™ € >>P ! ZCJ Yy, v7 -0 |- (1.3)

holds for all possible y*(i = 1,2,...,n) and ¢, if and only if the function ® defined on
q1(11) X q2(I2) X -+ qm (L) by

33(Zl, Z25 ey Zn) = P(w(q;1(21)7QE1(Z2)7 s 7q>;11(zm>)
18 concave.

The inequality in (1.3) is reversed for all possible y'(i = 1,2,...,m) and ¢, if and only
if © is conver.

Beck’s original result (see [35, p. 249], [36, p. 300], [37], [38, p. 194]) was Theorem 1.2
for the case m = 2 which is stated as:

Theorem 1.3. Let K : Ix — R, L : I, — R be strictly monotone and N : Iy — R
be continuous and strictly increasing functions whose domains are intervals in R, and
let ¢ : Ix x I, — In be a continuous function. Let a = (a1,a2,...,a,) € Ik, b =
(b1,b2,...,b,) € I} and ¢ = (¢1,€2, - .., Cn) be a nonnegative n-tuple such that Z?:l ¢ =
1. Then the following inequality holds

V(K (a;¢), L(b;¢)) = M(¢(a,b); (), (1.4)
where Y(a,b) = (Y(a1, b1),¥(az, ba), ..., ¥(an,by)),

if and only if the function H(s,t) = M(y(K~'(s),L™1(t))), is concave.
The inequality (1.4) holds in reverse direction if and only if H is convez.
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Corollary 1.4. [ - 194] If Y(x,y) = v +y and H(s,t) = M(K~1(s)+L7L(t)), and if
E = II((,/,,F = ,,,G = N,l,, where all K', L', N', K" L" ,N" are all positive, then (1.4)
holds for all posszble tuples a and b if and only if

E(z) + F(y) < Gz +y). (1.5)

Corollary 1.5. [38, p. 194] Let v (z,y) = xy and H(s,t) = M(K~Y(s)L7(t)). If

K'(x L' (x M’ (x . -
A(x) = Wiﬂ)@’(w)’ B(x) = W,C(w) = Wijz,,,(w), and if the functions
K',L',N', A, B,C are all positive, then (1.4) holds for all possible tuples a and b if and
only if

A(z) + B(y) < C(zy). (1.6)

This paper is organized as: First of all we prove a refinement of discrete Jensen’s
inequality for convex functions of several variables connected to two certain tuples. As a
application, we deduce refinement of the weighted generalized version of Beck’s inequality.
In particular, we discuss refinements of Beck’s inequality. Also, we present integral version
of the related results. At the end of the paper, we establish further generalization of
Jensen’s inequality related to n certain tuples.

2. MAIN RESULTS

We begin to present refinement of Jensen’s inequality for convex functions of several
variables.

Theorem 2.1. Let Iy, 1o, ..., I, be intervals in R, ¢ : I1 x Is X --- x I;, = R be a conver
function and y; €,¢,n;,0; eRY fori=1,2,....,m,j=1,2,....n. Ifn; + 6, =1 for
all j € {1,2,...,n}, then

. Z;‘Lﬂ ij} E?:l <j%2' o Z?:l Gy;"
216G i G  iaG
D1 Cjnjiﬁ (Z;‘l—l G55 D1 Cﬂ?j%”)

IN

e G Yo G G
RYSTLN Xi=1Gy X Gy
> G Y Gl T T X GY

< 5 1@29 Wi u3. -y (2.1)

If the function 1 is concave then the reverse inequalities hold in (2.1).
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Proof. Since nj +60; =1 for all j € {1,2,...,n}, therefore we have
" Z;'l:1 ijjl' Z;'L:1 ij? o ZJ 1 ijm
Z?:l G ’ Z?:l G , ’ Zj:l G
_ > Cinyyj N X Gy, X Gy N > i GOy
Z?:l G Z?:l G ’ ’ Z?:l G Z?:l G
’ D1 Gy 2= $iniYy N Y516l i Gy
i G i Gy Y G X= Gt T
D Gy 2y Gy N D G0 22T GOy
S G i Gng S G o1 G

Py Cjﬁj¢<2?=1 Cimivy Py Cjﬁjy§”>

<

S G\ S Gm T X G
Py o, X Gy X Gy
> G S Gt T T Y G,

< GY Wyt .yl
< g Lo

The first inequality has been obtained by using (1.1) for the case n = 2, while the second
inequality has been obtained by using (1.1) on both the terms. [

The integral version of the above theorem can be stated as:

Theorem 2.2. Let I1,1s,...,1,, be intervals in R, ¥ : Iy x Is x -+ x I, — R be a
convex function. Let u,v,p,g; : [a,b] — R be integrable functions such that g;(w) €
I ,u(w),v(w),p(w) € RT for all w € [a,b],i = 1,2,...,m, and v(w) + u(w) = 1, P =
f;p(w)dw. Then

¢<;lmmmmmwwélmm%wmg

1 ’ fp w)g1 (w)dw f:p(W)u(w)gm(w)dw
< P/a u(w)p(w) ( e u(w)dw e fbp o )
L i pp@)gw)de [ p(w ( )dw
+5 [ ) (j,Wme . fp )

b
< 3 [ P01(0).02(), . gm0

(2.2)

If the function 1 is concave then the reverse inequalities hold in (2.2).

Remark 2.3. Analogously, related refinement can be given for Jensen’s inequality (2.8)
as given in [33].
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In the following theorem we present refinement of the inequality (1.3).

Theorem 2.4. Let g; : I; — R (i = 1,2,...,m) be strictly monotone and P : Ip — R
be continuous and strictly increasing functions whose domains are intervals in R, and 1 :
I xIyx---xI,, — Ip be a continuous function. Lety® = (yi,vyb, ..., yl) € [ xIax---x1I,,
i=1,2,...,m. If (j,n;,0; € RT such that n; +60; =1 for j =1,2,...,n, then

w<q1(y1;C) 7q2(y2;4)7--~,qm(ym;C)>

Dy e ( ))
> p 1 jnip 1; . S Qm m’ .
> e (1/} a(y;¢m) am(y™;¢.m)
> =1 G0, < 1 )
~r—F 1¢.0),- - Lan(y™;¢.0
+ e (1/1 q(y';¢.0) am(y™;¢.0)
> P E GPW(y 5,y |- (2.3)

Z? 16 =
if and only if the function © defined on q1(I1) X q2(I2) X -+ qm(Im) by

D(z1, 22,5 2m) = P((ar (21), 03 (22), -+ 4 (2m)) (2.4)
18 concave.
The inequalities in (2.3) hold in reverse direction for all possible y*(i = 1,2,...,n) and

¢, if and only if ® is convex.

Proof. Replace ¥ by © and y; by q](yj) (1=1,2,...,m,5=1,2,...,n)and then applying
the increasing function P~! in the reverse inequality in (2.1), we obtain (2.3). L]
The integral version of the above theorem can be stated as:

Theorem 2.5. Let g; : I; = R (i = 1,2,...,m) be strictly monotone and T : It — R
be continuous and strictly increasing functions whose domains are intervals in R, and
Y Iy xIax -+ X1, = It be a continuous function. Let u,v,p,g; : [a,b] — R be integrable
functions such that g;(w) € I;,u(w),v(w),p(w) € RT for allw € [a,b],i =1,2,...,m, and
v(w) +uw)=1, P= f;p(w)dw. Then

¢(ql(g1;p) ,qz(gzap),---,qm(gm;p)>

llj/bU( )p(w )dwT<w<q1(gl;p-U)w- ,qm(gm;W)))
7/ dwT<¢( 1(g1;p0), - ,qm(gm;p-v)>>]

b
> ,Ti1 (113/ p(w)T(¢(91(w)7g2(w)a te agm(w))dw> : (25)

if and only if the function ®© defined on g1(11) X qg2(L2) X -+ - qm(Im) by
@(2’1, 22y nsy Zm) = T(w(QIl(zl)a Q2_1(22)a B q;’bl (Zm))

> 7!
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1§ concave.
The inequalities in (2.5) hold in reverse direction for all possible y*(i = 1,2,...,n) and
¢, if and only if ® is convex.

As a consequence of the above theorem for the case m = 2, the following refinement of
Beck’s inequality holds:

Corollary 2.6. Let all the assumptions of Theorem 1.3 hold. If n;,0; € R* such that
nj+0;=1forj=12,...,n, then

. . | 2= G a: .
B(K(a:¢), L(b:0) > M [ s M(¢(K< ,c.n>,L<b7c.n>)>
2o 605
Z?:1 G

if and only if the function H(s,t) = M((K~1(s),L™1(t))), is concave.
The inequality (2.6) holds in reverse direction if and only if H is convez.

+ M(w (K(a; ¢.0), (L(a;Cﬂ)))ﬂ > M(¢(a,b); C). (2.6)

Corollary 2.7. Let K, L, M be twice continuously differentiable and strictly monotone
functions such that K',L', M', K" ,L",M" are all positive. If n;,0; € RT such that
nj+0; =1forj=1,2,...,n, then

Z?: 16imj

e M<K(a; ¢.m) + L(b; C-n))

K(@¢) +L(b;¢) =M™ [
> i1 G,
Z?:l G

holds for all possible tuples a,b and positive tuple ¢ if and only if
E(z)+ F(y) < Gz +y), (2.8)

. K’ . L . M’
where E = W’F = ﬁ7G = e

+ M(K(a;c.e) +L(a;§.9)))] > M(a+b; ). (2.7)

Proof. Let H(s,t) = M(K~'(s) + L~1(t)). We prove that the function H is concave.
Since H is twice continuously differentiable function, therefore for the concavity of H, we
show that

0’H 0’H 0’H
a%@ + 2a1a2m + a3 9 <0, for all a1,as € R. (2.9)
But by taking partial derivatives of H of order 2 and using (2.8), we obtain (2.9).
Finally, using H and ¥ (z,y) = « + y in (2.6), we deduce (2.7). n

In the following corollary we present refinement of the inequality given in Corollary
1.5. The idea of the proof is similar to the proof of Corollary 1.5.

Corollary 2.8. Let K, L, M be twice continuously differentiable and strictly monotone

functions and let A(x) := ngf”(m)’ B(z) = %,C@) = ngl\)’”(w)
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Also, assume that the functions K',L',N', A, B,C are all positive. If n;,0; € RT such
thatn; +0; =1 for j =1,2,...,n, then

21 G
Z?:l G

MM (K(a; ¢.0)(L(a; C-O))ﬂ

K(a;¢)L(b;¢) > M~ [ M<K(a;C~n)L(b;C~n)>

+ D
Zj:l G
> M(a.b; (). (2.10)

holds for all possible tuples a,b and positive tuple ¢ if and only if
A(z) + B(y) < C(ay). (2.11)

We give a refinement of the Minkowski’s inequality.

Corollary 2.9. Let I be an interval in R, y; = (yjl.,y?, oyt €IM, Gumy, 05 € RT(j =
1,2,...,n) such that n; +60; =1 for all j € {1,2,...,n}, and M : I — R be a continuous
and strictly monotone function. Consider the quasi-arithmetic mean function M, : I —
R defined by

My (y; ) = M~
(y C) ZJ 1CJZCJ

s convez, then

Mm<izyj;c> Zm (4, ¢ )-l—%Z@Mm(y@, %Z m(y;;€), (2.12)
Jj=1 j=1

) 7 D S TT _ i Oy X 057
where yn = ( Zg:?:l n; ; zj:;}zl n; ) y Yo = ( ZJ 105 ) Zz}:l 0; .
Proof. The proof follows by using Theorem 2.1 for {; = 1 and then taking the function
M, (; ¢) instead of . L]

Remark 2.10. Analogously as above we can give the integral version of Corollaries
2.6-2.9.

3. FURTHER GENERALIZATION

In the following theorem, we present further refinement of the Jensen inequality related
to tn sequences.

Theorem 3.1. Let Iy, 1s,..., I, be intervals in R, ¢ : Iy x Is X -+ - x I;, = R be a conver
function andy} e I, Cj,eé ERT i=1,2,....m,j=1,2,...,n,1=1,2,...,t) such that
Zle (‘)é =1 for each j € {1,2,...,n}, ( = Z?:l ¢j. Assume that L and Lo are non
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empty disjoint subsets of {1,2,...,m} such that Ly U Ly = {1,2,...,t}. Then

w(zy—z%‘ Sjm 68 anM)

< b C b b C_
< Za 1 ZleLl CJ a ] 1 ZzeLl (ﬂjy] Z?:l ZleLl Cjeé‘y}n
B ] 12 i€, (! i Zj:l der, Cjaé’
+Z] 1 ZlELz CJ J " ] 1 Z:leL2 Caggyg o 2;;1 ZleL2 (jﬂé»y;"
] 1 z:leL2 CJ j Zj:l ZleLz Cjo‘é‘
1 — -
< EZCj¢(y}7yf,~--,yj ). (3.1)
j=1

If the function 1 is concave then the reverse inequalities hold in (3.1).

Proof. Since Zle 0; =1 for each j € {1,2,...,n}, therefore we may write

1 i 1 2 l m
Ezgjw(ijij“ay] 229@ T N T
j=1 J 1lel,
+= Z Z el(_] y77y]7"'7y_;n)' (32)
] 1leLsy

Applying Jensen’s inequality (1.1) on both terms on the right hand side of (3.2) we obtain

1 n
j=1

> Z] 1 ZleLl CJ 1/}( g 1 ZleLl Cjajyj Z;L 1 ZleLl Cj >
] 1ZleL1 CJ j 7 Z] 1ZZGL1 CJ j
+Z =1 ZzeL2 CJ g < =1 ZleL2 Cjejy] o Z =1 ZleL2 CJ >
j IZZELQ CJ 7 ’ Z] 1Zl€L2 CJ J
> [Z] 1 zjleL1 C] < j=1 Z:leL1 CJ o Zy 1 zzleL1 Cj )
B § Zj:l ZleLl CJ j 7 ZJ 1 ZzeL1 CJ j
+Z?=1 ZzeLg (jaé' <Z;‘L=1 ZlELQ Cjeé‘yjl‘ o Zj:l ZleL2 Cj Y5 )]
¢ Z?:1 ZleLz Cjeé‘ ’ ’ Z?:l ZlELz Cj@é’

(By the convexity of 1)

— v i Yy i Y X G . (3.3)
¢ ¢ ¢
|
The integral version of the above theorem can be states as:

Theorem 3.2. Let Iy, 1s,..., I, be intervals in R, ¢ : I1 x Is X --- x I;, = R be a conver
function. Let p,g;,u; € Lla,b] such that g;(w) € I;,p(w),u;(w) € RT for all w € |[a,b]
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(i=1,2,...,n,l =1,2,...,t) and Z ww)=1,P= f:p(w)dw. Assume that Ly and Lo

are non empty disjoint subsets of {1 2,...,t} such that L1 U Ly = {1,2,....t}. Then

°f

;/%< s} i)

/ o~ (f S e, w(W)p(w)gr (w)dw f;’zlehumw)p(mgn(mdw)

leLy f EZEL w(w)p(w)dw s f:ZleLlul(w)p(w)dw
/ (f ezt > (w)g1 (w)dew szlﬂlumw)p(w)gn(w)dw)

@ ieL S e m@p@)ds [, w(w)p(w)dw
= / @), 92(): g (0)) s (3.4)

If the function v is concave then the reverse inequalities hold in (3.4).

Remark 3.3. All the results presented in this paper may also be generalized using
Theorem 3.1.
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