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1. Introduction and Preliminaries

Throughout this paper, K be a nonempty convex subset of a Banach space X and
T : K → K be a mapping. We denote by F (T ) the set of fixed points of T . We denote

by F =
3
∩
i=1
F (Ti) the set of common fixed points of Ti : K → K, i = 1, 2, 3.

A mapping T is called nonexpansive if

‖Tx− Ty‖ ≤ ‖x− y‖
for all x, y ∈ X.
T is called quasi-nonexpansive if F (T ) 6= ∅ and

‖Tx− p‖ ≤ ‖x− p‖
for all x ∈ X and p ∈ F (T ).
A mapping T is said to be Berinde nonexpansive if there exists L ≥ 0 such that

‖Tx− Ty‖ ≤ ‖x− y‖+ L‖y − Tx‖
for all x, y ∈ K.
In 2003, Berinde [1] introduced a new type of contraction as above, called weak con-

traction and proved a fixed point theorem for this type of mapping in a complete metric
space by showing that Picard iteration {xn} by xn+1 = Txn for all n ∈ N converge
strongly to its fixed point.

Published by The Mathematical Association of Thailand.
Copyright © 2022 by TJM. All rights reserved.



972 Thai J. Math. Vol. 20 (2022) /S. Temir

In 2000, Noor [2] introduced a three-step iterative scheme and studied the approximate
solutions of variational inclusion in Hilbert spaces. Glowinski and Le Tallec [3] used three-
step iterative schemes to find the approximate solutions of the elastoviscoplasticity prob-
lem, liquid crystal theory, and eigenvalue computation. It has been shown in [3] that the
three-step iterative scheme gives better numerical results than the Mann-type(one-step)
[4] and the Ishikawa-type (two-step)[5] approximate iterations. In 2013, Phuengrattana
and Suantai [6] introduced the following iterative method for weak contraction.

 zn = anTxn + (1− an)xn
yn = bnTzn + (1− bn)zn
xn+1 = αnTyn + βnTzn + (1− αn − βn)xn,∀n ∈ N,

(1.1)

where x1 ∈ K, {an}, {bn}, {αn + βn} in [0, 1] satisfy certain conditions. Let Ti : K →
K, i = 1, 2, 3 be mappings.

By studying the following iteration process:

 zn = anT1xn + (1− an)xn
yn = bnT2zn + (1− bn)xn
xn+1 = (1− αn)T3zn + αnT3yn,∀n ∈ N,

(1.2)

where x1 ∈ K, {an}, {bn}, {αn} in [0, 1]. S. Kosol [7] proved the weak and strong
convergence theorems of the above iterative method for approximating a common fixed
point of Berinde nonexpansive mappings in a Banach space.

Inspired and motiveted by these facts, we introduce and study a new class of iterative
for three Berinde nonexpansive mappings in this paper. The scheme is defined as follows.

Let K be a nonempty convex subset of a Banach space X and Ti : K → K, i = 1, 2, 3
be mappings. Then for arbitrary x1 ∈ K,the following iteration scheme is studied: zn = anT1xn + (1− an)xn

yn = bnT2zn + cnT2xn + (1− bn − cn)xn
xn+1 = αnT3yn + βnT3zn + γnT3xn + (1− αn − βn − γn)xn,

(1.3)

∀n ∈ N, where {an}, {bn}, {cn}, {bn + cn}, {αn}, {βn} , {γn} and {αn + βn + γn} in
[0, 1] satisfy certain conditions.

The aim of this paper is to introduce and study convergence problem of the three-step
iterative sequence (1.3) for three Berinde type nonexpansive mappings in a real Banach
space. The results presented in this paper generalize and extend some recent Phuengrat-
tana and Suantai [6] and S.Kosol [7].

The following lemma will be needed in proving our main results.
A Banach space X is said to be uniformly convex if the modulus of convexity of X

δ(ε) = inf{1− ‖x+ y‖
2

: ‖x‖ = ‖y‖ = 1, ‖x− y‖ = ε} > 0.

for all 0 < ε ≤ 2
(

i.e., δ(ε) is a function (0, 2]→ (0, 1)
)
.
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Recall that a Banach space X is said to satisfy Opial’s condition [8] if, for each sequence
{xn} in X, the condition xn → x weakly as n → ∞ and for all y ∈ X with y 6= x imply
that

lim inf
n→∞

‖xn − x‖ < lim inf
n→∞

‖xn − y‖.

A mapping T : K → X is said to be demiclosed with respect to y ∈ X if, for for each
sequence {xn} in K and each x ∈ X , xn → x weakly and Txn → y strongly imply that
x ∈ K and Tx = y.

A mapping T : K → X is said to be semi-compact if, for any sequence {xn} in K such
that ‖xn − Txn‖ → 0 as n → ∞, there exists a subsequence {xnk

} of {xn} such that
{xnk

} converges strongly x∗ ∈ K.
In what follows, the following lemmas will be needed in proving our main results.

Lemma 1.1 ([9]). Let k > 1 be a fixed numbers and X be a uniformly convex Banach
space and Br := {x ∈ X : ‖x‖ ≤ r}, r > 0. Then there exists a continuous strictly
increasing convex function g : [0,∞) −→ [0,∞) with g(0) = 0 such that

‖λx+ (1− λ)y‖k ≤ λ‖x‖k + (1− λ)‖y‖k − ωk(λ)g(‖x− y‖)

for all x, y ∈ Br and λ ∈ [0, 1].

Lemma 1.2 ([10]). Let X be a uniformly convex Banach space and Br := {x ∈ X :
‖x‖ ≤ r}, r > 0. Then there exists a continuous strictly increasing convex function
g : [0,∞) −→ [0,∞) with g(0) = 0 such that

‖λx+ βy + γz‖2 ≤ λ‖x‖2 + β‖y‖2 + γ‖z‖2 − λβg(‖x− y‖)

for all x, y, z ∈ Br and λ, β, γ ∈ [0, 1] with λ+ β + γ = 1 .

Lemma 1.3 ([11]). Let X be a uniformly convex Banach space and BR := {x ∈ X :
‖x‖ ≤ R}, R > 0. Then there exists a continuous strictly increasing convex function
g : [0,∞) −→ [0,∞) with g(0) = 0 such that

‖λx+ µy + ξz + νw‖2 ≤ λ‖x‖2 + µ‖y‖2 + ξ‖z‖2 + ν‖w‖2

−1

3
ν(λg(‖x− w‖) + µg(‖y − w‖) + ξg(‖z − w‖))

for all x, y, z, w ∈ Br and λ, µ, ξ, ν ∈ [0, 1] with λ+ µ+ ξ + ν = 1.

Lemma 1.4 ([12], Lemma 2.7). Let X be a Banach space which satisfies Opial’s condition
and let xn be a sequence in X. Let q1, q2 ∈ X be such that limn→∞ ‖xn − q1‖ and
limn→∞ ‖xn − q2‖ exist. If {xnk

}, {xnj
} are the subsequences of {xn} which converge

weakly to q1, q2 ∈ X, respectively. Then q1 = q2.

2. Main results

In this section, we prove the three-step iterative scheme given in (1.3) to converge to
a common fixed point for Berinde nonexpansive mappings in uniformly convex Banach
space.
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Lemma 2.1. Let K be a nonempty closed convex subset of a uniformly convex Banach
space X, Ti : K → K, i = 1, 2, 3 be quasi-nonexpansive mappings. Assume that F =
3
∩
i=1
F (Ti) 6= ∅ and let {xn} be a sequence generated by (1.3). Then for each p ∈ F ,

lim
n→∞

‖xn − p‖ exits.

Proof. For any p ∈ F , using (1.3) and Ti : K → K, i = 1, 2, 3 are quasi-nonexpansive
mappings,

‖zn − p‖ = ‖anT1xn + (1− an)xn − p‖
≤ ‖an(T1xn − p) + (1− an)(xn − p)‖
≤ an‖T1xn − p‖+ (1− an)‖xn − p‖
≤ ‖xn − p‖.

(2.1)

‖yn − p‖ = ‖bnT2zn + cnT2xn + (1− bn − cn)xn − p‖
≤ ‖bn(T2zn − p) + cn(T2xn − p) + (1− bn − cn)(xn − p)‖
≤ bn‖T2zn − p‖+ cn‖T2xn − p‖+ (1− bn − cn)‖xn − p‖
≤ ‖xn − p‖.

(2.2)

‖xn+1 − p‖ = ‖αnT3yn + βnT3zn + γnT3xn + (1− αn − βn − γn)xn − p‖
≤ ‖αn(T3yn − p) + βn(T3zn − p) + γn(T3xn − p)

+ (1− αn − βn − γn)(xn − p)‖
≤ αn(‖T3yn − p‖) + βn(‖T3zn − p‖) + γn(‖T3xn − p‖)

+ (1− αn − βn − γn)‖xn − p‖
≤ αn‖yn − p‖+ βn‖zn − p‖+ γn‖xn − p‖

+ (1− αn − βn − γn)‖xn − p‖. (2.3)

Substituting (2.1) and (2.2) into (2.3) and simplifying, we have ‖xn+1 − p‖ ≤ ‖xn − p‖.
This implies that {‖xn − p‖} is bounded and nonincreasing for all p ∈ F . Hence we have
that lim

n→∞
‖xn − p‖ exits.

Lemma 2.2. Let K be a nonempty closed convex subset of a uniformly convex Banach
space X, Ti : K → K, i = 1, 2, 3 be Berinde nonexpansive and quasi-nonexpansive map-
pings, p is a common fixed point of Ti, i = 1, 2, 3 and let {an}, {bn}, {cn}, {αn}, {βn}
and {γn} be real sequences in [0, 1], such that {bn + cn} and {αn + βn + γn} in [0, 1] for
all n ∈ N. Let {xn} be a sequence in K defined by (1.3), and parameters satisfy one of
the following conditions:

(1) If 0 < lim infn αn ≤ lim supn(αn + βn + γn) < 1,
(2) If 0 < lim infn αn and 0 ≤ lim supn bn ≤ lim supn(bn + cn) < 1,
(3) If 0 < lim infn βn ≤ lim supn(αn + βn + γn) < 1,
(4) If 0 < lim infn γn ≤ lim supn(αn + βn + γn) < 1,
(5) If 0 < lim infn(αnbn + βn), and 0 < lim infn an ≤ lim supn an < 1
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then lim
n→∞

‖T1xn−xn‖ = 0, lim
n→∞

‖T2zn−xn‖ = 0, lim
n→∞

‖T3zn−xn‖ = 0, lim
n→∞

‖T3yn−
xn‖ = 0, lim

n→∞
‖zn − xn‖ = 0, lim

n→∞
‖yn − xn‖ = 0, lim

n→∞
‖T2xn − xn‖ = 0, lim

n→∞
‖T3xn −

xn‖ = 0.

Proof. By Lemma 2.1, we know that lim
n→∞

‖xn−p‖ exits for any p ∈ F . Then the sequence

{‖xn− p‖} is bounded. By quasi-nonexpansiveness of Ti : K → K, i = 1, 2, 3, there exists
R > 0 such that {xn−p}, {T1xn−p}, {T2zn−p}, {T3yn−p}, {T3zn−p}, {T3xn−p} ⊂ BR.
By (1.3) and Lemma 1.2 , we have

‖zn − p‖2 = ‖anT1xn + (1− an)xn − p)‖2

≤ ‖anT1xn + (1− an)xn − p)‖2

≤ ‖an(T1xn − p) + (1− an)(xn − p)‖2

≤ an‖T1xn − p‖2 + (1− an)‖xn − p‖2 − an(1− an)
(
g(‖T1xn − xn‖)

)
≤ an‖xn − p‖2 + (1− an)‖xn − p‖2 − an(1− an)

(
g(‖T1xn − xn‖)

)
= ‖xn − p‖2 − an(1− an)

(
g(‖T1xn − xn‖)

)
‖zn − p‖2 ≤ ‖xn − p‖2 − an(1− an)

(
g(‖T1xn − xn‖)

)
.

Thus we have

‖zn − p‖2 ≤ ‖xn − p‖2 − an(1− an)
(
g(‖T1xn − xn‖)

)
.

Now by (1.3) and Lemma 1.3 , we have

‖yn − p‖2 = ‖bnT2zn + cnT2xn + (1− bn − cn)xn − p‖2

≤ ‖bnT2zn + cnT2xn + (1− bn − cn)xn − p‖2

≤ bn‖zn − p‖2 + cn‖xn − p‖2 + (1− bn − cn)‖xn − p‖2

− bn(1− bn − cn)
(
g(‖T2zn − xn‖)

)
− bnan(1− an)

(
g(‖T1xn − xn‖)

)
≤ bn‖xn − p‖2 + cn‖xn − p‖2 + (1− bn − cn)‖xn − p‖2

− bn(1− bn − cn)
(
g(‖T2zn − xn‖)

)
− bnan(1− an)

(
g(‖T1xn − xn‖)

)
.

‖yn − p‖2 ≤ ‖xn − p‖2 − bn(1− bn − cn)
(
g(‖T2zn − xn‖)

)
−bnan(1− an)

(
g(‖T1xn − xn‖)

)
.



976 Thai J. Math. Vol. 20 (2022) /S. Temir

Moreover, by (1.3) and Lemma 1.4, we have

‖xn+1 − p‖2 = ‖αnT3yn + βnT3zn + γnT3xn + (1− αn − βn − γn)xn − p‖2

≤αn‖T3yn−p‖2+βn‖T3zn−p‖2+γn‖T3xn−p‖2+
(
1−αn−βn−γn

)
‖xn−p‖2

− 1

3
(1−αn−βn−γn)

(
αng(‖T3yn − xn‖) + βng(‖T3zn − xn)‖

+ γng(‖T3xn − xn‖)
)

≤ αn‖yn − p‖2 + βn‖zn − p‖2 + γn‖xn − p‖2 +
(
1−αn−βn−γn

)
‖xn−p‖2

− 1

3
(1− αn − βn − γn)

(
αng(‖T3yn − xn‖) + βng(‖T3zn − xn)‖

+ γng(‖T3xn − xn‖)
)

≤ ‖xn − p‖2 −
1

3
(1−αn−βn−γn)

(
αng(‖T3yn − xn‖) + βng(‖T3zn − xn)‖

+ γng(‖T3xn − xn‖)
)
− αnbn(1− bn − cn)

(
g(‖T2zn − xn‖)

)
− αnbnan(1− an)

(
g(‖T1xn − xn‖)

)
− βnan(1− an)

(
g(‖T1xn − xn‖)

)
= ‖xn−p‖2−

1

3
(1−αn−βn−γn)

(
αng(‖T3yn − xn‖) + βng(‖T3zn − xn)‖

+γng(‖T3xn − xn‖)
)
−αnbn(1−bn−cn)

(
g(‖T2zn − xn‖)

)
− (αnbn + βn)an(1− an)

(
g(‖T1xn − xn‖)

)
.

Thus we have

‖xn+1 − p‖2 ≤ ‖xn − p‖2 −
1

3
(1− αn − βn − γn)

(
αng(‖T3yn − xn‖)

+βng(‖T3zn − xn)‖+ γng(‖T3xn − xn‖)
)

−αnbn(1− bn − cn)
(
g(‖T2zn − xn‖)

)
−(αnbn + βn)an(1− an)

(
g(‖T1xn − xn‖)

)
.

From the last inequality, we have

αn(1− αn − βn − γn)g(‖T3yn − xn‖) ≤ 3
(
‖xn − p‖2 − ‖xn+1 − p‖2

)
, (2.4)

βn(1− αn − βn − γn)g(‖T3zn − xn‖) ≤ 3
(
‖xn − p‖2 − ‖xn+1 − p‖2

)
, (2.5)

γn(1− αn − βn − γn)g(‖T3xn − xn‖) ≤ 3
(
‖xn − q‖2 − ‖xn+1 − p‖2

)
, (2.6)

and

(1− bn − cn)(bnαn)(g(‖T2zn − xn‖) ≤
(
‖xn − p‖2 − ‖xn+1 − p‖2

)
. (2.7)

(αnbn + βn)an(1− an)
(
g(‖T1xn − xn‖)

)
≤
(
‖xn − p‖2 − ‖xn+1 − p‖2

)
. (2.8)
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By condition

0 < lim inf
n

αn ≤ lim sup
n

(αn + βn + γn) < 1,

there exists a positive integer n0 and δ, δ́ ∈ (0, 1) such that 0 < δ < αn and αn+βn+γn <
δ́ < 1 for all n ≥ n0. Then it follows from (2.4) that

(δ(1− δ́)) lim
n→∞

αn(1− αn − βn − γn)g(‖T3yn − xn‖)

≤ 3
(
‖xn − p‖2 − ‖xn+1 − p‖2

)
,

for all n ≥ n0. Thus, for m ≥ n0, we write
m∑

n=n0

g(‖T3yn − xn‖) ≤
3

(δ(1− δ́))

m∑
n=n0

(
‖xn − p‖2 − ‖xn+1 − p‖2

)
≤ 3

(δ(1− δ́))

(
‖xn0 − p‖2

)
.

Letting m→∞, we have
m∑

n=n0

g(‖T3yn − xn‖) <∞ so that

lim
n→∞

g(‖T3yn − xn‖) = 0.

From g is continuous strictly increasing with g(0) = 0 and (1) then we have

lim
n→∞

‖T3yn − xn‖ = 0.

By using a similar method for inequalities (2.5), (2.6),(2.7) and (2.8) we have,

lim
n→∞

‖T3zn − xn‖ = 0,

lim
n→∞

‖T3xn − xn‖ = 0,

lim
n→∞

‖T2zn − xn‖ = 0,

lim
n→∞

‖T1xn − xn‖ = 0.

Also note that

‖zn − xn‖ ≤ ‖anT1xn + (1− an)xn − xn‖ ≤ an‖T1xn − xn‖ → 0
n→∞

.

Since T2 is Berinde nonexpansive mapping, then we obtain,

‖T2xn − xn‖ ≤ ‖T2xn − T2zn‖+ ‖T2zn − xn‖
≤ ‖xn − T2zn‖+ ‖zn − xn‖+ L‖xn − T2zn‖ → 0

n→∞
.

Also note that

‖yn − xn‖ ≤ ‖bnT2zn + cnT2xn + (1− bn − cn)xn − xn‖
≤ bn‖T2zn − xn‖+ cn‖T2xn − xn‖.

Then we obtain

lim
n→∞

‖yn − xn‖ = 0.
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It follows that

lim
n→∞

‖T3xn − xn‖ = 0, lim
n→∞

‖T2xn − xn‖ = 0 and lim
n→∞

‖T1xn − xn‖ = 0.

In the next result, we prove our strong convergence theorem as follows.

Theorem 2.3. Let X be a real uniformly convex Banach space and K be a nonempty
closed convex subset of X and Ti : K → K, i = 1, 2, 3 be Berinde nonexpansive and quasi-
nonexpansive mappings. Assume that p ∈ F is a common fixed point of Ti, i = 1, 2, 3 and
let {xn} be a sequence in K defined by (1.3), where {an}, {bn}, {cn}, {αn}, {βn} and
{γn} are real sequences in [0, 1], such that {bn + cn} and {αn + βn + γn} in [0, 1] for all
n ∈ N, and satisfy the conditions of Lemma 2.2. If, in addition, T1 or T2 is semi-compact
then {xn} converges strongly to a common fixed point of Ti, i = 1, 2, 3.

Proof. By Lemma 2.1, {‖xn − p‖} is bounded. It follows by our assumption that T1 is
semi-compact, there exists a subsequence {T1xnk

} of {T1xn} such that T1xnk
−→ q∗ as

k →∞.

‖T1q ∗ −T1xnk
‖ ≤ ‖xnk

− q ∗ ‖+ L‖q ∗ −T1xnk
‖

≤ ‖xnk
− q ∗ ‖+ L(‖q ∗ −xnk

‖+ ‖xnk
− T1xnk

‖) −→ 0 as k →∞.
Therefore, we have ‖T1xnk

− T1q ∗ ‖ −→ 0 which implies that xnk
−→ q∗ as k → ∞.

Again by Lemma 2.2, we have

‖q ∗ −T1q ∗ ‖ ≤ lim
k→∞

(‖xnk
− q ∗ ‖+ ‖xnk

− T1xnk
‖+ T1xnk

− T1q ∗ ‖) = 0.

Then we have q∗ = T1q ∗ . By using a similar method, q∗ = T2q∗ and then we have
q∗ = T3q ∗ .

It follows that q∗ ∈ F . Moreover, since lim
n→∞

‖xn−q∗‖ exists, then lim
n→∞

‖xnk
−q∗‖ = 0,

that is, {xn} converges strongly to a fixed point q∗ ∈ F . Moreover, lim
n→∞

‖yn − xn‖ = 0

and lim
n→∞

‖zn − xn‖ = 0 as proved in Lemma 2.2 and it follows lim
n→∞

‖yn − q ∗ ‖ = 0 and

lim
n→∞

‖zn − q∗‖ = 0. This completes the proof.

Finally, we prove the weak convergence of the iterative scheme (1.3) for Berinde non-
expansive mappings in a uniformly convex Banach space satisfying Opial’s condition.

Theorem 2.4. Let X be a real uniformly convex Banach space satisfying Opial’s con-
dition and K be a nonempty closed convex subset of X. and Ti : K → K, i = 1, 2, 3 be
Berinde nonexpansive and quasi-nonexpansive mappings. Assume that p ∈ F is a com-
mon fixed point of Ti, i = 1, 2, 3 and let {xn} be a sequence in K defined by (1.3) where
{an}, {bn}, {cn}, {αn}, {βn} and {γn} are real sequences in [0, 1], such that {bn + cn}
and {αn + βn + γn} in [0, 1] for all n ∈ N, and satisfy the conditions of Lemma 2.2.

Then {xn} converges weakly to a common fixed point of Ti, i = 1, 2, 3.

Proof. It follows from Lemma 2.2 that lim
n→∞

‖T3xn − xn‖ = 0, lim
n→∞

‖T2xn − xn‖ = 0 and

lim
n→∞

‖T1xn − xn‖ = 0. Since X is a uniformly convex Banach space and {‖xn − p‖} is

bounded, we may assume that {xn} → q1 weakly as n→∞ , without loss of generality.
Then we have q1 ∈ F. We assume that q1 and q2 are weak limits of the subsequences
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{xnk
}, {xnj} of {xn}, respectively. By definition of demiclosed , q1, q2 ∈ F . By Lemma

2.1, lim
n→∞

‖xn − q1‖ and lim
n→∞

‖xn − q2‖ exist. It follows from Lemma 1.5 that q1 = q2.

Therefore {xn} converges weakly to a common fixed point of Ti : K → K, i = 1, 2, 3.
Moreover, lim

n→∞
‖yn − xn‖ = 0 and lim

n→∞
‖zn − xn‖ = 0 as proved in Lemma 2.2 and

{xn} → q1 weakly as n → ∞, {yn} → q1 weakly as n → ∞ and {zn} → q1 weakly as
n→∞. This completes the proof.
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