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1. INTRODUCTION AND DEFINITIONS

In [1], the I'(1r) Gamma function is defined as follows

I(p) = /Ooo e~ dE, R(p) > 0. (1.1)

Let N and C be the set of natural and complex numbers, the Pochhammer symbol (1)
is given by

(1) = Plpt+n) [ pp+D)(p+2)...(n+k=1), peC\{0}keN; (12)
I'(p) 1, ne C\{0},k =0, '
and
_1)n
(u)_k:Q,(M#O,il,izia...,vu>k:;k€N). (1.3)
(1= )k
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Following abbreviated notations to recall the investigation are needed in [1, 2]. We write
(et =p(p+ D = (p+ k) (1),

(1 = (0= i £ 1,

(1 + 1 =(1 + z> (1) e # 0, (1.4)

1 k 1
S 1+];N¢1,0,1,2,....
(b= 1)k { p=1] (e
For n,k € N and v satisfy the condition in (1.3), we have

(Wnsk =) (s +n)e = (Wr(p + k)n,

(V)n—k M’O <k<n. (1.5)

Definition 1.1. The Horn hypergeometric functions Hy, Hs, Hs, Hy, Hs, Hg and Hy
are defined as [ [1], page 56, Egs. (25)-(27), page 57, Eqgs. (28)-(31), [2], page 225, Eqgs.
(13)-(19), [3]]

- (a)m—n(ﬁ)m-i-n('}/)n m.mn
H 767 767 ) = X s
e Pioiy m,zn;o (0)mmln! ' (1.6)

(|z| <7 |y| < s,4rs = (s —1)%,6 #0,—1,—2,..., a satisfies condition (1.5)),

Hy(a, 8,7, 0 60,y) = Y (a)mfn(ﬂ)mW)”(é)”xmy"

In! ’
{"’":O (6)mm!n! (L)
(le| <7yl <s,—r+ L= 1,e #0,—1,-2,..., « satisfies condition (1.5)),
o (a>2m+n(5)n
H AN — \NTJamaniAT/n om._n
3(047@%3%31) mZn;O (’y)ernm'nl Xy,
T 9 (1.8)
1 1
(|£L'| <, ‘y| <s, 1+ (3_ 2) = Z,’Y 75 0,—-1,-2,.. .)7
— (a)2m+n(ﬁ)n
H4(a7ﬁ;fy;6;xay) = 7)(7”}7",
2, Cn Bt s
(|JJ| < T, |y‘ < 854T = (8 - 1)27775 7é 07 _1a _27 .. -)7
> (a)2m+n(ﬁ)n7m
H «, O] ;x’ = —Xm n’
s@lman) = D T X
’ (1.10)

(x| < 7|yl < 5,1+ 16r% — 36rs & (8r — s + 27rs?) = 0,
v#0,—-1,-2,..., [ satisfies condition (1.5)),
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o0

HG(OZ,B,’Y;-T,y) — Z (a)2m7n<ﬁ)nfm<7)nmen7

Bt nim! (1.11)

(|Jz| <7 |y| < s,8°r + s =1,a, B satisfies condition (1.5))

and
H?(a7ﬂ77;5;$7y) — Z (a)2g;n§§');‘(’7)nxmyn)
m,n=0 mite-1o:

(1.12)
1
(lx| < |yl < s,4r = (; —1)%,6 #£0,—-1,-2,...,« satisfies condition (1.5)).

An integral operator is defined by [4, 5]

A~ 1" 1 /Y
J=- dr +— [ dy. (1.13)
T Jo YJo

Recently, various recursion formulas involving some well known special functions of math-
ematical physics have been developed by way of a quantity of authors. Hypergeometric
series of two variables have been investigated significantly from their mathematical anal-
ysis point of view. Horn essentially identified 34 distinct convergent series. Amongst
them, we have chosen seven Horn series that appear more frequently in an extensive va-
riety of problems in theoretical physics, applied mathematics, chemistry, statistics and
engineering sciences. These connections of Horn hypergeometric functions with various
other research areas have led many researchers to the field of special functions.

Motivated by the work of [6—17], the authors organized the results of the research. The
paper is organized as follows. In Section 2, we discuss the various recursion formulas of
Horn hypergeometric functions with all the parameters. In Section 3, we establish many
differential formulas and differential operators for Horn’s hypergeometric functions. In
Section 4, we obtain some integral formulas of Horn hypergeometric functions. In Section
5, we derive the infinite summation formulas for the functions Hy, Ho, H3, Hy, H5 ,Hg
and H.

2. RECURSION FORMULAS FOR HORN HYPERGEOMETRIC FUNCTIONS H;,
HQ, Hs 7H6 AND H-

Here, we establish an interesting recursion formulas for the Horn hypergeometric func-
tions Hl, HQ, H5 ,HG and H7.

Theorem 2.1. For k € N, the Horn hypergeometric function Hy satisfies the recursion
formulas:

k
Hi(a+k, 8,7;6;2,y) :Hl(a,ﬂ,v;&x,y)+%ZH1(0¢+7’,5+1,7;5+1;I&)

r=1

a 1 (2.1)
- H -2 1 1;0;
va;(a+r—l)(a+r72) atr=2.8+1Ly+1:52,y),

(0#0,a#1—r,a#2—rreN),
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k
Hi(e, B+ k,v;652,9) =H1(a7677;5;x7y)+?ZHl(aﬂLl,ﬂJrnv;éJrl;x,y)

=1 (2.2)

a_lzﬂl —LB+ry+L6a,y),a# 1,0 #0,

Hi(a, 5, v+k¢'5'x y) = Hi(a, B,7;8;2,y)
2.3
+7ZH1a—16+1,7+r5xy)a7é1 23)

and
Hi(a, B, wﬁk'x y) = Hi(o, B,7;0;2,y)

Hq( a—|—1 B+ 1,70 —7+2;2,y) (2.4)
] 5 -1 N.
+afx Z G-nG—r+1) OFETdFr—1,r€

Proof. Referring to the definition H; (1.6) and transformation

(@ Do = @ ").azo (25)

we get the contiguous relation:

X
Hi(a+1,8,v;6;2,y) = Hi(a, B,7; 052, y) + %Hl(mr LB+1,70+ 1;2,y)

-LA+1L,yv+156m,y),0 #0,a#0,a # 1.

TR (26)

ala—1)

Again, we get the function H; with the parameter a+2 by adding this contiguous relation

Hi(a+2,8,v;6;2,y) = Hi(a, B,7;0;2,y) + B;[Hl(aJrl,ﬁJr L,y;0+1;,y)

1
+H1(a+275+177;5+1;w7y)] —ﬁvy[a(al)Hl(a—176+1,7+1;6;x7y) (2.7)
1
+((X—Fl)(lHl(ajﬁ+1”y+l’5’x7y):|7a#_1’071’

Computing the Horn function H; with the numerator parameter o + k for k times, we
obtain (2.1). Using (1.6) and the relation

m-+n

(5 + 1)m+n = (B)ern (1 + B

)75 #0,
we obtain the contiguous function
ax
Hl(aaﬁ+ 1,’7757557?/) = Hl(avﬂa’ﬁ(g;xvy) + THl(a+ 1,ﬁ+ 13’Y;5+ 1,5E,y)

vy (2.8)
+EH1(O‘71aﬂ+177+1757"£ay)7a7é 1367&0
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Repeating the previous step when § = 8+ 1, we get

axr

1)
+ %Hl(a_ 17ﬁ+2a’y+ 1757$7y) :Hl(a7ﬁ77§5§5€71‘/)

Hi(o, B+2,7:0;2,y) =Hi(a, B+ 1,7;0;2,y) + —Hi(a+1,84+2,70+ 1;2,9)

axr
+5{Hl(aJr17B+1,7;5+1;x7y)+H1(a+1,ﬁ+2,7;5+1;x,y)]

a—1

+w[H1(a—1,B+1,v+1;5;1‘,y)+H1(0¢—175+2,7+1;5;$7y)}

By iterating this method on Hy with S + k for k times, we find (2.2).
Using the definition Hy (1.6) and the relation

(v+1)n=(v)n<1+z>,v#0,

we get the contiguous function

Hi(o, 8,7+ 15652, y) = Hi(a, B,7: 052, y)

(2.9)
+ %Hl(a_ 1>B+ 177—"_ 1,6,1‘,2}),0& 7& 1

Repeating the previous relation when v =~ + 1, we get

Hi(a, 8,7+ 2;6;2,y) = Hi(a, B,7;6;2,9)
+% Hi(a =18+ 1Ly+ Loz y) +Hi(a—1,8+1,v+26;2,y).

By iterating this method on H; with v + & for k times, we get (2.3).
Referring to the definition H; (1.6) and the relation

1 1 m
0D~ O TG D@) 7 BOTE TR

we obtain the contiguous function

Hl(aaﬁav;d_ ]-;xvy) = Hl(%ﬁﬁ?&%i‘/)

2.10
((;a_ﬂgf)(;ﬂl(aﬂL1,/3+177;6+1;x,y),5#0,1- (2.10)

+

Repeating the above relation when § = § — 1, we get

Hi(a+1,8+1,v;6 + 1;x,
Hl(a,ﬂ,7;5—2;x7y)=H1(a,ﬂ,7;5;x,y)+aﬁx[ 1 %_1?5 )
1
— H 1 1,7;6; 6 #,0,1,2.
+(6*2)(5*1) 1(Oé+ aﬁ+ » Vs 737,?4)}7 7&’ y 4y
If we apply this contiguous relation for & times for Horn function H; with the denominator
parameter with 6 — k for k times, we get (2.4). (]

Here, we establish several recursion formulas for Horn functions Hs, Hs, Hg and H-.
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Theorem 2.2. The Horn function Ha satisfy the recursion formulas
Hg(Oé + kaa,% 6a €T, y) = H2(a7677a 57 €] x7y)

k
T
+7 E H2(0+T76+1a755;€+1;x7y)
€

=t (2.11)
Hy(a+7—2,8,v+ 1,0+ L;e52,9)
70y Z (a+r—1(a+r—2) ’
e#O,a;«él—r,a#Q—nreN
Ha(a, B+ k,7v,6:62,y) = Ha(, 8,7, 66,2, y)
k
2.12
+%ZHz(aJr1,ﬁ+7“,%5;6+1;x,y)76750, (212
€ r=1
Ha(a, B, v+k s e;x,y) = Ha(a, B,7,6;€,2,y)
2.13
+7ZH2a—167+T5+1633y)a751 (2.13)
Hg(a,ﬁ,’y,(S—i—k;e;x,y)ZHQ(a,,B,’y,é;e;x,y)
(2.14)

k
lX:H2(Oé—l,ﬂ,wr1,<5+7";6;%‘,y),047'51
_1r:1
and
Ho (o, B, %5'e*k'w y) = Ha(e, 8,7, 6, 2,y)

Ho(a+1,8+1,7,0;¢ —r+2;2,y) (2.15)
—1,reN
+ afz Z e eAr—1,r

Theorem 2.3. The Horn hypergeometric function Hs satisfy the identity:

k
X
H5(a+k7ﬁ;'y;x,y):H5(a7ﬁ;'y;x,y)+ Z(Q+T)H5(Q+T+17ﬂ—1;’7;1’7y)
5_17*:1
k (2.16)
+%ZH5(Q+T,6+1;7+1;x,y),ﬁ#177#0,
r=1
ay k
H5(a,ﬂ+k;v;x,y)=H5(a,ﬁ;7;x,y)+72H5(a+176+7‘;7+1;x,y)
! (2.17)

k

Hs(a+2,64+r —2; fy—i—lxy)
a—i—lx; Grr-D)B+r-2) vy#0,#1—-r2—r,reN

and
Hs(aﬁ'v—k'w y) = Hs(a, B; v 7, y)

H5a+1ﬁ—|—1,'y 7‘+2:cy) (2.18)
—|—o¢ﬂz CETICETS) y#£r,y#Er—1,reN.




Some New Formulas for Horn’s Hypergeometric Functions H;, Ha, H3, H4, Hs, Hg and Hy 1017

Theorem 2.4. The Horn hypergeometric function Hg satisfy the recursion formulas:

Hﬁ(a+k7ﬂ77;xay) = Hﬁ(o‘mﬁvv;xay)

k
§ja+era+r+1B 1,7;2,9)

. (2.19)
Hﬁ(a+T_2aﬁ+17’Y+1:$y
— 1 1-— 2— N,
va; i Dtz Prbe#l-nat2-nre
Ho(o, 8+ k,vi@,y) = He(, B, v 2,9) + —— ZH(s a—1,8+ry+1Lzy)
. =t (2.20)
Ho(a+2,8+7r—2,v;2,y)
1) ; 1 1-— 2— N
o+ x; G D@Eir_3 erLA#Ll-mpt2-rre
and
H (O[ B’Y+k$ y):HG(OL,ﬂ7’Y;SE,y)
(2.21)
+a_1§:H —1,8+ 1L,y +rz,y),a#1
Theorem 2.5. The Horn hypergeometric function Hy satisfy the identity:
Hr(a+k, B,7; 032, y) = He (o, B,7: 052, y)
2 &
+ =3 (a+r)Hy(a+ 71+ 1,876 + 1iz,y)
b = (2.22)
k
H7(a+7"_2aﬂ+177+175,33ay)
— ;0 #0 1— 2 — N
@W;; atr—Dla+r—g 7haFl-nag2-rreN
Hz (v, 5+k Vi 6;@,y) = He(a, B,7: 32, 9)
(2.23)
+TZH7Q_1 B4+ry+1lz,y),a#l,
H(aﬁwrk'é'm y) =Hz(a, B,7:6;2,9)
(2.24)
+a_1ZH7a—1 B+ 1,y+mrzy),a#l

and

Hr(a, 8,70 — ks z,y) = He(a, B,7; 65 2, y)

k
Hr(a+2,8,7;0 —r+2;2,y) (2.25)
1 ; -1 N.
+a(a+ )m; G—r)G—rs1) 0Fr,r—1,r€
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3. DIFFERENTIAL RECURSION FORMULAS AND DIFFERENTIAL
OPERATORS FOR HORN’S HYPERGEOMETRIC FUNCTIONS

Here, We derive many differential relationships and differential operators for functions
Hl; H27 H37 H47 H57 H6 and H7'

Theorem 3.1. Differential recursion formulas for Horn function Hy are as follows

Ve — 0
H1(01+ laﬂafy;é;xay) = (1 + U)Hl(aaﬂav;é;xay)aa 7é 07 (31)

Dy + Vg
Hi(a, B+ 1,7:0;2,y) = (1 + 5 )Hl(a,ﬁ,v;é;x,y),ﬁ # 0, (32)
vy
Hl(a7/8a’y+1;5;$>y): 1+7 Hl(a7ﬂ77;6;x7y)7’77é0 (33)
and
Hl(a7ﬂ77;5 - 17‘ray) = <1 + 5 j1>H1(a7ﬁ,7;5;m7y),5 7é 1. (34)
Proof. Starting from the differential operators
m 8 m o m
Y™ = x%z =mz™,

n

0
dyy" = g, = ny",

and using (2.5), we get the differential formula for Hy

Hi(o+1,8,7:82,y) = > (1+m_”)(a)mn(5)m+n<7)nxmyn

m.n=0 o (6)mm!n!
= S (a)m—"(ﬁ)m-i'n(f)/)n m_mn 1 = m(a)m—n(ﬁ)m—kn(’}/)n m.n
B R P D G R
IS n(a)m—n(ﬁ)m-‘rn('}’)n m.n
‘am;zo O)pmlnt Y

Yy — 0
=Hi (o, 8,7;0;2,y) + TyHl(a,Bm;&m,y),a # 0.

A similar way, we obtain (3.2)-(3.4). L]
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Theorem 3.2. For Horn hypergeometric function Hy, Hs, Hy, Hs, Hg and Hy

Ha(a +1,8,7,0;62,y) =(1 + W)Hz(a,ﬁ,%é;e;x,y),a #0,

Ha(a, B+ 1,7,0;62,y) ( %)Hzaﬁ,%é;e;x,y)ﬁ#O,

Ho(a, 8,7 + 1,662, ) =<1+%’)Hzaﬁ,%é;e;x,y)m#O, (3.5)
Hg(a,5,7,5+1;6;x,y)(1+iy)H( By, 05 6,2,y),0 £ 0,
Hz(aaﬂmé;e—l;x,y):(lﬂL e 1>H2(a/3%56xy) #1,

Hy(a+ 1, 8;v;i2,y) =( 1+ U)Hg(a,ﬁ;v;x,y),a #0,

Hﬁmﬁ+hmmww:1+10Hﬁm&vww»ﬁ¢a (3.6)

( /87 ]"m?y):

y>H2(a,ﬂ;'y;x,y),’y #1

20, + 7

(14 aﬂ)m(a,ﬁ;%&w,y),a 70,

(3.7)

Uy
Hy(o, B3y = 1,6;3,y) = 1+7_> (o, 857,62, 9),7 # 1
7‘9?,/
5 (o, B;7, 052, ),0 # 1
20, + ¥
Hs(a +1,8;vi2,y) = 1+ay>Hs(a,B;7;x,y),a7é07
9y — Uy
Hs(o, B+ L;v;2,y) =1+ 5 Hs (o, B;7;@,y), 8 # 0, (3.8)
9
HS(a7577_1a$7y): 1+751>H5(a76a’77x7y)777é17
20, — 0
Ho(o + 1B, y:any) =1+ y) (0B ), £ 0
9, — 9
(a,B+1,v;2,y) =1+ He(a, B,7;7,),8# 0 (3.9)

(
(
(
(
(
(
Hy(a, B;7, 0 — Lia,y) _<1 N
(
(
(
(
(
(
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and
20, — Yy
H7(a+1vﬁa7a67x7y): 1+T H7(aaﬁ7’y167xay)7a7é0a
0
Hr(a, B+1,7;052,y) = (1 + y>H7(a,B,7;5;m,y)75 # 0,
5
) (3.10)
Ho(a, 6,7+ 1350,9) = (14 22 B, 6,71 0529017 20,
Uy
Hr (o, B,7;6 — Liw,y) = <1 +t5o 1>H7(a,6,7;5;m,y),5 #1
hold true.
Theorem 3.3. The derivative formulas hold true for function Hy
as S S
~—Hi(a, 8,762, y) = MHKQ +5,8+ 5,70+ s2,y) (3.11)
oxs (0)s
and
S _1 S s s
iHl(a7ﬁ7’y;5;$7y) = MHI(OZ - 875 + 87’7 + s;5;x,y),a 7é 112737 .. (‘312)
oy* (1—a)s
Proof. The derivative of H; with respect to = yields
0 af
gyl By 0w y) = —=Hi(a+ 1,64+ 1,70 + Lz, y). (3.13)

Again, taking the derivative (3.13) with respect to x, we get
2

0
5 Hi(a, B,7;0;7,y) :%71{1(@ + 1,8+ 1,76+ 12,y)
oz 6 Ox (3.14)
ala+1)B(B+1) '
= H 2 2,7;0 + 2; .
5(6+1) 1(a+ 76+ , s + ,.’L',y)
Iteration the above process, we arrive at
%Hl(a, B, x,y) = (azggf)sm(a +5,8+ 8,76 +r12,Y).
A similar way, we obtain (3.12). L]
Theorem 3.4. For Horn hypergeometric functions Ho, Hs, Hy, Hs, Hg and H7,
as S S
%HQ(aaﬁf-ﬁ 67 6;.’E, y) = mzegﬁ)HQ(a + 87 B + 8777 67 € + Sa x7y)a
o (1" ().(0) (349)
aySHQ(avﬁaryaé;e;x?y) = ﬁHQ(a - 5757’74'3’5"'3?631‘,3/)704 7é 1a2a37"'7

0 gy = (X2
ast3(a76777$ay) - (’Y)s

aa;s H3(o¢7 By, y) = (a)s(ﬂ)s

H3(04+25757'Y+ S;Z‘,y),
(3.16)

Hz(a+s,8+ 8,7+ s;2,9),
'Y)s
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amSH4(Oé,,6;’}/,(5;Jf,y) = ((O,(y))st4((l+2S,B,’y+S,(S,J),y),
—SH (o, B;7,052,y) = 7(0[):(6)5H (a+s,8+ 87,0+ s;2,9) e
8ys 4\, D37,052,Y) = (6)3 4 ) 7Y 1T, Y),
s —1)® .
e Hs(a, B;7;7,y) = ((1)_(503)2H5(a + 25,8 — 85732, 9),
O Moo Biviany) = By s Bt syt siay) (3.18)
ays s Py ) Ly (’Y)s ; ) y Ly Y)s
0° -1)® s
astG(a’/Ba’y;mvy) = ((]_)_(;M))QHES(O‘ + QSaﬁ - sv’ﬁxay)76 7é 17273a SRR
o (-1 (8)(a) (319
8ysH6<a’6’7;m’y) = WHﬁ(a*S,ﬂ‘i’S,’Y‘FS;ZE,y),O&# 1a2,37~~-
and
0° s
ax5H7(OK7,B7’Y;5;Z'7y) = ((C;))Q H7(Oé + 27‘7/67716_'_ T;I,y),
o (-1 (8)(2) (320
aiysH7(a,577;6;x,y) = WHAQ—s,ﬁ—i—s,’y—l—s;é;x,y),a# 172733"'

are satisfied.

4. INTEGRAL OPERATORS FOR, HORN HYPERGEOMETRIC FUNCTIONS

Here, we present the integral operators for the functions Hq, Ho, Hs, Hy, Hs, Hg and
H; about numerator and denominator parameters by different expressions.

Theorem 4.1. For Horn hypergeometric function Hy, we have the integral operators TJA;
and T3 :

D00
xs(l—a)s(l—ﬁ)SHl(a =878 = sizy), (4.1)

(avﬂ#17273a"'7x750)7

35 Hila, B,7;6;1,y) =

Hl(a+s7ﬁ_877_s;6;xay)7

Ty Hilen §.330:0.9) = =gy (T, (4.2)

(ﬂ77%1’2737""y#0)
and

(1 B 5)SH1(a7/B B 28;7 — 8;6 B s;m,y)
xsys(l - ﬂ)Qs(l - 'Y)s ’ (43)
(ﬁv’)/# 1,2,3,...,$,y7é0)‘

(ﬁzﬁy> Hl(a7 ﬁa ) 5; z, y) =
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Proof. From (1.13), we write 3 = J, + J, where J, = 1 1 [ do and 3, = %foy dy. Also,
we get relations concerning the integral operators J, and jy
(oo}
A s o (@) m=—n(B)min(Vn [1 [7 m_n
Jz Hl(a7677757x7y) - Z (5)mm‘n' - 0 Xy dx

m,n=0

o0

_ Z (@) m—n(B)mtn(Y)n X"y"

(0)mmln! m+1

m,n=0

(oo}

Oém—n—lﬂm, n—1 n_m-—1.n
I S MSC)

(8)m_1m!nl Y

m,n=0
75——1 Hi(a—1,8— —Liz,y),a,f#Lx#0
x(a—l)(ﬁ—l) ’75 I ) K K Y *
Repeating the above relation, we get
. 5—1 .
>H ;83 =——————0,H ~ 1
jg; 1(04757’77 7$>y) I(O[*l)(ﬂ*l)j 1( ﬁ 7’77 7xay)

(6-1)(-2)
= -2 2,70 —2;x,y), «, 1,2, #0.
Pla-Da- 2@ - D@7 O THImREIm AR a2 E
Iterating for s times, we obtain (4.1). Similarly, for J,, we get

m,n=0

S (@) m=—n(B)mtn(V)n [x"y"
S e

m,n=0
9]

_ (@) m-n(B)min(Vn _m.n
=2 (5)mm!(njrl)! Y

m,n=0

- Z Oé m— n+1 5)m+n—1(7)n—1 m.n—1

Xy
mm!n!
m,n=0

@
:—Hl a+17ﬁ_17’7_ 175a$7y aﬁa’y# ]_7y7£0
-G - :
Repeating the previous relation, we get
A @

~2 W — I
Jy Hl(a757’775ax7y) - y(ﬁf 1)(77 1)

ala—1)
= Hi(a+2,8-2,v=2;6;2,9),8,7v# 1,2,y #0.
yB-1DB-2)(v-1)(-2)
By iterating the above relation for s times, we get (4.2). Using the operator J,3,, we
have

JHi(a+1,8—1,7—1;0;2,y)

A A J — _ —1:6 =1
jazjy Hl(aaﬁaw;a;xay) = ( 1)331;1((604;51)(;’;72)(];}: _ 1)1,1.7:(/)757’7 7& 17x7y 7é 0.

Tterating the above relation for s times, we obtain (4.5).
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Theorem 4.2. For o, 3,7 # 1,2 and x,y # 0. The integration formulas for the function

Hi holds true:
A d—1)(6-2)
/~2H .S — ( 2 2 2'
J 1(@,6,7,(5,1’,3}) 1’2(04—1)((1—2)(6—1)(/8—2) 1( 6 77 7-’13,y)
2(0—-1)
+ Hi(a,8—2,v—1;0 — 1;z, 4.4
wE-DE -2 -1 el v e
ala+1)
+ Hi(a+2,8—2,7—2;6;z,y).
-1 -20 -1 -2 )
Proof. Consider J acts on the function Hy, we get
2 S (a)m—n(ﬁ)m—kn(’y)n 1/1 1/y
"H . 8- — _ mo.n - m_.n
J 1(Oé,ﬂ,’}/,(5,$,y) mznzo (5)mm|n' z Jo Xy dx—i—y 0 Xy dy
o m'n' m+1 n+1
m—i—n( n m n m+n(7)n m.mn
-yl Ly x
m,n=0 m+1)'n' m,n=0 mm‘n+1)
6—1
= -1 —1;
.’L'(Oé—l)(ﬁ—l) 1( /8 777 ,x,y)
«
+ ——————Hi(a+ 1,8 1,7 = 1;6;7,y).
MEE G )
The operator 32 is such that
3 =33=(0.)*+23.7, + fﬁ/ /mm+—/ /m@+—//dmy
We see that
o d—1)(6—-2)
J 1(04363’-% 7$’y) xQ(a—l)(a—2)(ﬁ_l)(5_2) 1(0{ 6 y Vs ,x,y)
200 —-1)
+ H aa5_27’7—1,5—1,$>y
WB-DE-2G -1 )
1
n

T EB-DB-2 -0 -2)

Theorem 4.3. The following integration formulas for the function Hy holds true
7(1 B 6)5 H}i:l(ﬂw + 191/ —k + l)Hl(aaﬁ - 28”)/ - 876 - 8;.’17,?/)
2y (1= Blas(L —7)s ws)

ﬁsHl(a,ﬂ,’y;(S;x,y) -

(57’77&15277x7y7é0)

Proof. By using (1.13) and (1.6), we have
wyB-1DB-2)(v-1) ’

Hl(()é,ﬂ,’y;é;x,y) =
(B#1,2,7# La,y#0).

By iterating for s times, we get (4.5)
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Theorem 4.4. For the functions Ho, Hs, Hy, Hs, Hg and H7, we have the results

ﬁ; H2(Oé,ﬂ7’y,5;€;l',y) = xs((li);()l(l 6_)%) HQ(a - 575 - 57775;6 - S;I‘,y),
(aaﬁ 7é 1727_”’:17;&0)7

ﬁz Hg(a,ﬁq,é;e;x,y) = v (1 Eyo)ézzl — 5)SH2(04+5,ﬁ,’Y — 8,0 — 8;6;$7y)’
(%57&1’2,&7&0)7
5 A ’ .. _ (17e)sHQ(av/B757775’675;€*S;I,y)
<jxjy) HQ(aaﬂ7’Y7dveax7y) - ys(l _B)S(l _,7)5(1 — 5)5 5
(5,%5751’2,-~-’$7Z/750)7
I~ L. _ (671)(672)H2(a72aﬂ7277a556727$7y) (46)
J2H2(Q7B,’Y,5,E,$,y)— x2(a—1)(a—2)(6—1)(ﬁ—2)
2(e—1) .
l‘y(ﬁ—1)(’)/—1)((5—1)H1(a’5_177_1,5_1’6 l,x,y)
n ala+1)
yOy-1)y=2)0-1)(0-2)
(04,5;%5#1,2;1773/750)

ﬁSHg(a,ﬁ,’y; 5, y) = (1= €)s [They (Vs +x19y zlk_—k 1))1(“12(04,,55( o —5,0 — s;€— 85, y)7

+

HQ(a+2767’7_256_2;6;x7y)a

(6;77575 1,2,...,x,y7é0).

ji H3(a7ﬂ;’7;x,y) _(;I-()f(_l;)z)sHB(a_2s,ﬁ;7_s;xay)v
(a#1,2,...,20 #0),
A . (1)1 =6)s _ o
jy HS(avﬁ77ax7y) _ys(l_a)s(l_ﬁ)sH3(a 876 8 vaay)7 (47)
(a,ﬂ#]-va"'vy#O)a
<:~Jmﬁy> H3(a,ﬂ;')’;$,y) xéyé(l(i;)zb(sl . ﬁ) Hg(Oé - 3536 — S8 — 2$;x,y)

(a0, 8#1,2,..., 2,y #0),

3 Hs (o, B;v; 2, y) = P 1§za__1;gza_fg)(a (e =457~ 2%oy)
2y =Dy =2) o
wla Do 2a—F 1) OB ELY
(=D =2 .
(()(—1)(04—2)( 1)(ﬁ_2>H3(Oé*2,ﬂ*2,’}/*2,£€,y)7 (48)

(a#1,273,4,5751,27x,y7£0),
. 1= )ar [Ty (0 + 0y — &+ 1)Hy (0 — 35, 8 — 537 — 285,
55Hy (o, sy 3, y) = V2 iy W £0y =kt DHi(a =35, 5 = 517 = 2830, y)

€ ys(l - 04)35(]. - B)s ’
(0457&1,2,...,5&2/7&0),
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(D)=, o
= ol —a), HETEET T80,

(a#1,2,...,2 #0),

(-1)°(1 =),
ys(l_a)s(l_B)SH4(O‘_375_S;775_s;xay)ﬂ (49)
(0, 8#£1,2,...,y #0),

(1 — ’Y)s(l — 5)5
5y (1 — a)3r (1 — B)s
(o, B#1,2,...,2,y #0),

3% Hy(a, B3, 8:2,y)

35 Ha(a, B;7, 02, y) =

S
(Zﬁy) Hy(a, 857,632, y) = Hy(a — 35,8 — 857 — 5,0 — 8;.3,9)

32 5 _ (v—D(y—2) . .
J H4(Oé,6,'}/,(5,$,y)_ {EQ(OZ—].)(a—2)(0[—3)(@_4)H4((X—4’ﬁ’7_2a671‘7y)
20y —=1)(6—1) st
zya—Da—a-g@E-1 @B LT LIm ey
(6-1)(6—2)

t P Da-9@-DE-2 WO TRITEI BN (2.10)

(a,8#1,2,2,y #0),

3*Ha(a, B;y, 65 2,y) =

(1 — 7)5(1 — 5)5
xsys<1 - 04)35(1 - ﬁ)s

X H('l?x+19y*k'+1)H4(0[*357ﬂ*57’7*5,5*7’,$7y),0[,ﬂ7& 1727"'7$7y7é0a
k=1

(B)s
25(1 — a)gs
(a#1,2,...,20 #0),

(1) —7)s , .

Pl p), ol s = sy = sy (4.11)
(a’/B#]'?Q?"'?y#O)’

(17’7)5
x5ys(1 — a)ss
(a#1,2,...,2,y #0),

ji Hs(a,ﬂ;'y;:v,y): H5(a—23,ﬂ+s;’y;x,y),

3% Hy(a, By viw,y) =

(ﬁmﬁy> HS(aaﬂ;’Y;xﬂJ): H5(a73576;775;$7y)

3 Hs (@, B;7; 2, y) = o 1)(;(_524;(;)_ DICETY Hs(o — 4,8+ 22, y)
2(y - 1) . .
ey T LG LR A

n (v—=Dy—2)
y2(a—1)(a—-2)(B-1)(8~-2)
(a#172’3)4’/3§é1727x’y7&0)7

H5(05_2,,8—2,’Y—2,$,y),
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S

. 1—7)s
I Hs(a, 85737, y) ZM [[@Ws + 9y — k+ DHs(a — 35, 8y — r5.2,),
S k=1

(a#1,2,...,2,y #0).

(4.12)

ﬁ; HG(%B»”Y;%?J) :xs(l(ﬂ_)z%HG(a - 287ﬂ+ Sa’y;xay)v
(a#1,2,...,2 #0),

ﬁZSJ He (o, B,v;7,y) :ys(l — (ﬁ‘;‘izl — ’Y)SHG(Q+S’B —8,7—8,Y),
By #1,2,...,y #0),
1
oy (1 —a)s(1—~
(a,v#1,2,...,2,y #0),

(4.13)

(jmﬁy) HG(CV,ﬁ»’Y;%y): )’HG(CV—S,/B,’Y—S;x,yL

3*He(ev, 8,72, y) == 1)(@5(6;;(;) e -1 Ho(a —4,8+2,v;2,y)
2
+ l‘y(O( — 1)(7 — 1)H6(a - 17577 - 1;1.73/)
ala+1) .
R G [ R T L A A R A VS PY

(047&1727374a16777é1727x7y7é0)7
1 s
9 +9, —k+ DHg(a — s, 8,7 — s;2,9),
P R G k];[l( v )Hg( g Y)

(a#1,2,...,2,y #0),

/jSHG(O‘7B77;$7y) =

. —1)5(1 —0)s
jj: H7(04a57%33ay) :(IS()l(OZ)Q)H7(a_2S’B’7;6_S;m7y)’
(0 #£1,2,...,2£0),

2 (@)s
J° Hi(a, B,7;0;2,y) =— Hi(a+s,8—s,v—s;0;z,9),

(@77’51,2,&1}7&0)7

A A ’ . 5. _(1_6)SH7(a_376_87’7_855_T;$7y)
(Jsz> H7(O[,ﬁ7776,.’1/'7y) - l'sys(l — oz)s(l — ﬂ)g(l — 7)3 B
(avﬁa’y% 1»2»«-»»%97&0)

(4.15)
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and
A2 5. _ (-1 —-2) . .
J H7(a757776a$7y) *wg(a_1)(@_2)(a_3)((1_4)1{7(0‘74;67’775721x7y)
26 — 1)
H — _ —1:6—1:
+$y(a_1)(6_1)(’7_1) 7(0[ ]wﬁ 17’7 17 1,.’L’,y)
+ oot 1) Hr(o+2,8 = 2,7 — 26:2,9) (4.16)

yB-1)B-2)(v-1(-2)
(#1,2,3,4,8,7v# 1,2,2,y #0),
(1=0)s[I1_; (e +9y —k+1)Hr(—s,8—5,7— 56 — s;2,y)
oy —a)u(1- Bl -~ ),
(o, B,v#1,2,...,2,y #0).

§SH7(O[75,’Y; 6a 337:[/) =

5. INFINITE SUMMATIONS FOR HORN’S HYPERGEOMETRIC FUNCTIONS

Here, we derive some infinite summations for the functions Hy, Hy, Hs, Hy, Hs5, Hg
and H7.

Theorem 5.1. The infinite summations for the function Hy hold true:

3 (i')rH1(a+r,B,7;5;x,y)tT =(1 —t)‘aH1< B,7: 6 w1 = )), t| <1, (5.1)
r=0 :
> ( ?THl(aaﬂ + 62,y = (1—1t) 7 H, <a,5,7;5; - y) It <1, (5.2)
— 1—-t"1—t¢
and
- 7) — y
o o, B,y + 16z, Yt = (1—t)"Hy 75%533 Jtf< 1. (5.3)

r=

Proof. Using the fact that [1]

oo

a)r
Q- >=>" T?t,|t|<1.
r=0
Using (1.5) and (1.6), we obtain
—a 5. X B 0 (a)mfn(ﬁ)ern(’)’)n m..n —a+n—m
(1 t) Hl <a7577a57 1 _ tvy(]- t)) - mzn::() (5)mm!n! Xy (]. t)
m n a"'m_n) (/B)m-l—n('Y)n mon,r - (a)m—n—&-r(ﬁ)m+n(7)n m_n,r
_M; ) (@) mrimin! Xy _M;:O @)mrtminl = V"
= > ()l t r)mfn(ﬁ)mwmnxmynﬂ =y 7(a)rt"H1 a1, B,y 6,y ).
= (6)mrimin! ot 7!

Similarly, we obtain (5.2) and (5.3). L]
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Theorem 5.2. The infinite summations for the functions Ho, Hs, Hy, Hs, Hg and Hy
hold true:

Z(Z?THg(a,ﬁﬁ—i—r,é;e;m,y)tr =(1_t)—”H2( By s, > o] <1,

r=0
“ , (5.4)
Z TITHQ(O‘7677a5+T;xay)tT :(1 _t)5H1< aﬁ 7a5 Z, 1— > |t| < 1
r=0 :
= (a Y
Z T'THg(oz—Fr,ﬁ;v;x,y) 1_t aH?)( aﬁ 71 ,].—t>’|t|<17
’“;0( - (5.5)
Z ! (OZB_FT’Yaxy) 1_t BHg(O&,ﬂ VT, > |t|<1
r=0 :
[eS)
@)y —a y
Z ! H4(a—|—7‘,ﬂ;7,5;x,y) 1 _t H4 (aaﬁ ’Ya 5 t)271_t>a|t| < 1a
=0 >0
> S Ha(o, B4, Gz, y)t” = (1-0) 5H4<a7 27,05, 7 . ) th <1,
r=0 :
> )y —«
Z(T?H(Q_Frﬂ’}/axy) 1_t H5<a76 ey 71y_t>’|t|<17
=0 >0
Z T'TH5(O[7B+T;’7;5E7:U) 17t BH5< 7B777 17t) 12 >7|t<1

Z i!)THG(Oé“}”nBv’Y;xay)tr :(1 *t) ( 7/8 77ﬁ7y(1 ))7 ‘t| < 1’

Z o He(o, B+ 7, vz, y)t" =(1 — t)_BH6 <a, B,7v;x(1 —1t), &), [t| <1, (5.8)

S~ I He(a, 8,7 + i)t =<1—t>‘”H6( B, iw, ) ol <1,

(i!)rH7(a+r,ﬁ77;§;x7y)tr =(1 —t)_aH7( 83,73 65 = . )Qay(l ))7 6] <1,
(f?TH7(a,6+r,7;6;w7y)t’° =(1 —t)_BH7( B3 632, y ) [t <1, (5.9)
(Z?TH7(aaﬁa’y+r;6;x7y)tr = (1 _t)'YH7< a/B 776 €, y ) |t| <1
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6. CONCLUDING REMARKS

As a direct outcome of the numerous new recursion, differential recursion formulas,
differential and integral operators, infinite summations and interesting results of Horn
hypergeometric functions Hq, Ho, H3, Hy, Hs, Hg and H; which we have established, an
analytical approach to computation some of the many comprehensive results has been
discussed. Our analytical expressions serve as a benchmark for the accuracy of various
approximation techniques designed to study radiation field problems. The results of this
study are general in nature and likely to find specific applications in the theory of special
functions.
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