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1. INTRODUCTION

In 1972, a generalization of commutative semigroups has been established by Kazim et al.
[1]. In ternary commutative law: abc = cba, they introduced braces on the left side of this law
and explored a new pseudo associative law, that is (ab)c = (cb)a. This law (ab)c = (¢b)a is
called the left invertive law. A groupoid S is said to be a left almost semigroup (abbreviated
as LA-semigroup) if it satisfies the left invertive law.

In [2] (resp. [3]), a groupoid S is said to be medial (resp. paramedial) if (ab)(cd) = (ac)(bd)
(resp. (ab)(cd) = (db)(ca)). In [1], an LA-semigroup is medial, but in general an LA-semigroup
needs not to be paramedial. Every LA-semigroup with left identity is paramedial in [4] and
also satisfies a(bc) = b(ac), (ab)(cd) = (dc)(ba).
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S. Kamran [5], extended the notion of LA-semigroup to the left almost group (LA-group).
An LA-semigroup G is said to be a left almost group, if there exists left identity e € G such
that ea = a for all @ € G and for every a € G there exists b € G such that ba = e.

Shah et al [6], discussed the left almost ring (LA-ring) of finitely nonzero functions which is
a generalization of commutative semigroup ring. By a left almost ring, we mean a non-empty
set R with at least two elements such that (R, +) is an LA-group, (R,-) is an LA-semigroup,
both left and right distributive laws hold. For example, from a commutative ring (R, +, "),
we can always obtain an LA-ring (R, ®,-) by defining for all a,b € R, a® b = b — a and
a - b is same as in the ring. Although the structure is non-associative and noncommutative,
nevertheless, it possesses many interesting properties which we usually find in associative and
commutative algebraic structures.

A non-empty subset A of an LA-ring R is called an LA-subring of an LA-ring R if a — b
and ab € A for all a,b € A. Ais called a left (resp. right) ideal of R if (A,+) is an LA-group
and RA C A (resp. AR C A). Ais called an ideal of R if it is both a left ideal and a right
ideal of R.

First time the concept of fuzzy set was introduced by Zadeh in his classical paper [7].
This concept has provided a useful mathematical tool for describing the behaviour of systems
that are too complex to admit precise mathematical analysis by classical methods and tools.
Extensive applications of fuzzy set theory have been found in various fields such as artificial
intelligence, computer science, management science, expert systems, finite state machines,
Languages, robotics, coding theory and others.

It soon invoked a natural question concerning a possible connection between fuzzy sets
and algebraic systems like (set, group, semigroup, ring, near-ring, semiring, measure) theory,
groupoids, real analysis, topology, differential equations and so forth.

After the introduction of fuzzy set by Zadeh [7], several researchers explored on the gen-
eralization of the notion of fuzzy set.

The concept of intuitionistic fuzzy set was introduced by Atanassov [8, 9], as a generaliza-
tion of the notion of fuzzy set.

Sherwood [10], introduced the concept of product of fuzzy subgroups. After this, further
study on this concept continued by Osman [11, 12] and Ray [13]. Zaid [14], gave the idea of
normal fuzzy subgroups.

An intuitionistic fuzzy set (briefly, IFS) A in a non-empty set X is an object having the
form A = {(z, pa(z),va(z)) : * € X}, where the functions p4: X — [0,1] and y4: X —
[0,1] denote the degree of membership and the degree of nonmembership, respectively and
0<pa(z)+~vyalz) <1lforallze X [8, 9]

An intuitionistic fuzzy set A = {(z,pa(z),v4(z)) : * € X} in X can be identified
to be an ordered pair (pa,v4) in IX x IX, where IX is the set of all functions from X
to [0,1]. For the sake of simplicity, we shall use the symbol A = (pa,va) for the IFS
A= {(xaﬂA<x)a’YA<x)) HES X}

Intuitionistic fuzzy subrings and intuitionistic fuzzy ideals of a ring have been defined in [15—

]. Palaniappan et al [18, 19], explored the notions of homomorphism, antihomomorphism of
intuitionistic fuzzy normal subrings and also discussed some properties of intuitionistic fuzzy
normal subrings. Moreover intuitionistic fuzzy ring and its homomorphism image have been
investigated by Yan [20].

Shal et al [21], coined the concept of intuitionistic fuzzy normal subrings over a non-
associative ring (LA-ring). Kausar et al [22], characterized the non-associative rings by the
properties of their fuzzy ideals. Islam et al [23], explored the intuitionistics fuzzy ideals with
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thresholds («, 8] in LA-rings. Kausar et al [24], studied the left almost-rings by anti-fuzzy
bi-ideals. Munir et al [25] dicussed the direct product of finite anti-fuzzy normal subrings over
non-associative rings.

In this paper, we will extend the concept of [21] and will define two sections. In the
first section, we will investigate the some basic properties of intuitionistic fuzzy normal LA-
subrings of an LA-ring Ry X Rs. In the second section, we will define the direct product of
intuitionistic fuzzy subsets Aq, Ao, ..., A, of LA-rings Ry, Ro, ..., R, respectively and examine
the some fundamental properties of intuitionistic fuzzy normal LA-subrings of an LA-ring
Ry X Ry X ... X R,,. Specifically we will show that:

(1) Let X = Ax BandY = C x D be two LA-subrings of an LA-ring Ry X Ry. Then
X NY is an LA-subring of an LA-ring Ry X Ry if and only if the intuitionistic characteristic
function xz = (ty,,Vx») of Z = X NY is an intuitionistic fuzzy normal LA-subring of an
LA-ring R; X Rs.

(2) Let A= A; x Ay x ... Xx A, and B = B X By X ... X B,, be two LA-subrings of an
LA-ring Ry X Ry X ... X R,,. Then AN B is an LA-subring of an LA-ring Ry X Ry X ... X R,,
if and only if the intuitionistic characteristic function xz = (tty,,Vx,) of Z = AN B is an
intuitionistic fuzzy normal LA-subring of an LA-ring Ry X Ry X ... X R,,.

(3) Let A = A; x Ay X ... X A, and B = By X By X ... X B, be intuitionistic fuzzy
subsets of LA-rings R = Ry X R X ... x R, and R’ = R} x R} x ... x R}, with left identities
e =(e1,e,....,e,) and & = (e1/, eal, ..., e,1), respectively and A x B is an intuitionistic fuzzy
normal LA-subring of an LA-ring R x R’. Then the following conditions are true.

(1) If pa(x) < pp(e) and v4 (x) > v (€'), for all z € R, then A is an intuitionistic
fuzzy normal LA-subring of R.

(7)) If up(z) < pa(e) and vg (z) > va (e), for all x € R’, then B is an intuitionistic
fuzzy normal LA-subring of R'.

2. INTUITIONISTIC FUzzYy NORMAL LA-SUBRINGS

In this section, we extend the idea of second section of [21] and investigate the some basic
properties of intuitionistic fuzzy normal LA-subrings of an LA-ring Ry X Rs.

Let p1 and po be fuzzy subsets of LA-rings Ry and Ra, respectively. The direct product
of fuzzy subsets p1 and po is denoted by w1 X pe and defined by (u1 X pe2)(x1,29) =
min{ (1), p2 (22)}.

A fuzzy subset 11 X pg of an LA-ring Ry X Ry is said to be a fuzzy LA-subring of Ry X Rs
if

(1) (1 % o) (@ — ) > minfpus (), ws(y) },

(2) (p1 X p2)(zy) = min{pa(z), p2(y)} for all z = (21, 22) ,y = (y1,y2) € R1 X Ra.

A fuzzy subset p1 X po of an LA-ring Ry X Ry is said to be an anti fuzzy LA-subring of
R1 X RQ if

(1) (p1 x p2)(@ —y) < maz{p (2), p2(y)}

(2) (1 x p2)(wy) < max{p(x), p2(y)} for all z = (x1,22) ,y = (y1,92) € R1 X Ra.

A fuzzy LA-subring of an LA-ring Ry X R is said to be a fuzzy normal LA-subring of
Ry x Ry if (p1 X p2)(zy) = (u1 x p2)(yz) for all z = (z1,22),y = (y1,92) € Ry X Ra.
Similarly for anti fuzzy normal LA-subring.

Let A and B be intuitionistic fuzzy sets of LA-rings R; and Ro, respectively. The direct
product of A and B, is denoted by A x B and defined by

Ax B ={((x,y), paxs (x,y) ,vaxp (z,y)) | forall z € Ry and y € Ry},



1044 Thai J. Math. Vol. 20 (2022) /N. Kausar et al.

where piax (2, y) = min{pa(z), pp(y)} and yaxp(z,y) = maz{ya(z),v5(y)}.

An intuitionistic fuzzy set (IFS) A X B = (uaxB,Yaxp) of an LA-ring Ry X Ry is said to
be an intuitionistic fuzzy LA-subring (IFLSR) of Ry x Ry if

(1) paxp(@—y) = min{paxp(x), paxs(y)},

(2) paxs(zy) =2 min{paxs (@), paxsy)},

(3) yaxB(x —y) < maw{'yAxB(x)77A><B(y)}ﬂ

(4) ’VAXB(xy) < max{’YAxB(m)v'YAxB(y)}v for all z = <x17$2)7y = (ylay2) € Ry X Rs.

An intuitionistic fuzzy LA-subring A X B = (uaxp,vaxp) of an LA-ring Ry x Rs is
said to be an intuitionistic fuzzy normal LA-subring (IFNLSR) of R; x Ra if paxp(zy) =
paxs(yr) and yaxp(ry) = vaxp(yz) for all x = (x1,22) ,y = (y1,42) € R1 X Ra.

Let A x B be a non-empty subset of an LA-ring R; x Rs. The intuitionistic characteristic
function of A x B is denoted by xaxB = (lixaxns Vxaxs) and defined by

(o[ Lifz€AxB ()= [ 0ff z€AXB
Fxaxe \ )= gifag AxB " xaxs W= 1ifa¢ Ax B

Lemma 2.1. [21, Lemma 4.2] If A and B are LA-subrings of LA-rings Ry and Ra, respectively,
then A x B is an LA-subring of an LA-ring Ry X Ry under the same operations defined as in
Rl X RQ.

Example 2.2. R = {0,1,2,3,4,5,6,7,8} is an LA-ring, with left identity 7, such that
(re)R # zR, for all x € R.

£ 012345678 012345678
0 346872510 03163166 1 3
1 2 37684105 103038830 8
215342086 7 28153726 40
3012 3456 7 8 33333233333
4504231786 2 406 73541 2 8
5 428 76305 1 58 6 4327150
6 76 015 8 3 2 4 6 8 3 8300380
76 81507 43 2 70123456 78
8 8 75016 2 4 3 8 36136116 3

Example 2.3. R’ = {0,1,2,3,4,5,6,7,8} is an LA-ring, with left identity 5, such that
(ze)R # xR, for all x € R.

£ 012345678 . 012 3456 78
0 305 187 426 0451367280
1 13706285 4 1540376821
2 46387150 2 26 753 28 10 4
30123456 78 3333333333
4276534081 2 410 8 35 47 6 2
5 6 80453217 501 23 456 78
6 52 4718360 6 8 26 301 45 7
78 416 20735 728 73105 46
8 758 206 1 4 3 8 76 438 2015
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Example 2.4. Using Example 2.2 and 2.3, we write
R = RxR =1{(0,0),(0,1),
(1,0),

0,2),(0,3),(0,4),

)

2,2
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is an LA-ring under the addition and multiplication defined as

(a,0)® (¢,d) = (a+c,b+d)
(a,0) ®(¢,d) = (a-¢,b-d)

EBQ_

for all (a,b),(¢,d) € R x R'.
For example (4,2) @ (5,2) = (1,3) and (4,2) ® (5,2) = (4,5), 4,5€ Rand 2,2 € R'.

Noted: this ring is called direct product LA-ring of LA-ring R and LA-ring R'.
And S = {(3,0),(3,1), (3.2), (3,3), (3,4), (3,5), (3.6), (3,7),(3,8)} is a subring of
R x R/, this subring is called LA-subring of L x L.

Note the figure for implication:

Table of Implication:

| LAa-subrings |] Direct Product of LA-rings ] | ldeals |

Fuzry set
[ Intuitlanistic fursy sat

[ Intuitionistic Charncteristic function

I Fuzzy LA-subrings
|

| Furzy normal LA-subrings

Intuitionistic Fuzzy LA-sobrings

l Intultioniatic Fursy normal LA-subrings |
|

| Direct product intuitionistic Fuszy normal LA-suboings

Theorem 2.5. [21, Theorem 4.3] Let A and B be LA-subrings of LA-rings Ry and Ra,
respectively. Then Ax B is an LA-subring of an LA-ring Ry X Ry if and only if the intuitionistic
characteristic function xc = (fiye, Vxe) of C = A x B is an intuitionistic fuzzy normal LA-
subring of an LA-ring Ry X Ra.
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Lemma 2.6. If X = Ax B andY = C x D are two LA-subrings of an LA-ring R; X R,
then their intersection X N'Y is also an LA-subring of an LA-ring Ry X Ra.

Proof. Straight forward. m

Theorem 2.7. Let X = Ax B andY = C x D be two LA-subrings of an LA-ring Ry X Rs.
Then XNY is an LA-subring of an LA-ring R1 X Ry if and only if the intuitionistic characteristic
function xz = (lty,, Vxz) of Z = X NY s an intuitionistic fuzzy normal LA-subring of an
LA-ring R1 X Rs.

Proof. Let Z = X N'Y be an LA-subring of an LA-ring Ry x Ry and a = (a1,a2),b =
(b1,b2) € Ry X Ry. If a,b € Z = X NY, then by definition of intuitionistic characteristic
function p,,(a) =1 = p,,(b) and vy, (a) = 0 = 7,,(b). Since a — b and ab € Z, Z being
an LA-subring of Ry x Rs. This implies that

Pxz(a=b) = 1=1A1=py,(a)A iy, (b),

Py (ab) = 1=1A1=p,,(a)A py,(b),

Yxz(@a=b) = 0=0V0=m,(a)Vy, (),

Yxz(ab) = 0=0V0=ry,(a)Vry, ().

Thus

Pz (@—=0) = min{py,(a), iy, (b)},
fxz(ab) = min{py, (a), py, (b)},
Yxz(a=b) < max{yy,(a),1x,(b)},
Yxz(@—=0) < max{yy,(a), 1, (b)}-

As ab and ba € Z, by definition p1,,, (ab) =1 = p,, (ba) and 7y, , (ab) = 0 = 7, , (ba), i.e.,
Ly, (ab) = iy, (ba) and vy, (ab) = vy, (ba). Similarly, we have
fxz(@—=0) = min{uy,(a), iy, ()}, py,(ab) = min{uy,(a), py, (b)},
Vxz (a - b) < ma‘r{’YXz (a’)7’YXZ (b)}7 Vxz (a’b) < max{'YXZ (a)7'7XZ (b)}’
Yxz(@b) = v, (ba), vy, (ab) = vy, (ba),
when a,b ¢ Z. Hence the intuitionistic characteristic function xz = (ty,,vyx,) of Z is an
intuitionistic fuzzy normal LA-subring of an LA-ring Ry X Rs.
Conversely, suppose that the intuitionistic characteristic function xz = (it ,,Vy5) of Z =

XNY is an intuitionistic fuzzy normal LA-subring of an LA-ring Ry X Ry. Let a,b € Z = XNY,
this means that 11, (a) =1 = py, (b) and v, (a) = 0 = 7y, (b). By our supposition

g (a—b) > py,(a)Apy,d)=1A1=1,
fixz (ab) = iy (@) Apy, (b) =1A1 =1,
Yz (@=b) < Wz (a) Vs (b)) =0V 0 =0,
Yxz(ab) < 'YXz()VWXz(b):O\/OZO-

Thus gy, (a —b) =1 = p,,(ab) and v, (a —b) =0 =~,,(ab), i.e., a—b and ab € Z.
Hence Z is an LA-subring of an LA-ring R; X Rs. [

Corollary 2.8. Let {Ci}icr = {Ai X B;},c; be a family of LA-subrings of an LA-ring
Ry X Ry. Then C = NC; is an LA-subring of an LA-ring Ry X Ry if and only if the intuitionistic
characteristic function xc¢ = (liy.,Vy.) of C = NC; is an intuitionistic fuzzy normal LA-
subring of an LA-ring Ry X Ra.
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Theorem 2.9. [21, 4.4] If A and B are intuitionistic fuzzy normal LA-subrings of LA-rings
Ry and Rs, respectively, then A x B is an intuitionistic fuzzy normal LA-subring of an LA-ring
R1 X RQ.

Theorem 2.10. If X = A X B and Y = C x D are two intuitionistic fuzzy normal LA-
subrings of an LA-ring R1 X Rs, then their intersection X N'Y is also an intuitionistic fuzzy
normal LA-subring of an LA-ring Ry X Ra.

Proof. Let X = A x B = {((z1,22), paxp(x1,22), yaxp(x1,22)) | for all (x1,22) € Ry X

Ry} and Y = C x D = {((y1,¥2), hexp W1, y2), Yoxp(y1,y2)) | for all (y1,92) € R1 x Ry}
be two intuitionistic fuzzy normal LA-subrings of an LA-ring Ry X Ry. Let Z = XNY and Z =

{((21,22), z(21, 22), 7z (21, 22)) | (21,22) € R1 X Ra}, where puz(z1,22) = pxny (21, 22) =
min{ux (21, 22), py (21, 22) } and yz(21, 22) = vxny (21, 22) = mar{yx (21, 22), 7y (21, 22) }-
Now

pz((21,22) = (23,24)) = pxny((21,22) — (23, 24))
min{px ((21,22) — (23, 21)), py ((21, 22) — (23, 24))}

> {ux(z1,22) A px (23, 24) } A {py (21, 22) A pry (23, 24) }
= px(21,22) AMpx (23, 24) A py (21, 22) } A py (23, 24)
= px(z1,22) Ay (21, 22) A px (23, 24) } A py (23, 24)
= {ux(21,22) A py (21, 22) } A {px (23, 24) A pry (23, 24) }
= min{pxny (21, 22), uxry (23, 21)}
= min{puz(21,22), pz (23, 24)}-

and

pz((21,22) 0 (23,24)) = pxny((21,22) o (23, 24))

= min{pux((21,22) o (23, 24)), py (21, 22) 0 (23, 24)) }
> A{px(21,22) A px (23, 22) } Ay (21, 22) A pry (23, 24) }
= px (21, 22) AMpx (23, 24) A py (21, 22) A py (23, 24)
= px (21, 22) Apy (21, 22) A pix (23, 24) A py (23, 24)
= {ux(21,22) A py (21, 22) } A {px (23, 22) A pry (23, 24) }
= min{uxny (21, 22), pxny (23, 24) }
= min{uz(z1,22), pz(z3,24)}.

Similarly

vz((21,22) = (23,24)) < max{yz(21,22),72(23,21)}
and vz((z1,22) 0 (23,24)) < mazx{vyz(z1,22),7z(23,24)}.

Thus Z = (uz,7z) is an intuitionistic fuzzy LA-subring of an LA-ring Ry x Ra. Now

pz((21,22) 0 (23,24)) = pxny (2123, 2224)
= min{pux (2123, 2224), y (2123, 2224) }
= min{ux(z321,2422), uy (2321, 2422) }
= MXnY(2321724Z2)

1z (23, za) 0 (21, 22))-
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Similarly vz ((z1, 22)0(23, 24)) = vz ((23, 24)0(21, 22)). Hence Z = XNY is an intuitionistic
fuzzy normal LA-subring of an LA-ring Ry X Ra. [

Corollary 2.11. If {C;};er = {A; X B;}icr is a family of intuitionistic fuzzy normal LA-
subrings of an LA-ring Ry X Ro, then C = NC; is also an intuitionistic fuzzy normal LA-subring
of an LA-ring Ry X Rs.

Theorem 2.12. If X = Ax B andY = C x D are intuitionistic fuzzy normal LA-subrings of
LA-rings R' = Ry X Ry and R = R3 x Ry, respectively, then Z = X x Y is an intuitionistic
fuzzy normal LA-subring of an LA-ring R’ x R = (Ry X R2) X (R3 X Ry).

Proof. Let X = A x B = {((1,22), baxB(1,22),vax5(x1,22)) | for all (z1,22) € Ry X
Ro} and Y = C x D = {((y1,92), bexp (Y1, Y2), Yexp(y1,y2)) | for all (y1,y2) € Rz x
R4} be intuitionistic fuzzy normal LA-subrings of LA-rings R" = Ry X Ry and R” = R3 X
Ry, respectively. Let Z = X xY and Z = {((#/,2"),uz(z",2"),vz(2",2")) | (#,2") =
((21,22),(23,24)) € R’ x R"}, where

nz(2',2") = pxxy((21,22), (23, 24)) = min{px (21, 22), v (23, 22) }
and vz(2',2") = yxxv((21,22), (23, 24)) = max{yx (21, 22), Vv (23, 24) }.
Now
1z (((21,22), (23, 24)) — ((25, 26), (27, 23)))
pxxy (((21,22), (23, 24)) — ((25, 26), (27, 28)))
= pxxy(((21,22) = (25, 26)), (23, 24) — (27, 28)))
= min{px((21,22) — (25, 26)), by (23, 24) — (27, 28))}
> min{(px (21, 22) A px (25, 26)), (Hy (23, 24) A py (27, 28)) }
= {(ux(21,22) A py (25, 26)) A (px (23, 22) A py (27, 28)) }
= {(ux(z1,22) A py (23, 24)) A (x (25, 26) A py (27, 28)) }
= minf{(ux (21, 22) A py (23, 21)), (1x (25, 26) A pry (27, 28)) }
= min{uxxy (21, 22), (23, 24)), nx xy (25, 26), (27, 28)) }
= min{uz((21,22), (23, 24)), kz((25, 26), (27, 28)) }-
and
pz(((21,22), (23, 24)) © (25, 26), (27, 28)))
px <y (((21,22), (23, 24)) © (25, 26), (27, 28)))
= pxxy(((21,22) o (25, 26)), (23, 24) 0 (27, 28)))
= min{ux((21,22) o (25, 26)), 1y ((23, 24) © (27, 28)) }
> min{(px (21, 22) A px (25, 26)), (Ly (23, 24) A py (27, 28)) }

)
{(ux (21, 22) A py (25, 26)) A (px (23, 22) A py (27, 28)) }
{(ux (21, 22) A py (23, 24)) A (x (25, 26) A py (27, 28))
mind (ux (21, 22) A py (23, 24)), (Bx (25, 26) A pry (27, 28)) }
= min{puxxy (21, 22), (23, 22)), ux xv (25, 26) (27, 28) ) }

= min{pz((21,22), (23,24)), 1z ((25, 26), (27, 28)) }-
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Similarly

<

<

vz(((21,22), (23, 24)) — ((25, 26), (27, 28)))
maz{yz((21, 22), (23, 24)), vz ((25, 26), (27, 28)) }
and vz (((21, 22), (23, 24)) © ((25, 26), (27, 28)))

maz{vz((21, 22), (23, 24)), 7z ((25, 26), (27, 28)) }

Thus Z = (uz,7vz) is an intuitionistic fuzzy LA-subring of an LA-ring R/ x R”. Now

Similarly

1z (((21,22), (23, 24)) © (25, 26), (27, 28)))

px xy (((21,22), (23, 24)) © (25, 26), (27, 28)))
pxxy (((21,22) © (25, 26)), (23, 24) © (27, 23)))
min{px ((21, 22) © (25, 26)), ty ((23, 24) © (27, 28)) }
min{px (25, 26) © (21, 22)), py (27, 28) © (23, 24)) }
px xy (25, 26) © (21, 22)), (27, 28) © (23, 24)))
pxxy (25, 26), (27, 28)) © (21, 22), (23, 22)))

1z (((25, 26), (27, 28)) © ((21, 22), (23, 24))).

vz (((21, 22), (23, 24)) © ((25, 26), (27, 28)))
= vz(((z5,26), (27, 28)) © ((21, 22), (23, 24)))-

Hence Z = X X Y is an intuitionistic fuzzy normal LA-subring of an LA-ring R’ x R”. m

Proposition 2.13. Ifan IFS A x B is an intuitionistic fuzzy normal LA-subring of an LA-
ring Ry x Ry, then OA x B = (paxp,Faxp) (resp. OA x B = (Yaxp,vaxp)) is also an
intuitionistic fuzzy normal LA-subring of an LA-ring Ry X Rs.

Proof. Let A x B be an intuitionistic fuzzy normal LA-subring of an LA-ring R X Ro. We
have to show that JA x B = (iax B, sy p) is also an intuitionistic fuzzy normal LA-subring
of an LA-ring Ry x Rs. Now

Tax (71, 72)

Taxp((71,22) © (y1,92))

—(y1,92)) = 1—paxs((z1,22) = (Y1,92))

IN

1 —min{paxp(x1,22), paxp(y1,y2)}
mazr {1 — paxp(r1,22), 1 — paxs(y1,y2)}
maz{fisyp(T1,22), faxp (Y1, y2)}-

1= paxs((z1,22) o (Y1,¥2))

1 —min{paxp(1,22), paxp (Y1, y2)}

= max{l — paxp(r1,22),1 — paxs(yi,y2)}
= mar{figxp(®1,22), axp(y1,y2)}-

IN

ThusOAXx B = (,qug,ﬁAxB) is an intuitionistic fuzzy LA-subring of an LA-ring Ry X Ra.

Now

HBaxp((@i,z2) o (Y1,y2)) = 1—paxs((®1,22) 0 (y1,92))

= 1= paxs((y1,92) o (z1,72))
= Taxp((y1,y2) o (21, 22)).
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Hence JA x B = (paxp,fiaxp) is an intuitionistic fuzzy normal LA-subring of an LA-ring

Ry X Ry. Similarly, 0A x B = (WAxBa’YAxB) is an intuitionistic fuzzy normal LA-subring of
an LA-ring Ry X Ra. [

Corollary 2.14. An IFS A x B is an intuitionistic fuzzy normal LA-subring of an LA-ring
Ry x Ry if and only if UA x B = (axp,FBaxp) and (resp. QA X B = (Y. p.vaxB)) is
an intuitionistic fuzzy normal LA-subring of an LA-ring Ry X Rs.

Theorem 2.15. An IFS AX B = (1axB,YAxB) is an intuitionistic fuzzy normal LA-subring
of an LA-ring Ry x Ry if and only if the fuzzy subsets paxp and 7 4, g are fuzzy normal
LA-subrings of an LA-ring R1 X Rs.

Proof. Let AXB = (naxB,vaxs) be an intuitionistic fuzzy normal LA-subring of an LA-ring
Ry X Rs, this implies that paxp is a fuzzy normal LA-subring of an LA-ring R; X Ry. We
have to show that 7 4, g is also a fuzzy normal LA-subring of R; x Ry. Now

Vaxp((®1,22) — (y1,92)) = 1—vaxs((1,22) — (Y1,%2))
> 1 —maz{vaxp(r1,72),74axB(Y1,Y2)}
min{l — yaxp(z1,22),1 — vaxn(y1,y2)}
= min{Faxp(T1,72), Yaxp Y1, y2)}-
Faxp((®1,22) 0 (y1,92)) = 1—vaxB((z1,72) 0 (Y1,¥2))
> 1 —max{vaxp(r1,22), vaxB Y1, y2)}

min{l — yaxp(x1,22), 1 —yaxW1,y2)}
= min{Yayxp(T1,22), Taxp¥1,92)}

Thus 7 4, 5 is a fuzzy LA-subring of an LA-ring R x Ry. Now
Yaxp((@1,22) 0 (y1,92)) = 1—vaxp((@1,22) © (y1,92))

1 —vax5((y1,92) o (71, 72))
= Faxp((W1,y2) o (x1,22)).

Hence 7 4, 5 is a fuzzy normal LA-subring of an LA-ring R X Rs.

Conversely, suppose that paxp and 74, are fuzzy normal LA-subrings of an LA-ring
Ry X Ry. We have to show that A X B = (iaxp,Yaxp) is an intuitionistic fuzzy normal
LA-subring of an LA-ring R; X Ry. Now

1 —vaxs((71,72) — (Y1,92)) Vaxp((®1,72) — (y1,92))

> min{Yaxp(@1,22), Y axp Y1, y2)}
min{l — yaxB(21,72),1 —vaxB(Y1,%2) }
= 1—maz{vaxp(@1,22), vaxB(Y1,Yy2)}-
L —vaxp((¥1,72) 0 (y1,92)) = Faxp((®1,72)0 (y1,92))
> min{Yaxp(*1,22), Y axp Y1, y2)}

= min{l —ya(r1,22),1 —valy1,y2)}
1 —maz{va(z1,z2),v4(Y1,y2)}-
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Thus A X B = (axp,YAxB) is an intuitionistic fuzzy LA-subring of an LA-ring Ry X Rs.
Now

L —vaxp((¥1,72) 0 (y1,92)) = Faxp((®1,72) 0 (y1,92))
Faxs((W1,y2) o (x1,72))
= 1—=7va((y1,92) o (w1, 22)).

Hence A x B = (naxB,7vaxp) is an intuitionistic fuzzy normal LA-subring of an LA-ring
Ry X Rs. u

Theorem 2.16. An IFS AX B = (uaxB,YAxB) iS an intuitionistic fuzzy normal LA-subring
of an LA-ring Ry x Ry if and only if the fuzzy subsets i 4 5 and Yaxp are anti fuzzy normal
LA-subrings of an LA-ring R; X R.

Proof. Let AXB = (uaxB,7vaxs) be an intuitionistic fuzzy normal LA-subring of an LA-ring
Ry X Ry, this means that v« p is an anti fuzzy normal LA-subring of an LA-ring R; X Rs.
We have to show that fi4 g is also an anti fuzzy normal LA-subring of R; x Ry. Now

Taxp((®1,72) = (y1,92)) = 1—paxp((z1,22) — (y1,92))

L —min{paxp(r1,22), paxs(y1,y2)}
maz{l — paxp(r1,22), 1 — paxp(yi,y2)}
= mar{fiayp(T1,72), Baxp (Y1, Y2)}-

1 —paxp((z1,22) o (Y1,92))

L —min{pa(z1,22), pa(ys, y2)}

max{l — pa(x1,22),1 — pa(ys, y2)}

= maz{fiaxp(1,72), Baxp(y1,92)}

IN

Paxp((T1,72) © (Y1, 92))

IN

Thus i 4 g is an anti fuzzy LA-subring of an LA-ring R; x Ry. Now

Baxp((@1,22) 0 (y1,42)) = 1—pal(z1,22) 0 (y1,92))

= 1—pal(y1,y2) o (z1,72))

= Taxs((y1,92) o (1, 22)).

Hence 7i 4 p is an anti fuzzy normal LA-subring of an LA-ring R; x Ra.
Conversely, assume that 7i 4 5 and yaxp are anti fuzzy normal LA-subrings of an LA-ring

R; x Ry. We have to show that A x B = (uaxp,Yaxp) is an intuitionistic fuzzy normal
LA-subring of an LA-ring Ry X R5. Now

1= paxp((@1,22) — (y1,92)) = Faxp((@1,22) = (y1,92))
mar{fiayp(T1,22), Baxp(Y1,Y2)}

maz{l — paxp(r1,22), 1 — paxsy1,y2)}
1 —min{paxp(®1,22), paxs(y1,y2)}
Baxp((z1,22) 0 (y1,92))

maz{fisy p(T1,22), laxp(Y1,y2)}

= max{l — paxp(r1,22),1 — paxs(yi,y2)}
1 —min{paxp(®1,22), paxs(y1,92)}-

IN

1—paxs((z1,22) o (Y1,92))

IA
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Thus A X B = (axp,YAxB) is an intuitionistic fuzzy LA-subring of an LA-ring Ry X Rs.
Now
L= paxp((w1,72) 0 (y1,92)) = Taxp((®1,72) 0 (y1,92))
Taxp((y1,y2) 0 (v1,22))
= 1—paxs((y1,y2) o (z1,72)).
Hence A x B = (uaxB,Yaxp) is an intuitionistic fuzzy normal LA-subring of an LA-ring
R1 X RQ. | ]

Lemma 2.17. Let A and B be intuitionistic fuzzy sets of LA-rings Ry and Ry with left
identities e and es, respectively. If A x B is an intuitionistic fuzzy LA-subring of an LA-ring
Ry X Ry, then at least one of the following two statements must hold.

(i) pa (z) < pp (e2) and ya (z) = vp (e2) for all x € Ry.

(i) pp (x) < pa(er) and v (z) = va (e1) for all z € R.

Proof. Let A X B be an intuitionistic fuzzy LA-subring of an LA-ring Ry x Rs. By contrapo-
sition, suppose that none of the statements (i) and (i¢) holds. Then we can find @ and b in
R1 and R,, respectively such that
prala) > pp(e2) and va(a) < 5 (e2),
pp (b) > pa(er) and v (b) <va(er).

Thus we have

paxs(a,b) = min{pa(a),ns(b)}
min{ua(er), pp(e2)}
paxB(er,e2).
maz{vya(a),v5(b)}
maz{ya(e1),vp(e2)}
= 7yaxspl(er,ez).

Y

and yaxp(a,b)

IN

This implies that A x B is not an intuitionistic fuzzy LA-subring of an LA-ring Ry X Rs.
Hence either pa (z) < pp(e2) and 4 (x) > vp (e2), for all x € Ry or up (x) < pa(eq)
and vp () > v4 (e1), for all z € Rs. -

3. DIREcT PropucT OF FINITE INTUITIONISTIC FUzZzZY NORMAL LA-
SUBRINGS

In this section, we define the direct product of intuitionistic fuzzy sets A1, Ao, ..., A,
of LA-rings Ri, Ra,..., R,, respectively and examine the some fundamental properties of
direct product of intuitionistic fuzzy normal LA-subrings of an LA-ring Ry X Ry X ... X R,,.

Let 1, pto, ..., ity be fuzzy subsets of LA-rings Ry, Ro, ..., R,,, respectively. The direct prod-
uct of fuzzy subsets p1, pio, ..., pty, of LA-rings Ry, Ro, ..., R, respectively, is denoted by p; X
Lo X ... Xy, and defined by (1 X o X ... X i ) (21, T2, ooy ) = min{p1 (1), po (22) 5 ..y pin(z0) }-

A fuzzy subset pq X po X ... X p, of an LA-ring Ry X Ro X ... X Ry, is said to be a fuzzy
LA-subring of Ry X Ry X ... X R, if

(1) (p1 X p2 X oo X i) (@ —y) = man{ (py X pg X oo X ) (2), (p1 X pi2 X oo X 1) () }5
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(2) (1 X p2 X oo X i) (@y) = min{(p X pra X oo X py ) (), (1 X prz X oo X ) (y) } for
all z = (21,22, .oy ) s ¥ = (Y1,Y2, -+, Yn) € R1 X Rg X ... X Ry,.

A fuzzy subset py X po X ... X pp, of an LA-ring R; X Ry X ... X R,, is said to be an anti
fuzzy LA-subring of Ry X Rg X ... X Ry, if

(1) (pa x pz X oo X pan) (@ — y) < max{(p1 X p2 X oo X i) (@), (1 X piz X oo X pin) () },

(2) (1 X p2 X oo X ) (2y) < maa{(pn X p2 X oo X pin)(2), (1 X p2 X oo X 1) (y) } for
all z = (z1,22, oy ) s ¥ = (Y1,Y2, -+, Yn) € R1 X Rg X ... X Ry,.

A fuzzy LA-subring of an LA-ring R; X Ry X ... X R, is said to be a fuzzy normal LA-
subring of Ry X Rg X ... X Ry if (1 X pro X oo X i) (zy) = (1 X po X ... X pp)(yzx) for all
= (21,22, .., Tn), Y = (Y1,Y2, -y Yn) € R1 X Rg X ... X R,,. Similarly for anti fuzzy normal
LA-subring.

Let Ay, Ao, ..., A, be intuitionistic fuzzy sets of LA-rings Ry, R, ..., R, respectively. The
direct product of intuitionistic fuzzy sets Ay, A, ..., A, is denoted by A = Ay X Ay X ... X A,
and defined by 4; x Az x ... x A, = {(z,pa(x),va(x)) | for all z = (x1,22,...,2,) €
R; X Ry X ... X Ry}, where

min{a, (22), oy (52), o i, (22}
and ’}/A1><A2><“_><An($1,$2,...,In) = max{fyAl(xl)vaAz(xQ)a'~-a7An(xﬂ)}'

HA;xAsx...xAp (xhx% 7$n)

An intuitionistic fuzzy set (IFS) A1 X Ag X ... X Ay, = (A xAgx...x Ay s VAL X Anx... x A, )
of an LA-ring Ry X Ry X ... X R,, is said to be an intuitionistic fuzzy LA-subring (IFLSR) of
Ri X Ry X ... x R, if

(1) HALx Az x...x Ay, (r—y) > min{:uAIXAZX---XAn (x)v,uAlezxmxAn W)},

(2) MAlegx...xAn(xy) > min{,UAlezx...xAn(l’)aﬂAl ><A2><...><An(y)}7

(3) YAyxAsx..xA, (T —y) S mar{ya,;x Ayx..x A, (T), YA, x Asx..x A, (Y) }

( ) VA1 XA X... X Ap (xy) < max{'YAl><A2><‘..><An(m)>'7A1><A2><H.><An(y)}7
for all x = (1‘1,.’132, ey & ) (yl,yg, ,yn) c Rl X RQ X ... X Rn

An intuitionistic fuzzy LA subring Ay X Ag X ... X Ap = (WA xAox...x Aps VA1 X Az x... x Ay, )
of an LA-ring Ry X Ra X ... X R, is said to be an intuitionistic fuzzy normal LA-subring
(IFNLSR) of Ry X Ra X ... X R, if

(1) pa;xAsx..xA, (TY) = LA, x Ay x..x A, (YT)

(2) YA xAs x4, (TY) = YArx Aox...x A, (yx) forallz = (21,22, ..., 20) , ¥ = (Y1, Y25 -1 Yn)
€ER xRy x..xR,.

Let A; x Ay X ... X A,, be a non-empty subset of an LA-ring R = Ry X Rs X ... x R,,. The
intuitionistic characteristic function of A = A; x Ay x ... x A,, is denoted by x4 = (Ly s Vxa)
and defined by

X

(z) = lifze A and () = Difze A
xal = 0ifz ¢ A Ta = 1ifae A

In [21], if Ry and Ro are LA-rings, then the direct product Ry x Rs of Ry and Ry is an LA-
ring with pointwise addition ‘+’ and multiplication ‘o’ defined as (a,b)+(c,d) = (a + ¢, b+ d)
and (a,b)o(c,d) = (ac,bd) , respectively for every (a,b) , (c,d) € Ry x Ry. Likewise the direct
product R = x,_, R; of a family of LA-rings {R; : i € Q} has the structure of an LA-ring
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with the operations of addition and multiplication defined as

a+b = (a1,as,as,...)+ (b1, ba,bs,...)
e (a1 —|—b1,a2—|—b2,a3—|—b3,...)
andaob = (a1,as,as,...)o (by,ba,bs,...)
= (albl,agb%agbg,...).

for all a = (al,ag, ...,an),b = (bhbg,...,bn) € R.

Lemma 3.1. If Ay, Ao, ..., A,, are LA-subrings of LA-rings Ry, Ro, ..., Ry, respectively, then
Ay x Ay X ... x Ay is an LA-subring of an LA-ring Ry X R X ... X R,, under the same operations
defined as in [21].

Proof. Straight forward. n

Theorem 3.2. Let Ay, As,..., A, be LA-subrings of LA-rings Ry, R, ..., R,,, respectively.
Then Ay x As X ... X A, is an LA-subring of an LA-ring Ry X Ry X ... X R, if and only if
the intuitionistic characteristic function xa = (fiy,.,Vxa) Of A = A1 X Ag X ... X A, is an
intuitionistic fuzzy normal LA-subring of an LA-ring Ry X Rg X ... X R,,.

Proof. Let A= A1 x As x ... x A, be an LA-subring of an LA-ring Ry X Ry X ... X R,, and
a = (al,ag, ...7an),b = (bl,bg7 ,bn) ERXRox.. xRy Ifa,be A=Ay x Ay x ... X Ay,
then by definition of intuitionistic characteristic function p, , (a) =1 = p,, (b) and 7y, (a) =
0=y, (b). Since a — b and ab € A, A being an LA-subring. This implies that

NXA(a_b) = 1:1/\1:MXA(G)/\MXA(I)>7
fxa(ab) = 1=1A1=py, (a) A py,(b),
Yxala—=b) = 0=0V0=ry,(a)Vry,D),
Yxalab) = 0=0V0=r,(a)Vry,(b).
Thus
Pxala—b) = min{py,(a), iy, (b)},
fxa(ab) > min{py (@), py, (D)},
Txa (a -b) < mam{’YXA (a)7 Txa (b)}’
Txa (ab) < mam{'VXA (a), Vxa (b)}
As ab and ba € A, so py,(ab) = 1 = p,,(ba) and v, ,(ab) = 0 = 7,,(ba), ie.,

iy 4 (ab) = iy, (ba) and 7y, (ab) = 7y, (ba). Similarly, we have

Pxala—=1b) = min{py,(a), pix, (D)}, tixa(ab) > min{py (), py. (D)},
Vxa (a -b) < max{'VXA (a)’ Txa (b)}7 Txa (ab) < max{fYXA (a)7 Vxa (b)}’
Hxa (ab) = Hxa (ba)a Yxa (ab) = Txa (ba)v

when a,b ¢ A. Hence the intuitionistic characteristic function x4 = {(ty,,7y.) of A =
Ay X Ay X ...x A, is an intuitionistic fuzzy normal LA-subring of an LA-ring Ry X Ro X ... X R,,.
Conversely, suppose that the intuitionistic characteristic function x4 = (fty ., Vya) of A =
Ay X Ag X ...x Ay is an intuitionistic fuzzy normal LA-subring of an LA-ring Ry X Ro X ... X R,,.
We have to show that
A=Ay x Ay x ... x A, is an LA-subring of an LA-ring Ry X Ry X ... X R,,. Let a,b € A,
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where a = (ai1,a,...,a,) and b = (b1, bs,...,b,), then by definition p,,(a) =1 = py,(b)
and 7, , (a) = 0 =, (b). By our supposition

Pxala—=0) = py,(a) Apy, (b)) =1A1=1,
txalab) = pyu(a) Apy, () =1A1=1,
Yxala=b) < ’VXA(G)VVXA(b):OVO—Oa
Yxalab) < Yya(a) Vg, () =0V0=0

Thus 1y, (a —b) =1 = py,(ab) and vy, (a —b) = 0 = v, (ab), i.e., a — b and ab € A.
Hence A = A; x Ay X ... X A, is an LA-subring of an LA-ring Ry X Ry X ... X R,,. [

Lemma 3.3. If A= A; X Ay X ... Xx A, and B = By X By X ... X B,, are two LA-subrings
of an LA-ring Ry X Ry X ... X R, then their intersection AN B is also an LA-subring of an
LA-ring Ry X Ry X ... X R,,.

Proof. Straight forward. n

Theorem 3.4. Let A= A; X Ay x ... X A, and B = B X By x ... X B, be two LA-subrings
of an LA-ring Ry X Ry X ... Xx R,,. Then AN B is an LA-subring of Ri X Ry X ... X R,, if
and only if the intuitionistic characteristic function Xz = (b, Vxz) of Z = AN B is an
intuitionistic fuzzy normal LA-subring of an LA-ring Ry X Ry X ... X R,,.

Proof. Let Z = AN B be an LA-subring of an LA-ring Ry X Ry X ... X R, and a =
(a1,a2,...;a,),b=(b1,b1,...,b,,) € RiXRaX...X Ry,. If a,b € Z = AN B, then by definition
of intuitionistic characteristic function 1, , (a) =1 = p,, (b) and 7., (a) = 0 = 7, (b). Since
a—band ab € Z, Z being an LA-subring. This implies that

bxz(@a—=0) = 1=1A1=py,(a) A py, (b),
fxz(ab) = 1=1A1=py,(a)A py,(b),
Yxzl@a=b) = 0=0V0=r,(a)Vyy, (),
Yxz(@b) = 0=0V0=",(a)Vyy,(b).
Thus
txz(a—b) = min{py,(a), y, (D)},
fixz (ab) = min{py, (a), py, (b))
Yxz(a—b) < max{yy,(a), 7y, ()},
Yxz(ab) < maz{yy,(a), v, ()}

As ab and ba € Z, this means that pu,, (ab) =1 = p,,(ba) and v, , (ab) = 0 = v, , (ba),
i.e., ty,(ab) = 1y, (ba) and v, , (ab) = 7, (ba). Similarly, we have

pixz(@=b) = min{uy,(a), iy, (0)}, py,(ab) = min{py, (), py, (0)},
Yxz(a=b) < maz{yy,(a), 1, ()}, Yxz(ab) < max{yy,(a), 1y, ()},
Yxz(ab) = vy, (ba), vy, (ab) = vy, (ba),
when a,b ¢ Z. Hence the intuitionistic characteristic function xz = (ty,,vx5) of Z is an
intuitionistic fuzzy normal LA-subring of an LA-ring Ry X Ry X ... X R,,.

Conversely, assume that the intuitionistic characteristic function xz = (ty,,Vy,) of Z =
AN B is an intuitionistic fuzzy normal LA-subring of an LA-ring R; X Ry X ... X R,. Let
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a,b € Z = AN B, then by definition i, ,(a) =1 = p,,(b) and vy, (a) =0 = vy, (b). By
our assumption

xz(a—=0) = iy (@) Ay, (b)) =1A1=1,
fxz(ab) = py (@) Apiy, (b)) =1A1=1,
Txz(@a=b) < yz(a) V(b)) =0V0=0,
Yxz(ab) < Yz (a) VA, (b)) =0V0 =0

Thus gy, (a —b) =1 = p,,(ab) and v, (a —b) =0 = ~,,(ab), i.e., a —b and ab € Z.
Hence Z is an LA-subring of an LA-ring R; X Ry X ... X R,,. n

Corollary 3.5. Let {B;}icr = {Ain X Aiz X ... X Ain},c; be a family of LA-subrings of an
LA-ring Ry X Ro X ... X R,,. Then B = NB; is an LA-subring of an LA-ring Ry X Ro X ... X R, if
and only if the intuitionistic characteristic function xp = (liyp,Vxgs) Of B = NB; is an
intuitionistic fuzzy normal LA-subring of an LA-ring R1 X Ra X ... X R,,.

Theorem 3.6. I[fA= A1 x Ay x...x A, and B = By X By X ... X B,, are two intuitionistic
fuzzy normal LA-subrings of an LA-ring Ry X Ro X ... X R,,, then their intersection AN B is
also an intuitionistic fuzzy normal LA-subring of an LA-ring R1 X Ra X ... X R,,.

Proof. Let A = Ay x Ay x ... x Ay = {((@), pa, x Ayx..x A, (@), YAy xAsx...xa(a)) | for all
a=(a1,az,...,a,) € Ry X Ry X ... x R,} and
B = Bl X B2 X ... X Bn = {((6)7,uleBzx...xBn(b)a’Yleng...xBn,(b)) | for all b =
(b1,b2,...,b,) € Ry X Ry X ... X R, } be two intuitionistic fuzzy normal LA-subrings of an
LA-ring R1 X Ro X ... X R,,.

Let Z=ANBand Z = {((2),puz(2),72(2)) | for all z = (z1,22,...,2,) € Ry X Ry X
... X Ry}, where

pz (21,22, 2n) = HanB(21,22; - 2n)
min{.u’A(Zla 225 eeny Zn)a /U‘B(Zla 22y eeey Zn)}
’}/AOB(Zla 2y euny Zn)

= max{va(z1, 22, .., 2n), YB(21, 225 oy Zn) }

and vz(z1, 22, .-, Zn)

Let z = (21, Zn, oy 20 ), W = (W1, W2, ..., wy,) € Ry X Ry X ... X R,,. Now

pz(z—w) = pz(z—w)=min{ps(z —w),up(z —w)}
{ra(z) A pa(w)} AMpp(2) App(w)}

= pa(z) ANMpa(w) App(2)} A pp(w)

= (

(

Y

pa(z) AMps(2) A pa(w)} A pp(w)
= {pa(2) App(2)} Apa(w) A pp(w)}
= min{pans(2), pans(w)}
min{pz(z), pnz(w)}
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and

pz(zow) = pz(zow)=min{pa(zow),up(zow)}
{na(z) A pa(w)} AMps(z) A pp(w)}
pa(2) Apa(w) A ps(2)} A ps(w)
pa(z) AMpp(z) A pa(w)} A pp(w)
{na(z) Aps(2)} AMpa(w) A pp(w)}
mm{ﬂAmB (Z)a HANB (w)}

= min{pz(2), pz(w)}.

[ [ (I VA

Thus

wz((21, 22, ooy 2n) — (W1, Wwa, ...y wy))

Z min{ﬂZ(ZhZQ,...,Zn)7MZ(UJ1,IU2,...,wn)}
and pz((z1, 22, ..y 2n) © (W1, Wa, ..., wy))
> min{uz (21,22, ..., 2n), bz (W1, we, ..., wy) }.

Similarly, we have

vz (21, 22, ooy 2n) — (W1, Wa, ..., wy))
< max{yz(z1,22, -, 2n), Yz (W1, Wa, ...;wy) }
and vz ((21, 22, .., Zn) © (W1, Wa, ..., wy))
< max{yz(z1,22, .., 2n), Yz (W1, Wa, ...y wy ) }.
Thus Z = (uz,7z) is an intuitionistic fuzzy LA-subring of an LA-ring R; X Ry X ... X R,,.
Now
pz((21, 22, <oy 2n) © (W1, Wa, ooy wy,))
anB(z1w1, 22Ws, ..., ZnWy)
= min{pa(z1w1, 2oWs, ..., 2pWy ), kB (21W1, 20Wa, ..., ZnWy ) }
min{pa(wyz1, Waza, ...y Wn2p), b (W121, W32, oy Wy 2n) }
panp (W21, Wazg, ..., WnZn)

= pz((wi,wa, ..., wy) 0 (21,22, ..y 2n))-

Similarly,

’YZ((ZM 22y eeey Zn) © (wla w2, awn))
= ’}/Z((wl,wg,...7wn) © (21,22,...,2,’”)).

Hence Z = AN B is an intuitionistic fuzzy normal LA-subring of an LA-ring R; X Rg X
.. X R,,. n

Corollary 3.7. If {B;}icr = {Ai1 X A2 X ... X Ain};c; is a family of intuitionistic fuzzy
normal LA-subrings of an LA-ring Ry X Ry X ... X R,,, then B = NB; is also an intuitionistic
fuzzy normal LA-subring of an LA-ring Ry X Ra X ... X R,,.

Proposition 3.8. Ifan IFS Ay x Ay X ... X A, is an intuitionistic fuzzy normal LA-subring of
an LA-ring R1 X Ry X ... X Ry, then Ay X Ag X ... X Ap = (A x Asx...x Ans A, x Apx...x A,,)
and QAL X Ag X ... X Ay = (Fa,xAyx..xA, > VA1 xAsx...x A, ) are also intuitionistic fuzzy
normal LA-subrings of an LA-ring Ry X Ro X ... X R,,.
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Proof. Let A1 x Ay X ... X A, be an intuitionistic fuzzy normal LA-subring of an LA-ring
Ry X Ry X ... Xx R,,. We have to show that

OA; x Ag X ... X A, is also an intuitionistic fuzzy normal LA-subring of an LA-ring Ry x
Ry x ... x R,,. Now

ﬁAlezx.‘.xAn((xlﬂx% ﬂxn) - (y17y27 »yn))
1-— /LA1><A2><...><A,,<(xlax27 "'73777,) - (y17y27 7yn))

< 1 —min{pa; xAsx...x Ay (T1, T2, ooy Tn )y LA, x Ag . x Ap (Y15 Y25 s Yn ) }
= max {1l — pa,xAsx..x A, (1, T2, Tn), L — fayx Asx..x An (Y1 Y25 oy Yn) }
= max{lia, xa,x. xA, (T1, 25 0 Tn ) Ta s Ay x A, (Y1, Y25 o, Un) }-
and Ta, w a,x..xa, (T1, 2, s Tn) © (Y1, Y25 o, Yn))
= 1 —pra,xasx..xA, (21,22, ..., 00) © (Y1, Y25 s Yn))
< 1= min {pa, x Asx..x An (T1, 2,5 oy T )5 Ay x Ag o x A (Y1, Y25 s Un) }

max {1 —HA; X Asx...XAp, (1’1,£C2, ceey xn)a 1- KA xAsx...xAp (y1»y2v 7yn)}

MAT{TA, % Ayx.. x A, (L1025 s Tn)s ThA s Ag .. x A, (Y15 Y25 o0y Yn) }-

Thus A} x Ay X ... X Ay = (1A, x Ayx...x A BA, x Ay x...x A, ) IS an intuitionistic fuzzy
LA-subring of an LA-ring Ry X Ry X ... X R,,. Now

= [fa, ><A2><..A><An((x17x2a ooy xn) © (y17y27 ayn))
1- HA; XAgX...XA,L((xla-T27 ,.’I}n) © (yhy?» ,yn))
1-— HA, ><A2><...><An((y17y27 7yn) o (xla x2, ,.’En))

= ﬁAl ><A2><...><An((y1?y27 7yn) © (x17x27 71'7,))

Hence 0JA; X Ay X ... X Ay = (A, x Ay x...x Ans A, x Ayx...x A, ) 1S an intuitionistic fuzzy
normal LA-subring of an LA-ring Ry X Ry X ... X R,,. n

Corollary 3.9. An IFS Ay x Ay X ... X A, is an intuitionistic fuzzy normal LA-subring of an
LA-ring Ry X Ry X ... X Ry, ifand only if JAy X Ay X ... X A, and QA1 X Ay X ... X A, are
intuitionistic fuzzy normal LA-subrings of an LA-ring Ry X Rg X ... X R,,.

Theorem 3.10. An IFS A1 X As X ... X Ap = (A xAgx...xAys VAL xAsx...x A, ) 1S an
intuitionistic fuzzy normal LA-subring of an LA-ring Ry X Ry X ... X R,, if and only if the
fuzzy subsets j1a, x Ay x..x A, and ¥ 4, x a,x .. xa, are fuzzy normal LA-subrings of an LA-ring
Rl X R2 X ... X Rn

Proof. Let A1 X Ag X ... X Ap = (LA, x Asx...x An» VA1 x Asx...x A, ) be an intuitionistic fuzzy
normal LA-subring of an LA-ring Ry X Ry X ... X Ry, this implies that pt4, x 4,x...x 4, is fuzzy
normal LA-subring of an LA-ring Ry X Ry X ... X R,,. We have to show that
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VA xAyx...xA, 1S also a fuzzy normal LA-subring of an LA-ring Ry X Ry x ... X R,,. Now

1LY

AV

Ay Asx...x A, (T1, 22, s Tn) = (Y1,Y2, s Yn))

L= YA, xAsx..xA, (21,2, s ) — (Y1, Y2, -0, Yn))

L — maz{ YA, x Ao x...x Ap (T1, 825 ooy Tn )y YA x Ao oo x A (Y1, Y25 s Un) }
min{l — VA1 XA X...XAp (xla T2, ~~~;xn)7 1 —va,x4,%x..xA4, (yhyz, -~-ayn)}
MIN{T A, 5 Ay A, (T15 T2, s T )y T Ay s Ag . x A, (Y1, Y25 o0y Yn) }-

and Y A, ><A2><...><An((xl’x2a e xn) © (ylyy2a ey Un))

1- 'YA1><A2><.A.><ATL(($17$27 7wn) © (ylyy% 7yn))

L — maz{YA; x Ao x...x A (T1, T2y ooy Tn ), YA x Ao o x Ay (Y1, Y2, -0y Yn) }
min{l — YA, x Ay x...x A, (X1, 25 oy T ), 1= YA, x Ay x.o.x Ay (Y15 Y25 o Yn )

min{WAl XAgX...XAp (xl’x% "-’xn)vﬁAl XAaX...X Ay, (Y1, 2, 7yn)}

Thus ¥4, « a,x...xa, i a fuzzy LA-subring of an LA-ring Ry X Ry x ... X R,,. Now

7A1><A2><...><An((x1’$27"'71‘71) © (ylay2>--~ayn))
= 1- ’YA1><A2><‘.A><ATL((55173727 71;71) o (yluy27 7yn))
= 1- YA, ><A2><...><An((y17y2a ooy yn) © (1'1»1'23 ey xn))

= 7441 ><A2><...><An((y17y2a ayn) © (1'13 T2, ,l'n))

Hence 54,y a,x...xa, is a fuzzy normal LA-subring of an LA-ring Ry x Ry X ... X R,.
Conversely, suppose that 14, x A;x...xA, and Y4, x4, x.. . xa, are fuzzy normal LA-subrings
of an LA-ring Ry X Ry X ... X R,,. We have to show that
Ay X A X oo X Ay, = (LA, x Ao x...x Ay s YAy x Az x...x A,,) IS an intuitionistic fuzzy normal LA-
subring of an LA-ring Ry X Ry X ... X R,,. Now

vl

Y

L= yay xAgxx A, ((T1, T2, ooy Tn) — (Y1, Y2, -0, Yn))
7A1><A2><...><An((x1’x27 7xn) - (91,y2, ayn))

AT A, % Ay ... x Ay (T15 T2, s Tn )y T Ay x A ... x Ay (Y15 Y25 o5 Yn)

min{l — YA xAax... XA, (171, x2, -~-,x7l), 1-— YA xAgx...x A, (y17y2, ceny yn)}
1 — maz{ya, x Apx...x Ay (T1, 225 ooy T ), YA, x Ag oo x An (Y1, Y25 s Yn) -
and 1 —ya, ><A2><...><An((x171'2, »xn) © (y17y2, ooy yn))

VA x Asx.oox An (1,82, -, Tn) © (Y1, Y2, -, Yn))
min{VAl><A2><...><An(x1v$27"'vxn)vWAlegx...xAn(ylay27"'7yn)}

ANl — YA, x Ay x .. x A, (1,82, s T )y L= YA, x Ay x. x A, (Y1, Y25 s Yn) }
1- mam{'VAl XAaX...X An (xlv-T% ~-~axn)»'VAI><A2><‘..><A71 (ylvy% 7yn)}

Thus A1 X A2 X .. X Ay, = (HA;xAsx...x A, s YA xAsx...x A, ) 1S an intuitionistic fuzzy
LA-subring of an LA-ring Ry X Ry X ... X R,,. Now

=74, x Ao x..x A, (1, T2, 0y T ) © (Y1, Y25 oy Yn))
= 7A1><A2><H.><An((x17 T2, 00 Tn) © (Y1, Y25 s Yn))
= Ya,xasx..xA, (Y1,Y2, 3 Yn) 0 (T1, T2, ..., Tp))
= 1= va,xa0x.xA, (Y1,Y2, s Yn) © (T1, T2, s Tn))-
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Hence A1 X As X ... X Ay = (LA, xAyx...x A, YA xAsx...x A, ) IS an intuitionistic fuzzy
normal LA-subring of an LA-ring Ry X Ry X ... X R,,. [

Theorem 3.11. An IFS A1 X As X ... X Ay = (HA;xAsx...xAns VAL xAsx...x A, ) IS an
intuitionistic fuzzy normal LA-subring of an LA-ring Ry X Ry X ... X R,, if and only if the fuzzy
subsets Tl « ayx.. xA, 3nd YA, xAyx...xA, are anti fuzzy normal LA-subrings of an LA-ring
Ri X Ry X ... X R,,.

Proof. Let A1 X Ay X ... X Ap = (A, xAgx...x A, s YA x Asx...x A, ) D€ an intuitionistic fuzzy
normal LA-subring of an LA-ring Ry X Ry X ... X R,,, this means that 74,x4,x...x4,, IS an
anti fuzzy normal LA-subring of an LA-ring Ry X Ry X ... X R,. We have to show that

A, xAyx..xA, IS also an anti fuzzy normal LA-subring of an LA-ring Ry x Ry X ... X R,.
Now

A, % Asx.. x A, (T1, 22,00y Tn) — (Y1, Y2, -0, Un))
- 1-— ,UA1><A2><...><A7L(('I17I27 7xn) - (ylay27 7yn))

< L= min{pa; x Ay x...x A, (T1, T2, oy T )y AL x Agx oo x Ay (Y15 Y25 s Un) }
= maw{l —HAI XAsX...XAp (-75171'2; vy CUn)a 1—pa xa,%...x4, (y1>y2, ,yn)}
= mar{fia, xa,x.. xA, (T1, 02 s Tn)s A s Ay x A, (Y1, Y25 -0y Yn) }-
and Tia, x ayx.. x4, (Z1, T2, s Tn) © (Y1, Y25 -, Yn)
= 1= pa,xa,x...xa,(T1,T2, -, Zn) © (Y1,Y2;5 -, Yn))
< 1 =min{pa; x Ay x...x A, (T1, T2, o T )y AL x Apxoox Ay (Y15 Y25 s Un) }

ma:c{l —MHA; X Asx...XAp (1'17552; ceey xn)a 1- KA xAsx...xAp (y1»y2v 7yn)}
= max{ﬁAl XAgX...X Ay (131,$2, "'7$7L)7ﬁA1 XAaX...X Ay, (y17y27 ayn)}

Thus 714, « a,%.. x4, IS an anti fuzzy LA-subring of an LA-ring Ry X Ra X ... X R;,. Now

ﬁAl ><A2><...><A,L((x17x2ﬂ 3] xn) © (yl7y27 7yn))
= 1- MAlezx...xAn((xlax% 7xn) © (ylayQ, ,yn))
= 1= pra,xasx...xA, (Y1, Y25 s Yn) © (21,22, s )
= Tayxasx..x A, (Y1:Y25 s Yn) 0 (T1, 2, s Tp)).
Hence 714, « 4, x... x4, is an anti fuzzy normal LA-subring of an LA-ring Ry x Ry X ... X R,,.
Conversely, assume that 7i4, y a,x. x4, and Ya,xAa,x..xA, are anti fuzzy normal LA-
subrings of an LA-ring Ry X Ry X ... X R,,. We have to show that
Ay X Ao X oo X Ay = (A, x Agx...x A s YA x Az x...x A,,) IS an intuitionistic fuzzy normal LA-
subring of an LA-ring R; X Ry X ... X R,,. Now
L= pa, xAsx..x A, (T1, T2, s Tn) — (Y1, Y255 Un))
Ha, ><A2><..4><An(($1a L2, 75571) - (yl,y2, 7y’ﬂ))
max{ﬁAlezxmxAn(xlvx%"'7mn)vﬁAlezx...xAn(ylvy27~~~7yn)}
mal'{l T HA;xAsx... XA, (x1,172; ey xn), 1—pa, xa,%...xA, (yl,yz, ---ayn)}
L= min{pa, x Ay x...x A, (1,2, ooy Tn) s LAy x Ag .. x Ay (Y15 Y25 s Un) }-

IA
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and

L —pra;xAsx...xA, (21,2, . 0) © (Y1, Y25 -3 Yn))

ﬁAl ><A2><...><A,,L((x1a T2, 7$n) © (yla Y2, ayn))

MaT{T A, % Ay x A, (L1 T2 s Tn)s ThA s Ap .. x Ay, (Y15 Y25 s Yn ) b

= mar{l — pa,x Ayx..x A, (T1, T2, c0s T ), T — pA; Ay x..x A, (Y1, Y25 o5 Yn) }

= 1 - min{/j/Al ><A2><.4.><An (xlax27 "'axn)7MA1 ><A2><4..><An (yl?yQ? ayn)}

IA

Thus A1 X A2 X .. X Ay, = (HA;xAsx...x A, s YA x Asx...x A, ) 1S an intuitionistic fuzzy
LA-subring of an LA-ring R; X Ry X ... X R,,. Now

1—pa, ><A2><...><An((x1;x27 7xn) © (y1, Y2, 7yn))
FaysAsx..x A, (Z1, T2, ., T0) © (Y1, Y2, - Yn))

= Ta,xasx.xA, (U1:Y25 s Yn) 0 (T1, T2, s Tn))
1 — pay g x An (Y1592, -y Un) © (21, T2, oy 2p)).

Hence A1 X Az X ... X Ay = (A, xAyx...x A, > VAL x Asx...x A, ) IS an intuitionistic fuzzy
normal LA-subring of an LA-ring Ry X Ro X ... X R,,. [ ]

Proposition 3.12. Let A= A1 x Ay X...x A, and B = By X By X ... X B,, be intuitionistic
fuzzy sets of LA-rings R = Ry X Rg X ... X R, and R' = R} x R}, X ... x R], with left identities
e = (e1,ea,...,en) and e’ = (e1/,eal, ..., eyl), respectively. If A x B is an intuitionistic fuzzy
LA-subring of an LA-ring R x R’, then at least one of the following two statements must hold.
(1) pa (x) < i (¢/) and 74 () > 75 (€), for all 2 € R.
(#3) pup () < pa(e) and yp (x) > va(e), forallxz € R'.

Proof. Let Ax B be an intuitionistic fuzzy LA-subring of an LA-ring R x R/. By contraposition,
suppose that none of the statements (¢) and (i) holds. Then we can find @ and b in R and
R/, respectively such that

pa(a) > pp(e’) and ya (a) < vp(€),
pe () = pale) and yp (b) < val(e).
Thus
paxp(a,b) = min{pa(a), np(b)}
> min{pale), up(e’)}
= paxspl(ee)
and vaxp(a,b) = max{ya(a),v5(b)}
< maz{yale),vp(e')}
= yaxgp(e ).

This implies that A x B is not an intuitionistic fuzzy LA-subring of an LA-ring R x R’.
Hence either 4 (z) < pup(¢/) and va4 (x) > g (€¢'), for all z € Ry or pup (x) < pa (e) and
vB (x) > v4 (e), for all z € Rs. m

Theorem 3.13. Let A = A; x Ay x ... x A,, and B = B; x By x ... X B,, be intuitionistic
fuzzy sets of LA-rings R = Ry X Ry X ... X R,, and R’ = R} x R}, X ... X R), with left identities
e=(e1,e9,....,en) and e’ = (e1/, eal, ..., en!), respectively and A x B is an intuitionistic fuzzy
normal LA-subring of an LA-ring R x R’. Then the following conditions are true.
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(0) If pa(z) < pp(e') and va (z) > vp ('), for all x € R, then A is an intuitionistic
fuzzy normal LA-subring of R.

(i) If ug (2') < pa(e) and v (') > va (e), for all ¥’ € R’, then B is an intuitionistic
fuzzy normal LA-subring of R'.

Proof. Let pa(z) < pp(€e') and v4 () > vy (€’) for all x € R, and y € R. We have to
show that A is an intuitionistic fuzzy normal LA-subring of an LA-ring R. Now

pa(z —y)

and

pa(zy)

Similarly, we have

V2 | | | |

vl

pa(z+ (—y))
min{pa(r + (=y)), pp(e’ + (=€)}
paxp(@ +(=y), e + (=€)
MAXB(@cv e/) + (_y’ _e/))
paxp((z,e) = (y,€))
#AxB(L 6/) A /LAXB(yv 6/)
min{min{pa(x), ()}, min{pa(y), pp(e)}}
pa(@) A pa(y)
min{pa(zy), up(e'e’)}
paxs(zy,e'e)
paxp((z,e') o (y,€))
paxs(z,e’) A paxs(y,e)
min{min{pa(z), up(e’)}, min{pa(y), p(e)}}
pa(z) A paly).

va(x —y) < maz{ya(z),7a(y)} and va(zy) < maz{ya(z),7a(y)}-
Thus A is an intuitionistic fuzzy LA-subring of an LA-ring R. Now

!

palzy) = min{pa(zy), pp(ee’)}
fraxp (ry,e'e’)

= HAXB((xaG/)O(yve/))
praxs ((y,€) o (z,¢))
paxs(yz,e'e)
min{pa(yz), pp(e'e’)}
= pa(yz).

Similarly, vg(xy) = vp(yz). Hence A is an intuitionistic fuzzy normal LA-subring of
an LA-ring R. (i7), is same as (7). L]
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