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Abstract Here, we have established the generalized cyclic contractive condition in G-metric spaces
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1. INTRODUCTION

In 2006, Mustafa and Sims [1] introduced the notion of G-metric spaces. After that
many researchers established fixed point and common fixed point results in G-metric
spaces. Jleli and Samet [2], Samet et al. [3] have shown that G-metric space has a quasi-
metric type structure and then many results on such spaces are derived from quasi-metric
spaces.

The notion of cyclic mappings was introduced by Kirk et al. [4] and proved fixed point
results for cyclic mappings. Such results are generalized by Shatanawi and Postolache [5]
by introducing the notion of (A, B)-weakly increasing maps.

Shatanawi and Abodayeh [6] introduced new contractive condition and proved fixed
point and common fixed point results in G-metric spaces for which the techniques of Jleli
and Samet [2], Samet et al. [3] can’t be used to reduce the contractive condition to metric
spaces.

In this paper, we have dropped the continuity condition and used ¢ € ¥ instead of
¥ € ® and generalized the contractive condition of Shatanawi and Abodayeh [6] for
cyclic mappings and proved common fixed point result in G-metric spaces for the pair of
(A, B)-weakly increasing mappings and some illustrative examples are given. Note that
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the generalized cyclic contractive condition can’t be reduced to contractive conditions in
standard metric spaces.

2. PRELIMINARIES

Notations:
(1) ¥ is the family of all mappings ¢ : [0,00) — [0, 00) verifying: if {t; bmen C
[0,00) and ¥ (ty,) — 0 then t,, — 0.
(ii) @ is the family of all altering distance functions.

Definition 2.1. An altering distance function is a continuous, non-decreasing mapping
¢ : [0,00) — [0,00) such that $=1(0) = 0.

Remark 2.2. & C V.

Lemma 2.3 ([7]). Let ¢ € ®,7p € ¥ and t,, C [0,00) be a sequence such that ¢(tn41) <
o(tn) — Y(tn), for allm € N, then t,, — 0.

Definition 2.4 ([1]). Let X be a nonempty set. Let G : X x X x X — R™ be a function
satisfying the following properties:
(G1) G(z,y,2)=0,ifx =y =z,
(G2) G(z,z,y) >0, for all x,y € X with = # y,
(G3) G(z,z,y) < G(x,y,2); for all z,y,z € X with z #£ y,
(Gq) G(z,y,2) = G(x, z,y) = G(y, z,x) = ... (symmetry in all three variables),
(Gs) G(x,y,2) < G(z,a,a) + G(a,y, z); for all x,y, z,a € X (rectangle inequality).

The function G is called G-metric on X and the pair (X, G) is called a G-metric space.

Definition 2.5. A G-metric space (X, G) is said to be symmetric if G(x,y,y) = G(y, z, z);
for all z,y € X.

Lemma 2.6. If (X,G) is a G-metric space, then
G(z,y,y) < 2G(y,x, ), for all z,y € X.

Definition 2.7. Let (X, G) be a G-metric space, let © € X be a point and let {z,} C X
be a sequence. We say that:

(1) {xn} G-converges to z, and we write {z,} — x, if lim G(xn,zm,x) = 0,
7,1M— 00

that is, for all & > 0 there exists ng € N satisfying G(ay, zm, ) < e for all
n,m > ng. (In such a case, x is the G-limit of z,,).
(2) {zn} is G-cauchy if lim G(xn,Zm,xx) = 0, that is, for all € > 0 there

n,m,k— o0
exists ng € N satisfying G(z,, Tm,xx) < € for all n,m, k > no.
(3) (X, @) is complete if every G-Cauchy sequence in X is G-convergent in X.

Proposition 2.8. Let (X,G) be a G-metric space, let {x,} C X be a sequence and let
x € X. Then the following are equivalent.

(a) {xn} G-converges to x,

(b) lim G(z,zn,x) =0,

n—oo

(c) nlgl;o G(zp,z,x) =0.
Proposition 2.9. Let (X,G) be a G-metric space, let {x,} C X be a sequence and let
x € X. Then the following are equivalent.
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(a) {xn} is G-Cauchy,
(b) liIE G(Xny Ty T ) = 0.

Definition 2.10. A sequence {z,} in a G-metric space (X, G) is asymptotically regular

if lim G(.'L'n, (En+1,xn+1) =0.
n—o00

Lemma 2.11 ([8],Lemma 4.1.5). Let {x,} be an asymptotically regular sequence in a
G-metric space (X, G) and suppose that {x,,} is not Cauchy. Then there exists a positive
real number € > 0 and two subsequences {Tn,} and {xm,} of {zn} such that, for all
k e N,

kE<ng <mp <ngtl,

G(l’nk,xnk+1,$mk_1) S e< G(znkaznk-&-lammk)

and also, for all given p1,po,ps € Z,

lim G(z T T =c.
"y oo (nk“l‘pl? mg+p2> mk-‘rps)

Definition 2.12. Let (X, G) be a G-metric space. We say that a mapping T : X — X is
G-continuous at x € X if {T'z,,} — Tz for all sequence {x,,} C X such that {z,,} — =.

In 2013, Shatanawi and Postolache [5] introduced (A, B)-weakly increasing functions
for pair of mappings.

Definition 2.13. Let (X, <) be a partially ordered set and A, B be two closed subsets
of X with X = AUB. Let f,g: X — X be two mappings. Then the pair (f,g) is said
to be (A, B)-weakly increasing if fx < gfz for all x € A and gz < fgx for all x € B.

Shatanawi and Abodayeh [6] introduced a new contractive condition by utilizing the
notion of (4, B)- weakly increasing mappings and using auxiliary functions from ®, proved
the following common fixed point result in G-metric spaces.

Theorem 2.14. Let < be an ordered relation in a set X. Let (X,G) be a complete G-
metric space and X = AU B, where A and B are nonempty closed subsets of X. Let f,g
be self mappings on X that satisfy the following conditions:

(1) The pair (f,g) is (A, B)-weakly increasing.
(2) F(A) C B and g(B)  A.
(3) There exist two functions ¢, € ® such that

¢(G(fx,gfx,gy)) < qb(G(x,fx,y)) - '(/)(G(thxay))

holds for all comparative elements z,y € X with x € A and y € B and

(G(gz, fgz, fy)) < ¢(G((z,g97,y))) — Y(G(z, g7,y))

holds for all comparative elements x,y € X with x € B and y € A.
(4) [ or g is continuous.

Then, f and g have a common fixed point in AN B.
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3. MAIN RESULTS

Here, we have considered functions v € ¥ and generalized the contractivity condition
of Theorem 2.14 and proved common fixed point theorems in G-metric spaces.

Theorem 3.1. Let = be an ordered relation in a set X. Let (X,G) be a complete G-

metric space and X = AU B, where A and B are nonempty closed subsets of X. Let f,g
be self mappings on X that satisfy the following conditions:

(1) The pair (f,g) is (A, B)-weakly increasing.
(2) (4) C B and g(B) € A.
(8) There exist two functions ¢ € ®,¢ € ¥ such that

o(G(fx,gfz,gy)) < o(M(z,y)) — p(M(z,y)) (3.1)

holds for all comparative elements x,y € X withx € A and y € B and

¢(G(g, fgx, fy)) < o(M'(2,y)) — b (M'(z,y)) (3.2)

holds for all comparative elements x,y € X with x € B and y € A, where

M(z,y) —max{G<x, Fa.9),Gla, fz. f2), Gy, 99, 91).

;(G(fz,fz,gy>,G(x,gfm,gw,a(fx,gfx,y))}

and

M'(z,y) =maaf{G(x,gx7y),G(x,gm,gx),G(y, fys fy),

% (G(g% gz, fy),G(z, fgz, fy),G(gz, fgz, y)) }

(4) [ or g is continuous.

Then, f and g have a common fized point in AN B.

Proof. Since A is nonempty, start with g € A. In view of condition (2), we can con-
struct a sequence {z,} in X such that fxzs, = zopi1, for za, € A and groni1 =
Ton42, for xon41 € B,n € N.

By condition (1), we have z,, < ,41, for all n € N. If z9,, = ®2p,4+1 for some ng € N,
then oy, is a fixed point of f in AN B. Since 2y, = Tan,+1, by condition (3), we have

H(G(T2n0+15 T2n0+2> T2ng+2)) = O(G(fT2n0, 9 T2n05 GT2n0+1))
< (M (220, Tong+1)) — V(M (T2ng, Tong+1)), (3.3)
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where

M (x2ng, Tong+1)

= mam{G(xzno,fxzno, Tong+1), G(Zangs [Tong, fT2n,),

1
(G(fx%zoa fx2n079x2n0+1)7

G($2n0+1, g$2n0+17g$2n0+1)7 5

G(%2ng, 9 Tongs 9T2n0+1)s G(fTong, 9f Tong, $2n0+1)) }

= mal"{G(xQno » L2ng+15 9C2n0+1), G($2n0+1, L2no+25 $2n0+2),

%(G(iﬁznm—l, $2n0+1,$2n0+2)7 G($2no,$2n0+2,$2n0+2))}-
Using Lemma 2.6, we obtain
G(Z2no+15 T2no+15 T2ne+2) < 2G(T2ng+15 T2no+2, T2ne+2);
and by rectangle inequality (G5), we get
G(Z2ng: Tang+2, Tang+2) < G(T2ng, Tang+1; T2ng+1) + G(T2ng+1, T2ng+2, T2ng+2)-
Then,
M (Zang, Tong+1) = Max{G(Tangs Toang+1, L2ng+1)s G(T2mg+1s T2n0+2, T2ng+2)
= G(Tang+1, Tang+25 T2ng+2)-
From (3.3), we have
A(G(T2n9+15 T2ng+2; T2ng+2)) SO(G(T2ne415 T2ng+25 T2ne+2))
— V(G (T2n9+15 T2ng+25 T2ng+2))-
Tmplies (G (Z2ng+1s Tong+2, Tang+2)) = 0. Since ¢ € U, we have
G(T2n0+15 T2ng+25 T2ng+2) = 0
and Zon,4+1 = Tang+2. S0, We get Tan, = Tany+1 = Tany+2. Lherefore, xay,, is a fixed point
of g in AN B. Hence, 2y, is a common fixed point of f and g in AN B.
Now, we assume that x,1 # x,, for all n € N. Since, z9, =< x2,11, for all n € N, by
condition (3) we have
(G (T2n+1, Tant2, Tant2)) = A(G(f22n, 9fTan, gT2041))
< (M (@2, Tont1)) — Y(M (220, T2n+1)), (34)

where
M (22, Ton11) = max {G(T2n, Tant1; Tant1), G(Tant1; Tant2, Tani2)} -
Case i: If M(zay, Tont1) = G(T2n+1, Tant2, Tant2), then by (3.4), we get
(G (22041, Tant2, Tant2)) <O(G(T2n+1, Tant2, T2n+2))
— (G (2041, T2n+2, T2n+2))-

Therefore, (G (z2n+1, T2n+2, Tant2)) = 0, for all n € N. By taking limit as n — oo, we
get
lim (G (22n+1, Tan+2, Tant2)) = 0.

n— oo
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Since ¥ € ¥, we have
lim G(ﬂ?gn+1, $2n+2,3]2n+2) = 0. (35)

n—oo

Case ii: If M(z2n, Tont1) = G(x2n, Tant1, Tant1). From (3.4), we have

A(G (w241, Tany2, Tany2)) < O(G(T2n, Tont1, Tant1)) — V(G (T2n, Tant1, Tant1))-

(3.6)
By Lemma 2.3, we get
nh_}rrgo G(x2n, T2n+1, Tant1) = 0. (3.7)
From (3.5) and (3.7), we obtain that for all n € N
nhHH;O G(Xn, Tpy1, Tns1) = 0. (3.8)
From definition of G-metric spaces, we have
lim G(z,, 2z, Tnt1) = 0. (3.9)

n—oo
That is, {z,} is asymptotically regular sequence. Now, we prove that {x, } is G-Cauchy.
It is sufficient to show that {zs,} is a G-Cauchy sequence. Suppose on contrary that
is not. Then by (3.8), (3.9) and Lemma 2.11 there exists ¢ > 0 and two subsequences
{zan, } and {xam, } of {x2,} such that, for all k € N, k < 2nj < 2my, < 2nj41 and for all
given py, pa, p3 € Z,

nh—>ngo G(x2nk+z717mekJermekJr:DS =¢. (310)

)
Since, T, =X Tan,+1, by using condition (3), we get
QS(G(f.’Eka ) gfomk ) ngnkJrl))

< (M (22my,, Tang+1)) — V(M (T2, T2n,+1))s
(3.11)

A(G(T2my 11, Toamy+2, Ton,+2))

where

M(Z‘ka ) x?nk—‘rl)

- max{G(Ika, fIka 5 I’an-i-l)a G(:C2mka fIka ) f'Tka)v
1
G(xan+1a 9T2n, +1, gx?nk+l)a § (G(fx2mk ) f‘erk ) ngnk—i-l)?
G(.’,Uka 5 gfl‘ka ) ngnk—i-l)y G(me’mk 5 gfx27nk ) ‘ran-i-l)) }

= mam{G(chmk, Tomy+1> P20y +1), G (T2my s T2my+1, T2my+1),
1
G(.’L‘an_i,_l, x2nk+27 .'L'an+2), 5 G(x2mk+1a .szk+1, x2nk+2)7

G(Z2my , Tamg+25 T2, +2), G(T2mp+1, T2my+2+ $2nk+1)) }

By using (3.8), (3.9) and (3.10), we get klim M (22m,, Tan, +1) = max{e,0, 5} = €.
—o0

Take {tx = G(Tamy+1, Tamp+2s Tang+2)} {5k = M (Tam,, Ton,+1)}- Then {t;} and {s;}
are sequences converging to the same limit ¢ and they satisfy ¢(tx) < ¢(sg) — ¥(sg), for
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all k.

Therefore, 1(sx) < d(sk) — d(tx).
By taking limit as k£ — oo, since ¢ € ®, we have

Jm 9 (sy) < o(e) = g(e) = 0.

Since 1 € ¥, limg_,o S = 0. This implies that ¢ = 0, a contradiction. Thus, {za,} is
G-Cauchy. So, sequence {z,} is G-Cauchy. Since (X, G) is complete, there exists u € X
such that {z, } is G-convergent to u. Therefore, the subsequences {z2,,4+1} and {x2,} are
G-convergent to u.

Since {x2,} € A and A is closed, implies u € A. Also, {z2,+1} C B and B is closed,
implies u € B. We may assume that f is continuous. So, we have nh_}rrgo fron =

fu and lim fzo, = lim z9,+; = w. By uniqueness of the limit we have fu = wu.
n—oo n—oo
Since u =< u, by condition (3) we have
¢(G(u, gu, gu)) = ¢(G(fu, gfu, gu))
< O(M(u,u)) — (M (u,u)), (3.12)

where

M (u,u) = max{G(u,fu,u),G(u,fu,fu),G(u,gu,gu),

3 (G Fusg), G, o), G g fu) |

1
) §G('LL, qgu, gu)}

= maz{G(u, gu, gu)
= G(u, gu, gu).
Using (3.12), we obtain
¢(G(u, gu, gu)) = ¢(G(fu, fgu, gu))
< @(G(u, gu, gu)) — (G(u, gu, gu)).
Therefore, 1(G(u, gu,gu)) = 0. Implies, G(u, gu, gu) = 0. Hence, gu = u. Thus, u is a
common fixed point of f and g in AN B. [

Corollary 3.2. Let < be an ordered relation in a set X. Let (X,G) be a complete G-
metric space and X = AU B, where A and B are nonempty closed subsets of X. Let f
be a continuous self map on X that satisfy the following conditions:

(1) fx = f2z, forallz € X.
(2) F(A) C B and £(B) € A.
(3) There exist two functions ¢ € ®,1p € U such that

S(G(fx, f2, fy)) < o(M(z,y)) — ¥(M(z,y)) (3.13)

holds for all comparative elements x,y € X, where
M(z,y) = maz{G(z, fz,y),G(z, fz, fx), Gy, fy. fy),
1
§(G(fl‘, fl‘, fy)v G(l‘, fo’ fy)a G(fxa le', y))}
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Then, f has a fized point in AN B.
Proof. The proof follows from Theorem 3.1 by taking g = f. (]

To support the usability of our result, following example is stated.

1‘2

1+

Example 3.3. Let X = [0,1] and let f : X — X be given as f(z) =
A=1[0,1) and B =10,1]. Define the function G : X x X x X — [0,00) as

'3
G(z,y,2) = {

Clearly, G is a complete G-metric on X. We introduce a relation on X by z < y if and only
if y < x. Also, define the functions ¢, : [0,00) — [0,00) by ¢(t) = 2t and Y(t) =

Note that fA=[0,%] C B and fB=10,3] C A.
To prove (1), given = € X,

. Take

0, if v=y=z,
max{z,y,z}, otherwise.

1+ 2t

x? x?

1+2z)(1+x+2a?)

fPa =

2

Since z € [0, 1], ﬁ < 1. Thus, f?z < fx and hence fx < f?z for all z € X.
To prove (3), given z,y € X with x > y. Then,
22 22 22 y? 22
G(fz, f’z, fy) = max , ; =
(e, fe, fy) {(1+x) (1+2) (1+a+a2) (1+y)} (1+2)
and )
x x
M e _— =
(2,y) = max {xy 0 Ta) 2} x
Since
212 T
<20 — ——F,
(14 2) (14 22)
we have

O(G(fx, Pz, fy)) < d(M(2,y)) — »(M(,y)).
Hence, all the conditions of Corollary 3.2 are satisfied. Notice that 0 is the unique fixed
point of f.
In Theorem 2.14, we drop the condition of continuity and ¥ (0) = 0 and replace ¢ € ®
with ¢ € U, then we get the following result.

Theorem 3.4. Let = be an ordered relation in a set X. Let (X,G) be a complete G-
metric space and X = AU B, where A and B are nonempty closed subsets of X. Let f,g
be self mappings on X that satisfy the following conditions:

(1) The pair (f,g) is (A, B)-weakly increasing.
(2) [(A) C B and g(B) C A
(3) There exist two functions ¢ € ®,1p € U such that

holds for all comparative elements x,y € X withx € A and y € B and

holds for all comparative elements z,y € X with x € B and y € A.
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(4) f or g is continuous.
Then, f and g have a common fized point in AN B.
Proof. By taking M(z,y) = G(z, fz,y) and M’'(z,y) = G(x,gx,y) in Theorem 3.1 and

using similar argument the result can be proved.
n
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