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1. INTRODUCTION AND BASsic CONCEPTS

The first important and significant result was proved by Banach [1] in 1922 for con-
traction mapping in complete metric space. The Banach principle asserts, if (X,d) is
complete metric space and T : X — X satisfies

d(Tz, Ty) < ad(z,y), (1.1)

for all z,y € X, with a € [0, 1), then T has a unique fixed point.

This principle has been improved and extended by several mathematicians in different
directions. Some of them are as follows:

Let T be a mapping on a metric space(X, d) and z,y € X, then T is said to be a Kannan

type contraction [2], if there exists a number A € [0, 3) such that

d(Tx,Ty) < Nd(z,Tz) + d(y, Ty)]- (1.2)
Chatterjea type contraction [3], if there exists a number \ € [0, %) such that

d(Tz,Ty) < Nd(z,Ty) + d(y, Tz)]. (1.3)
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Reich type contraction [4], if there exists a number o, u,vy € [0,1) with A+ p+v < 1,
such that

d(Tz,Ty) < Xd(z,y) + pd(z, Tx) + vd(y, Ty). (1.4)

Inspired by the impact of this natural idea, the above contractions have been extended
and generalized by several researchers in various spaces such as quasi metric space, Cone
metric space, G-metric space, Partial metric space, and Complex valued metric space
and so on. Following this trend in 2011, Azam et al. [5], introduced complex valued
metric spaces and obtained common fixed point theorem on complex valued metric space
satisfying a contractive condition.

Recently, Jleli and Samet [6] introduced concept of generalized metric space, which
covers different well known structures. In 2017, Elkouch and Marhrani [7] extended the
Theorems (1.2) and (1.3) with A = 1 in (X, d) and they proved that a mapping 7" has a
fixed point = and also they introduced Hardy-Rogers contraction in this space.

Very recently, Issara Inchan and Urairat Deepan [3] defined and introduced a very inter-
esting concept of a generalized complex valued metric space and considered the general
Hardy-Rogers contraction and proved some fixed point results on X.

In particular, motivated by Issara and Deepan [3], we define and introduce the BKC-
contraction for some partial order relation, if there exists non negative real number A\ €
[0, 1) such that for any z,y € X satisfying

D(fx, fy) < Amaz{2D(z,y),d(x,Tz) + D(y,Ty), D(x,Ty) + d(y, Ty)}.  (1.5)

Then we claim that a mapping f : X — X satisfying (1.5) has a fixed point on X.
Next, we begin the notations, definitions for this work.

Let C be the set of complex numbers and z1, 23, € C. Define a partial order relation 3
on C as follows:
z1 3 2z if and only if Re(z1) < Re(z2) and Im(z1) < Im(zz). Thus we can say that
21 3 zo if one of the following condition hold
(i) Re(z1) = Re(z2) and Im(z1) = Im(z2).
(ii) Re(z1) < Re(z2) and Im(z1) = Im(z2).
(iii) Re(z1) = Re(z2) and I'm(z1) < I'm(z2).

(iv) Re(z1) < Re(z2) and Im(z1) < Im(z2).

In particular, we will write 2y 3 22 if 21 # 22 and one of (ii),(iii) and (iv) is satisfied and
we will write z; < 2o only (iv)is satisfied.

Remark 1.1. We can easily to check the following:
(1) If a,b € R;0 < a <band 21 3 2 then azy 3 bzg, for all 21,29 € C.
(2) 0 :j 21 ; 2o = |Zl‘ < |ZQ|
(3) 21 3 22 and 29 < 23 = 21 < z3.

Azam et al. [5] defined the complex valued metric space in the following way:

Definition 1.2. ([5]) Let X be a nonempty set. Suppose that the mappingd: X xX — C
satisfies the following the following conditions :

(1) 0 3 d(x,y), for all z,y € X and d(z,y) = 0.
(2) d(z,y) =d(y,x), for all x,y € X.
(3) d(z,y) 2 d(z,z) +d(z,y); for all z,y,z € X.
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Then d is called a complex valued metric on X and (X, d) is called a complex valued
metric space.
Elkouch and Marhrani [7] defined a new class metric space as follows: Let X be non
empty set, D : X x X — [0,400) be a given mapping. For every x € X, define the set

C(D,X,z) = {{xn} CX: nli_{r;OD(xn,ac) = O}.

Definition 1.3. ([7]) A mapping D : X x X — X is called a generalized metric if it
satisfies the following conditions:

(1) For every (x,y) € X x X, we have

D(z,y)=0=z=y.

(2) For every (x,y) € X x X, we have
D(z,y) = D(y, x).

(3) There exists a real constant ¢ > 0 such that for all (z,y) € X x X and
{zn} € C(D, X, z) we have

D(z,y) < ¢ lim supD(zp,y).
n—oo
The pair (X, D) is called a generalized metric spaces.

In this work, we consider a nonempty set X, and D : X x X — C be a given mapping.
For every x € X, we define the set

CD,X,z)={{zn} CX: nh_)rrgo |D(2p,x)| = 0}.

Definition 1.4. ([8]) Let X be non empty set, a mapping D : X x X — C is called a
generalized complex valued metric if it satisfied the following conditions:

(C1) For every z,y € X, we have
03 D(z,y).

(C3) For every z,y € X, we have
D(z,y)=0=z=y.

(C3) For all z,y, € X, we have
D(z,y) = D(y,x).

(C4) There exists a complex constant 0 < r such that for all z,y € X and {x,} €
C(D, X, z), we have

D(z,y) <r lim sup|D(zn,y)|.
n—roo
Then, the pair (X, D) is called a generalized complex valued metric space.

Definition 1.5. ([8]) Let (X, D) be a generalized complex valued metric space, let {x,,}
be a sequence in X, and let x € X. We say that {x,} is D-converges to x in X, if
{z,} € C(D, X,z). We denote lim z, = x.
n—oo
Definition 1.6. ([8]) Let (X, D) be a generalized complex valued metric space. Then a
sequence {z,} in X is said to be D-Cauchy sequence in X, if lim |D(zy,Zntm)| = 0.
n— oo
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Definition 1.7. ([8]) Let (X, D) be a generalized complex valued metric space. If every
D-Cauchy sequence in X is D-converges in X, then (X, D) is called a D-complete complex
valued metric space.

Now, we define BKC-contraction which is generalization of Banach contraction, Kan-
nan and Chatterjea contractions on generalized complex valued metric space as follows:

Definition 1.8. Led (X, D) be a generalized complex valued metric space. A self map-
ping T : X — X is called BKC-contraction, if there exists non negative real constant
A € [0, 4) such that for any z,y € X, satisfying

D(Tx, Ty) 2 Amax{2D(z,y), D(z,Txz) + D(y,Ty), D(z,Ty) + D(y,Tx)}. (1.6)

2. MAIN RESULTS

In this section first we prove some propositions for use in the main theorem and then
prove some fixed point theorem in generalized complex valued metric space.

Proposition 2.1. Let (X, D) be a generalized complex valued metric space, and let T :
X — X be a BKC-contraction. Then any fized point u € X of T satisfies

|D(u,u)| < oo = D(u,u) =0.

Proof. : Let u € X be a fixed point of T such that |D(u,u)| < oo and Tu = u. To show
that D(u,u) = 0.
Now let
D(u,u) = D(Tu,Tu)
2 Amazx {2D(u,u), D(u, Tu) + D(u, Tu), D(u, Tu) + D(u, Tu)}
= 2AD(u, u).

By Remark 1.1(2), we have
|D(u, w)| < 20D (u, u)].

Since 2\ € [0,1) so, |D(u,u)| = 0. Hence D(u,u) = 0. L]

For every x € X, we define

§(D,T,z) = sup{|D(T*x, TIx)| : i,j € N}.

Theorem 2.2. : Let (X, D) be a D-complete generalized complex valued metric space
and let T : X — X be a self mapping on X satisfying (1.6). Let |r|A < %, and there exists
an element xg € X such that 6(D,T,xg) < co. Then the sequence {T"xo} converges to
some u € X and u is a fized point of T. Moreover, for each fized point v of T in X such

that | D(v,v)| < 00, we have u = v.
Proof. : Let n € N with n > 2, and 4, j € N, we obtain that
D (T"“a:o, T”“‘jxo) =D (T(T"+i_1xo), T(T”+j_1x0)) .
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By (1.6), we have
D(T" g, T"2g) 3 )\max{QD(T"“_lxo, T ),
D(T" g, T" ) + D(T™H g, T"H ),
DT a0, T ag) + DT g, T ) |
By Remark 1.1(2), we have
|D(T"izg, T a0)| < )\max{Q | DT g, T )|
|D(T™ g, T ag) + D(T™H L ag, T g,
| DT g, T z0) + D(T™H 1, T"+ix0)|}
=2)\3(D, T, T" ).
We have
|D(T™ o, T ag)| < 206(D, T, T" *ay), (2.1)

by (2.1), we see that 2\§(D, T, T" ') is upper bound of the set {|D(T" 'z, T z0)] :
i,j € N}. Since 6(D, T, T"xq) = sup{|D(T" 'z, T 20)| : i,5 € N} and §(D, T, T"x0)
is least upper bound of {|D(T" " zy, T" I x¢)|} so it follow that

§(D,T,T"xq) < 2X6(D, T, T" ). (2.2)
Hence, by induction we get
§(D,T,T"xq) < 2X6(D, T, T" ()
< (2N)26(D, T, T" %x0)

< (2AN)"0(D, T, x).
Let m,n € N and m > n, then
|D(T" o, T" ™ a0)| = |D (T(T" ‘o), T (T™ )|
<6(D,T,T" ‘o)

< (2N)"18(D, T, z0),
for all integer m. Since §(D, T, z) < co and 2\ < 1, we have
lim (2))"76(D, T, z0) = 0.
Thus
nl;rrgo |D(T" g, T" ™ x0)| = 0. (2.3)

Which implies that {T"z¢} is a Cauchy sequence. Since X be a D-complete generalized
complex valued metric space so, there exists u € X such that

le |D(T"x0,u)| = 0. (2.4)
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By Definition 1.4(4), we have

D(Tu,u) 3 rnli_{rolo sup | D(Tu, T"xo)|. (2.5)
By Remarks 1.1(2), we have

|D(Tu,u)| < \r|nh_>rrolo sup | D(Tu, T" o). (2.6)
By (1.6), we have
D(T" gy, Tu) 3 )\max{2D(T"x0,u), D(T"zo, T" M 20) + D(u, Tw),

D(T"z, Tu) + D(u, T”“xo)}.

By Remarks 1.1(2)

|D(T" 2o, Tu)| < )\maz{ 12D(T" o, u)|, |D(T"xo, T"  a0) + D(u, Tu)|,

’D(T”a:o7 Tu) + D(u, T”on)‘ } (2.7)
By (2.3), (2.4) and (2.7) we have
lim sup [ D(T"* 0, Tw)| < /\mam{ |D(u, Tw)], Tim_ [D(T"xo, Tu)| } (2.8)

Now the following two cases arise

Case-I: Let max{|D(u,Tu)|, lim |D(T”x0,Tu)|} = |D(u, T).
n—oo

Then from (2.6), (2.8) we have

|D(Tu,u)| < \T|nh_>rgo sup | D(Tu, T ag)| < [r| A\ D(Tu,u)|.

Since 0 < |r|]A < %, and A € [0, 3) so, [D(Tu,u)| = 0. Thus, D(Tu,u) = 0 it follows that
Tu = u.

Therefore, u is a fixed point of T
Case-II: Let maa?{|D(u,Tu)|, lim |D(T”x0,Tu)|} — lim |D(T"z0,Tu)|.
n—oo n— oo
Then from (2.6), (2.8) we have
ID(Tu,w)] < || lim_sup | D(T™ o, T)|
n—oo
<|r|A lim |D(T"xo, Tu)|
n— 00

< lim [r|(\)" D (20, Tu)|.

T n—oo

Since [r|]A < 1, and A € [0,3) so, lim |r|(A)""! = 0 therefore |D(Tw,u)| = 0. Thus,
n—oo

D(Tu,u) = 0 it follows that

Tu = u.
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If v is any fixed point of T such that |D(v,v)| < co and |D(u, u)| < co then by (1.6),
we have

D(u,v) = D(Tu, Tv)
=3 )\max{QD(u,v), D(u,Tu) + D(v,Tv), D(u,Tv) + D(U,Tu)}
= 2AD(u,v).
Then from 1.1(2) we have
|D(u,v)| < 2X[D(u,v)|.
Since A € [0, 1) so, |D(u,v)| = 0. Therefore D(u,v) = 0 and we have u = v. L]
Example 2.3. : Let X =[0,1) and let D : X x X — C be the mapping defined by
{D(m,y)é(ery)i ifz#£0 and y # 0,
D(z,0) = D(0,z) = 4 forallz € X.
Hence the conditions (C1),(C2) and (C3) are trivial. Now for condition (Cy),
let {xn = @ in € N} C X, and put r = 7, then we have

(2.9)

1((n—1)z 2 1
Jim sup [D(zg,y)] = lim sup 44/ {n + y} =5(@+y)
Hence,

1 1
D(a,y) = 5w +y)i 3 S(z+y)i=r lim sup|D(zy,y)|-

Also, let {:En =r:in¢€ N} C X, then lim |D(z,,0)| =0 so,
n— o0

1 2 1
D(0,y) = %z and nli_}ngosup|D(asn,y)| = nli_}n;osup{ 1 {% —|—y} } = i(x—l-y)

Hence,

DO,y) =i 3 5 (e +y)i = Tim sup|D(an, )]

e
N =

It follows that (X, D) is a generalized complex valuedmetric space.
Furthermore, let T : X — X be defined by

T
T = f 11 X.
(x) poa or all z €

Now the following two cases arise
Case-I Let z,y € X — {0} then

1 T Y .
D<T$’Ty>:2<x+3+y+3> b

and
maz{2D(x,y), D(z,Tx) + D(y,Ty), D(z,Ty) + D(y,Tz)} = (z + y)i.
Hence

D(Ta,Ty) 5 3 maz{2D(x,y), Dl, Tx) + Dy, Ty), Dl Ty) + D(y, Tx)).
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Case-II Let z € X and y = 0 then

Xt
DTz, T0) = ——
and
maz{2D(z,0), D(z,Tx) + D(0,T0), D(z, T0) + D(0,Tz)} = % {x + i ; } i.
x
Hence

1
D(Tz,Ty) 3 1 max{2D(x,y), D(z,Tx) + D(y,Ty), D(z,Ty) + D(y, Tx)}.

Therefore T is a BKC-contraction with A = i.

Now, we choose xy = 1, so that

§(D,T,1) = sup{|D(T"1,T71)| : i,j € N} = 1 < 0.

The hypotheses of Theorem 2.2 are satisfied. Therefore T has a unique fixed point
since D is bounded; note that 7'(0) = 0.

3. CONCLUSION

In this article, we introduce a new contraction which is known as BKC-contraction, in
generalized complex valued metric spaces and obtain fixed point theorem in these space.
For the usability of our result, we give a suitable example, which extends the further
scope.
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