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Abstract In this paper, we present a projection iterative algorithm for finding the common solution
of variational inequality problem without monotonicity, fixed point problem of a nonexpansive mapping,
and zero point problem of the sum of two monotone mappings in Hilbert spaces. When setting the
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1. INTRODUCTION

Throughout of this paper, we suppose that H is a real Hilbert space with a norm || - ||
and an inner product (-,-) and C' C H is a nonempty, closed, and convex. The fixed point
problem is to find a point z € C such that x = T'x where a mapping T : C — C. We denote
that F(S) is the set of fixed point of S where a mapping S : C' — C. Mathematicians are
interesting the fixed point problem because there are many applications of this problem
such as variational inequality problems, saddle point problems, minimax problems (see

in [1-4]). In 1953, Mann [5] introduced an iteration scheme for finding the fixed point of
the mapping T

Tpt1 = (1 — ap)zy + Ty, (1.1)
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where {a,} C (0,1) and Y77 ;o (1 — ) = 0o. When T is a nonexpansive mapping, it
can prove that the sequence {x,,} generated by (1.1) converges weakly to a fixed point of
T. Moreover, x which is a fixed point of the mapping Po(I — rA) when r > 0, I stands
for the identity mapping, A stands for the continuous mapping from C to H, and Pg
stands for the metric projection iff a point x € C such that

(Az,y—x)>0 VyeC (1.2)

It is known that the classical variational inequality problem (for short, VI(C, A)). Sup-
pose that SOL(C, A) is the solution of VI(C, A) and the solution set of the dual variational
inequality:

SOLp(C,A) :={x e C|{Ay,y—x) >0, Yy € C}. (1.3)

Obviously, SOLp(C,A) C SOL(C, A) because A is continuous and C' is convex. Many
authors attaches great importance to establish the projection type algorithms for find-
ing SOL(C, A) such as Goldstein-Levitin-Polyak projection methods [0, 7]; combined
relaxation methods [8-10]; proximal point methods [11]; extragradient projection meth-
ods [12-22]; double projection methods [23]. These methods have the common assump-
tion SOL(C,A) C SOLp(C,A). In the sense of Karamardian [24], this assumption is
a direct consequence of pseudomonotonicity of A. In 2015, Ye and He [25] presented a
double projection method for solving SOL(C, A) without monotonicity of A. They as-
sume only assumption SOLp(C, A) # () and show that SOL(C, A) C SOLp(C, A) imply
SOLp(C,A) # 0 (but not converse). Furthermore, the sequence {x,} generated by their
method conveges to SOL(C, A).

Recently, fixed point problem, variational inequalities, and zero point problems have
been investigated by authors besed on iterative methods (see in [26-31]). One of iterative
methods for solving the common solution was presented by Feng and Jing in [26]. They
proposed the projection methods base on a hybrid projection iterative algorithm and
proved strong convergence theorems without any compact assumptions. The methods
can find the common solution of fixed point problems of a nonexpansive mapping, mono-
tone variational inequality problems, and zero point problems of the sum of a maximal
monotone operator and an inverse-strongly monotone mapping in Hilbert spaces.

Inspired and motivated by [25] and [26], we propose a projection iterative algorithm
base on a projection method [26] and a double projection method [25] for finding the com-
mon solution of fixed point problems of a nonexpansive mapping, variational inequality
problems without a monotonicity of A, and zero point problems of the sum of a maximal
monotone operator and an inverse-strongly monotone mapping in Hilbert spaces. When
setting the solution set of the dual variational inequality is nonempty, the strong con-
vergence theorem of the proposed iterative algorithm is established under some suitable
control conditions. In addition, we reduce our main result to study several problems.

2. PRELIMINARIES

In this section, we collect essential equipments for using in section 3. The projection
from x € H onto C is defined by Pc(z) := argmin{||y —z|| |y € C}. The natural residual
function v, (-) is defined by v,(z) := ¢ — Pc(x — pAx) where p > 0 is a parameter. If
u =1, we denote y(z).

Lemma 2.1 ([26]). Let C be a nonempty, closed, and convex subset of H. Then
|z — Pox|® + ly — Pex|?® < ||z —y||?, Vo€ H,yecC.
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We recall that a set-valued mapping M : H = H is said to be monotone iff, for every
x,y € H, f € Mz and g € My imply (z —y, f —¢) > 0. A monotone mapping M is
maximal iff the graph Graph(M) of R is not properly contained in the graph of any other
monotone mapping. It is known that a monotone mapping M is maximal if and only if,
for any (z, f) € H x H, (x —y, f — g) > 0, for every (y,g) € Graph(M) implies f € Rx.

For a maximal monotone operator M on H and r > 0, we assume the single valued
resovent J,. : H — D(M), where D(M) denotes the domain of M. It is known that J,. is
firmly nonexpansive, and M~1(0) = F(J,.), where F(J,) := {x € D(M) : x = J,x} and
M=Y0):={x € H:0€ Mz}

Lemma 2.2 ([206]). Let C be a nonempty, closed, and convex subset of H, B : C — H be
a mapping, and M : H = H be a mazimal monotone operator. Then F(J.(I — sB)) =
(B+ M)~1(0).

Lemma 2.3 ([26]). Let C be a nonempty, closed, and convex subset of H. Let S : C — C
be a nonexrpansive mapping. Then the mapping I — S is demiclosed at zero, that is, if
{z,} is a sequence in C such that x,, — Z and x,, — Sx,, — 0, then T € F(S).

Lemma 2.4 ([15]). Let C be a closed convex subset of H, h be a real-valued function,
and K := {z &€: h(z) < 0}. If K is nonempty and h is Lipschitz continuous on C with
modolus 6 > 0, then

dist(z, K) < 0~ max{h(x),0}, Vo € C (2.1)

Remark 2.5. If we set K := KNC and K NC # (), then (2.1) holds. Note that
C and K N C are closed, so there exist mingecxnc ||z — y|| and minyex ||z — y|| which
mingegne || — y|| < mingex ||z — yl|, that is, dist(z, K) < dist(z,C N K)

Lemma 2.6. Let the function h,, be defined by Step 5 and {x,,} be generated by Algorithm
1. If SOLp(C,A) # 0, then hy(z,) > (1 — o)||ra, (xn)||* > 0 for every n. If x* €
SOLp(C, A), then hy(x*) <0 for every n.

Lemma 2.7 ([15]). * € SOL(C, A) if and only if ||r,(z*)| = 0.

Lemma 2.8. If & is any accumulation point of {x,} which generated by Algorithm 1 ,
then 2 € N2 Hy,.

Proof. Suppose that [ is nonnegative integer and Z is an accumulation point of {z,, }. There

is a subsequence {zy,, } of {z,} which lim,, o zp,, = 7. Wehave v, = P, 5 o1
and H, _ = ﬂgz;“"—lHj. It obtains that x,, € H; for every m > [+ 1. From H is

closed and limy, o0 Tpn,, = &, we get & € H;. This completes the proof [ ]

3. MAIN RESULTS

In this section, we present our algorithms and reduce our strong convergence theorems
for studying several problems.

Algorithm 1. Setting J,, = (I +s,M)™", {pn} € (0,2), {sn} € (0,28), {an,} € (0,1),
o €(0,1) and A € (0,1). Choose z; € C and C; = C as an initial point. Set n = 1.
Step 1. Compute z, := Po(Js, (X — $pBxyn) — pnAds, (Tn — spBxy)).

Step 2. Compute y(x,) = &, — 2. If v(x,) = 0, stop. Otherwise, go to Step 3.
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Step 3. Compute u,, = 2, —1,y(Tn) where n, = A, with m,, is the smallest nonnegative
integer satisfying

(A(zn) = Alzn = Ay (@) (20)) < o ly(@a) ] (3.1)

Step 4. Compute y, = apz, + (1 — o) SPe(Js, (X — $nByn) — pnAzy).

Step 5. Compute zn+1 = Po | g, ,, (1), where

Cn1 ={v € Cn: |lyn — vl < [lzn —vll}

and H,, == ﬂ?:fHHj with H; := {v : hj(v) < 0} is a half space defined by the function
hj(v) := (A(u;), v —uj) .

Theorem 3.1. Let A: C — H be an a-Lipschitz continuous mapping, S : C — C be a
nonexpansive mapping with a nonempty fized point set, B : C — H be a B-inverse strongly
monotone mapping, and M : H = H be a mazimal monotone operator with D(M) C C.
Suppose that SOLp(C, A) and © := SOL(C,A) N F(S)N (B + M)~*(0) are nonempty
sets. Then {x,} which a sequence generated by Algorithm 1 converges strongly to Poxy
where a, b, c,d, and e are real constants and satisfy

(A) O<a§pn§b<é,

(B) 0<c<s,<d<28, and

(C) 0<a,<e<]l.

Proof. We are going to show that C,, N H, is closed and convex for every n > 1. By
hypothesis, we have Cy, = C which is closed and convex. Thus C; N H, is closed and
convex. Assume that Cj N Hy, is closed and convex for some k& > 1. We show that
Ck+1 N Hk+1 is closed and convex for some k. Let vy,v2 € Ciy1 N I:Ik+1. Suppose that
v =tv; + (1 — ¢)vy where ¢t € (0,1). By hgy1(v1) <0 and hgyq(ve) <0, we have

hk+1(’l)) = <A(uk+1),tv1 + U2 — tvg — Up41 + TUK41 — tuk+1>
= (A(up41),v2 — tpgr) + H{A(uk+1), v1 — us1) — E{A(uk+1), V2 — Ups1)
< 0
and
s = vll < llex —oll <= llyll® = lzx > = 2(v, yx — zx) > 0. (3.2)

It can obtain that v € Cj41 ﬁI:IkH. Therefore C,,NH,, is closed and convex for every k > 1.
Hereon, we will show that © ¢ C,, N H,, for every n > 1. Set w,, = P¢ (vp, — pnAzy) when
vp = Js, (T, — $p.Bxy). By the assumption and Sp # 0, we obtain that ® € C; N H;.
Assume that © C C), N Hy for some k > 1. From Lemma 2.1, we see that for every
peB®CCrN f{k,

lwn = pll < Nk = prAzie = pl|* = [Jox — prAzr — wi]?
= ok = plI* = llve — will” + 2px(Azp, p — wy)
= lok — ol = llox — w1 + 20k ((Azk — Ap,p — 2m) + (Ap,p — 21)
+(Azp, 2z — wg))
vk —p||2 — |Jug — 2p + 2x — mez + 2pr(Azg, 21 — wy)
ok = plI* = [low — z&ll> = [l2m — Wi |?
+2({vg — 2k — prAzi, Wi — 2k)- (3.3)
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Since A is Lipschitz continuous and z, = Pe (v, — prAvg), it can imply

(g — 2k — pEAzZk, WK — Zm) = (Vg — 2k — PpAVE, WK — Zm)
ok Avi — prAzg, Wk — Zm)
prcl[ve = zmllwk — 2] (34)

IA

Thank to (3.3) and (3.4), we see that

lwe —plI* < vk = I = llve — 2ell® = 126 — wil* + 2pralloe — 2zll[lwr — 2l
< ok = plI* = (1 = pra®)Joe — 2.

According to (A), we have

lys =2l < awllzr —plI* + (1 — ax)||Swy, — p|?
< agllzr = pl” + (1 — ag)[Jwy, —p]?
< agller = pl* + (1= ar)(Jlox = plI” = (1 = pRa®)[Jox — 2]1?)
<l —pl? = (1= ar)(1 = pEa?)|lox — 2
< ok —pl* (3.5)
This implies that p € Ci41 N f{kﬂ. So ® c C, N H, for all n > 1. We denote that
Ty = Pg g, @1 Thus |21 — 2, < |lz1 — p| for all p € ©. Since B is inverse-strongly

monotone and Lemma 2.2, it can obtain that (B + M)~1(0) is closed and convex. Since
A is Lipschitz continuous, we obtain that VI(C, A) is closed and convex. Obviously, © is
also closed and convex. Thus

[z = @n|] < fl21 — Powa|l. (3.6)

We conclude that {z,} is bounded. Since z,, = 0., T1 and Tpp = Pg
we get

n+lmgn+1x1’

0 < <$1 _l'n,zn_zn+1>

= (1 —Tp, Ty — T1 + L1 — Tny1)

IN

—[lz1 — @l + |21 — all[|1 — Tpga -

Therefore ||z, —x1|| < ||[n4+1 — 21||. This implies that lim,, o ||x, — 21] exists. We note
that

[Zn = Zny1ll = |lzn — leQ +2(zn — 1,71 — Tpy1) + |71 — xn+1||2

l2n = 21]|* = 2llzn — 21]|* + 2(z — 21, 20 — Tpp1)
+lz1 = @]

o1 = @t l|* = an — 21|,

IN

Then limy, o0 ||Tn — Tp41]| = 0. By 2pq1 = Py #1 € C'N Hyy1, we have

n+lmH'n.+1
lyn — zptall < llon — Tnsal]- (3.7)

So [y = @ull < llyn — Tl + |20 — Tpsall < 2|20 — Tpga ).
We know that lim, e ||Zn — Zny1]] = 0. It can obtain

Jim [z, —ya| = 0. (3-8)
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Since B is 8- inverse strongly monotone and (B), we have
I(I = suB)e — (I = suBYyl? = iz —yl> = 250(x — y, Bx — By) + 52| Bx — By|?
Iz = ylI* = 5n(28 — s0)|| Bz — By||*

Iz = ylI?,

ININ

for every z,y € C. According to (3.5), we get
lyn —pI? < anllzn —pl* + (1 — an)|on —pl?
an ||z, _pH2 + (1 —ay)[|Js, (p — San)||2
< lzn - pH2 — (1 —an)sn(28 — sn)l|Bxn — Bp||2.

N

This implies that

(1 = an)sn(28 = sn)[[Bxn — Bp|* < |z —p)* = lya — ol
< lzn = yall(lzn = pll + [y — plI)-
By means of (B) and (C), we receive
lim ||Bz, — Bp|| =0. (3.9)
n—oo
Since Jg, is firmly nonexpansive, it can imply that
[vn — plI® s, (@0 = 80 Bn) = Js, (p — 5, Bp)|?
S <Un - D, (xn - Sann) - (p - San)>
1
= 5”% —pH2 + [[(xn — snBxn) — (p — 5an)||2
—|l(vn —p) = (&, — 80 Bxy) — (p— San))||2
1
< 5lln =l + |0 = plI? = [lvn — 20 + s0(Bz, — Bp)||)
1
= 5(lvn =l + lzn = pl? = llvn — 20 ||* = s3] By, — Bpl|®
—2sp{vy, — Ty, Bx,, — Bp))
1
< 5lln =l + |20 = pl? = [lvn — 201 + 280llvn — 4[| Bxn — Bpl)).
Therefore,
[vn = plI* < |20 = pII* = lva = 0l|* + 28n[lvn — 4[| Bxn — Bpl|. (3.10)

Combining (3.5) with (3.10), the previous inequality becomes
lon —pl* = anllzn —plI* + (1 — an)llvn — pll
< lzn _p”2 — (1= ap)[jvn, — fn‘lz + 2sp|[vn — 2 ||| Bzn — Bp||.
It obtains that
(1= ap)llvn — InHQ = |zn —p||2 — llyn _pH2 + 28p||vn — @0 ||| Bz, — Bpl|
2n — ynll(llzn — Il + llyn — pI) + 280 llvn — z4l|| B2y — Bpl|.
By (3.8), (3.9), and (C), we have

IN

nhHH;O v, — zn| = 0. (3.11)
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As a consequence of (3.5), we find that

(1= an)A=pho®)on =zl < llzn = plI* = llyn — 2l
< Nzn = yull(lzn = pll + llyn — 2II)-
From (A), (C), and (3.8), it obtains
Jim. lon, — 2| = 0. (3.12)

We denote that

Hwn_ZRHQ = ”PC(Un_TAZn) _PC(Un_pnAvn)HQ
< (vn = pnAzn) — (vn — PnAUn)||2
< Piaznzn - vn”z-

By (3.12), it implies

nl;r{:o |un, — 2n|| = 0. (3.13)
Note that
[z = Sap|| < [l — Swall + [|Swy, — Sz ||
e Rl
< 2Bl o =l + o = 2l
Thank to (3.8), (3.11), (3.12), (3.13), and (C), we get
lim ||, — Sz,|| = 0. (3.14)

n—roo
Since {x,} is bounded, there exists a subsequence {z,,} of {z,} which z,,, = ¢ € C. By
Lemma 2.3, we can conclude that g € F(5).
Afterwards, we are going to show that ¢ € SOL(C, A). Since A and + are continuous,
it can imply that {z,},{v(x,)} and {y,} are bounded. Furthermore, the continuity of A
implies that {Ay,} is bounded, that is, for some W > 0

[Aynll < W, Vn. (3.15)
Form the definition of ﬁn+17 we note that fInH C H, 41 for every n. Therefore

dist(2n41, Crg1 N Hyy1) > dist (@41, Crgr N Hpp1). (3.16)
Taking the limit n — oo in (3.16), we have

nh_}n;@ dist(@p41, Cry1 N Hyy1) = 0. (3.17)

Obviously, every h, 41 is Lipschitz continuous on C' with modulus W. By using Lemma
2.4 and Lemma 2.2, we get that

dist(zn41, Cr1 N Hog1) = W hpa (wns1) 2 WHL = o)y (zns) | (3.18)

Thank to (3.17) and (3.18), it follows that lim,, o 7 ||y (2n+1)||* = 0.

If limsup,,_ o 7n > 0, then liminf, , |[y(x,)|| = 0. Since {z,} is bounded and ~
is continuous, there is an accumulation point ¢ of {x,} which y(¢) = 0. According to
Lemma 2.7 and Lemma 2.8, it implies ¢ NS, (H, N SOL(C, A)). Thus ¢ € SOL(C, A).

If lim sup,, oo 7n = 0, then lim,_,. 1, = 0. We suppose that ¢ is any accumulation
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point of {z,}. There is a subsequence x,; which converges to g. By the condition of 7,
3.1 is not satisfied for m,, — 1. So

(Azp; — Alwn, = XM, 7 (@0,)), Y (@n,)) 2 olly (@)1 (3.19)
Taking the limit in (3.19), we have
0> olv(a)]* = 0. (3:20)

It obtains v(q) = 0. Thus ¢ € N2, (H, N SOL(C,A)). We can conclude that § €
SOL(C, A).

Later, we will prove that ¢ € (B+M)~1(0). We denote that z,, — s, Bx,, € v, + 5, Muv,,.
Thus

" B, € Mo, (3.21)
Sn
Let 7 € Mv. We know that M is monotone. From (3.21), it follows that
<xn —% Bz, — 1,0, —v) > 0. (3.22)
Sn

By dint of (B), we have (—Bq — 7,q —v) > 0. So —Bq € Mgq. This means that q €
(B+M)~1(0). We conclude that g € ©. Suppose that there is another subsequence {x,,, }
of {x,} which z,,, = ¢ € ©. By Opial’s condition, § = q.

Eventually, we will show that ¢ = Peoz; and =, — ¢. From (3.6) and the lower
semicontinuity of norm, we find that

s — Poa || < ller — gl < liminf s — | < limsup s — | < o1 — Po |

n— oo
(3.23)
This implies that lim,,_, |21 — z,|| = ||z1 — Pox1]| = ||z1 —q||- Hence, the sequence {x,, }
converges strongly to Pgx. [

Theorem 3.1 is reduced by setting B = 0. We receive the following algorithm.

Algorithm 2. Setting J,, = (I + s, M), {p,} € (0,1), {s,} € (0,00), {o,} € (0,1),
o €(0,1) and A € (0,1). Choose z; € C and C; = C as an initial point. Set n = 1.
Step 1. Compute z, := Po(Js, Xy — pnAJds, ).

Step 2. Compute v(x,) = 5, — 2zp. If ¥(2,,) = 0, stop. Otherwise, go to Step 3.

Step 3. Compute u,, = T, —1nY(Tn) where 1, = A, with m,, is the smallest nonnegative
integer satisfying

(A(wn) = Alzn = Ay (@) (20)) < o ly(@a) ]

Step 4. Compute y, = anx, + (1 — an)SPe(Js, Xn — prizn).

Step 5. Compute zn+1 = Pp | ~f, ., (1), where

Cny1={veCn:|lyn — vl < llzn — o}

and H,,,, == ﬂgz?HHj with H; := {v : h;(v) < 0} is a half space defined by the function

hj(v) == (A(u;),v —u;) .

Corollary 3.2. Let A: C — H be an a-Lipschitz continuous mapping, S : C — C be a
nonexpansive mapping with a nonempty fized point set, and M : H = H be a mazimal
monotone operator with D(M) C C. Suppose that SOLp(C, A) and k := SOL(C, A) N
F(S)N(M)~=(0) are nonempty sets. Then the sequence {x,}, generated by Algorithm 2,
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converges strongly to Pgx1 where a,b, c,d, and e are real constants and satisfy
(A) 0<a§pn§b<é,
(B) 0<c<s,<d<oo, and
(C) 0<a,<e<l.

When setting M = 0 and J, = I, Corollary 3.2 can reduce to the following algorithm.
Algorithm 3. Setting J,, = (I + s, M), {pn} € (0,1),{a,} € (0,1), 0 € (0,1) and
A € (0,1). Choose z; € C and C; = C as an initial point. Set n = 1.

Step 1. Compute z, := Po(x, — ppnAzy).

Step 2. Compute y(x,) = &, — 2. If v(x,) = 0, stop. Otherwise, go to Step 3.

Step 3. Compute u,, = z,—n, () where n, = A\, with m,, is the smallest nonnegative
integer satisfying

(A@n) = Alzn = Ay (@), Y(@n)) < o [[7(@n) ]

Step 4. Compute y, = a2y + (1 — ) SPo(z, — pnizy).

Step 5. Compute x, 1 = PCn+1ﬁHn+1 (z1), where

Cny1 ={v € Cp: |lyn —v|| < |20 — ||}

and H,,, == ﬁgz?HHj with H; := {v : h;(v) < 0} is a half space defined by the function
hj(v) == (Au), v —uj) .

Corollary 3.3. Let A: C — H be an a-Lipschitz continuous mapping, S : C — C be a
nonexpansive mapping with a nonempty fixed point set, and M : H = H be a maximal
monotone operator with D(M) C C. Suppose that SOLp and ¢ := SOL(C, A)NF(S) are
nonempty sets. Then {x,} which a sequence generated by Algorithm 1 converges strongly
to Pox1 where a,b and c are real constants and satisfy

(A) 0<a§pn§b<é and

(B) 0<a,<c<l.

4. CONCLUSIONS

In this work, we propose projection iterative algorithms combining both a projection
iterative algorithm and a double projection iterative algorithm to solve the common solu-
tion of variational inequality problem without monotonicity of A, fixed point problem of
a nonexpansive mapping, and zero point problem of the sum of two monotone mappings
in Hilbert spaces. Furthermore, the strong convergence theorem is generated by the pro-
posed algorithm under some suitable control conditions. Finally, we use our main result
to solve the several problems by reducing some mappings.
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