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Abstract The purpose of this paper is to establish weak and strong convergence theorems of three-step
iterations for three Berinde nonexpansive mappings in Banach space. The results obtained in this paper

extend and improve the recent ones announced by Phuengrattana and Suantai [6] and S. Kosol [7].
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1. INTRODUCTION AND PRELIMINARIES

Throughout this paper, K be a nonempty convex subset of a Banach space X and
T : K — K be a mapping. We denote by F(T') the set of fixed points of 7. We denote

3
by F = ﬂlF(Ti) the set of common fixed points of T; : K — K,i=1,2,3.
=

A mapping T is called nonexpansive if

[Tz =Ty < [l —yll
for all z,y € X.
T is called quasi-nonezpansive if F(T) # () and
1Tz —pl < |z —pll
for all x € X and p € F(T).
A mapping T is said to be Berinde nonexpansive if there exists L > 0 such that
[Tz =Tyl < [l —yll + Llly — Tx||

for all z,y € K.

In 2003, Berinde [1] introduced a new type of contraction as above, called weak con-
traction and proved a fixed point theorem for this type of mapping in a complete metric
space by showing that Picard iteration {z,} by x,+1 = T, for all n € N converge
strongly to its fixed point.
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In 2000, Noor [2] introduced a three-step iterative scheme and studied the approximate
solutions of variational inclusion in Hilbert spaces. Glowinski and Le Tallec [3] used three-
step iterative schemes to find the approximate solutions of the elastoviscoplasticity prob-
lem, liquid crystal theory, and eigenvalue computation. It has been shown in [3] that the
three-step iterative scheme gives better numerical results than the Mann-type(one-step)
[1] and the Ishikawa-type (two-step)[5] approximate iterations. In 2013, Phuengrattana
and Suantai [0] introduced the following iterative method for weak contraction.

zn = apTx, + (1 — ap)x,
Yn = b, Tz, + (1 - bn)zn (1.1)
LTn+1 = anTyn + BnTzn + (1 — Oy — ﬂn)x'ruvn S N>

where x1 € K, {an}, {bn}, {@n + Bn} in [0, 1] satisfy certain conditions. Let T; : K —
K,i=1,2,3 be mappings.
By studying the following iteration process:

zn = apTix, + (1 —ay)x,
Tpi1 = (1 — an)T32n + anT3yn, ¥n € N,

where 21 € K, {an}, {bn}, {an} in [0,1]. S. Kosol [7] proved the weak and strong
convergence theorems of the above iterative method for approximating a common fixed
point of Berinde nonexpansive mappings in a Banach space.

Inspired and motiveted by these facts, we introduce and study a new class of iterative
for three Berinde nonexpansive mappings in this paper. The scheme is defined as follows.

Let K be a nonempty convex subset of a Banach space X and T; : K — K,i=1,2,3
be mappings. Then for arbitrary z; € K the following iteration scheme is studied:

zn = apTix, + (1 —ay)x,
Yn = bnTozy, + cnTox, + (1 — by, — cp)xn (1.3)
Tn+l = anTJyn + ﬂnTan + ’YnTS-rn + (1 — O — Bn - 7n)$n7

vn € N, where {a,}, {b.}, {cn}, {bn + cn}, {an}, {Bn}, {7n} and {ay, + B + 0} in
[0, 1] satisfy certain conditions.

The aim of this paper is to introduce and study convergence problem of the three-step
iterative sequence (1.3) for three Berinde type nonexpansive mappings in a real Banach
space. The results presented in this paper generalize and extend some recent Phuengrat-
tana and Suantai [6] and S.Kosol [7].

The following lemma will be needed in proving our main results.
A Banach space X is said to be uniformly convex if the modulus of convexity of X

[z + 9l
2

6(e) = inf{l - izl = llyll =1, lz — yll = e} > 0.

forall 0 < & <2 (i.e., 3(¢) is a function (0,2] — (0, 1)).
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Recall that a Banach space X is said to satisfy Opial’s condition [8] if, for each sequence
{z,} in X, the condition z,, — = weakly as n — oo and for all y € X with y # x imply
that

liminf||z,, — z|| < liminf|/z,, — y||.

A mapping T : K — X is said to be demiclosed with respect to y € X if, for for each
sequence {z,} in K and each x € X | x,, — x weakly and Tz, — y strongly imply that
ze Kand Te =y.

A mapping T : K — X is said to be semi-compact if, for any sequence {x,} in K such
that ||z, — Ta,|| = 0 as n — oo, there exists a subsequence {z,, } of {z,} such that
{n, } converges strongly z* € K.

In what follows, the following lemmas will be needed in proving our main results.

Lemma 1.1 ([9]). Let k > 1 be a fized numbers and X be a uniformly convexr Banach
space and B, = {x € X : ||z|| < r},r > 0. Then there exists a continuous strictly
increasing convex function g : [0,00) — [0, 00) with g(0) = 0 such that

A + (1= Nyll* < Xl ]]* + 1@ = Nllyl* = wi(Ngllz — yl)
for all z,y € B, and X\ € [0, 1].

Lemma 1.2 ([10]). Let X be a uniformly convex Banach space and B, := {x € X :
lz|| < r},r > 0. Then there exists a continuous strictly increasing convex function
g :10,00) — [0, 00) with g(0) =0 such that

1Az + By +vzI1> < Mzl + Bllyll* + vlIzl1> — ABg(llz — ylI)
forall z,y,z € B, and X\, B,y € [0,1] with \+5+~vy=1.

Lemma 1.3 ([L1]). Let X be a uniformly convex Banach space and Br = {x € X :
|lz]]| < R},R > 0. Then there exists a continuous strictly increasing convex function
g :10,00) — [0, 00) with g(0) =0 such that

1A + py + €2+ vwl* < Mz + ullyll* +€ll2]* + vllw]|?

—37Ag(lle —wl) + pg(lly — wil) + Eg(llz = wl)
for all z,y,z,w € By and A\, u,&, v € [0,1] with A+ p+&+v=1.

Lemma 1.4 ([12], Lemma 2.7). Let X be a Banach space which satisfies Opial’s condition
and let x, be a sequence in X. Let q1,q2 € X be such that lim, o ||Tn — q1]] and
limy, o0 [|[2n — q2| exist. If {xn,}, {zn,} are the subsequences of {x,} which converge
weakly to q1,q2 € X, respectively. Then ¢ = qo.

2. MAIN RESULTS

In this section, we prove the three-step iterative scheme given in (1.3) to converge to
a common fixed point for Berinde nonexpansive mappings in uniformly convex Banach
space.
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Lemma 2.1. Let K be a nonempty closed convex subset of a uniformly convexr Banach
space X, T; : K — K,i = 1,2,3 be quasi-nonexpansive mappings. Assume that F =

3

DlF(E) # 0 and let {x,} be a sequence generated by (1.3). Then for each p € F,
lim ||a, — p| exits.

n—o0

Proof. For any p € F, using (1.3) and T; : K — K,i = 1,2,3 are quasi-nonexpansive
mappings,

|20 — pll lanTizy + (1 = an)zn — pl|

< llan(Tizn — p) + (1 = an)(zn — p)||
< an|Tizn —pll + (1 — an)llzn — p
< lzn = pll-
(2.1)
lyn —pll = NbnT22n + cnTowy + (1 — by — cn)zy — P
< |bn(T2zn — p) + cn(Towyn — p) + (1 = by — cn)(zn — )|
< ballTzzn — pll + cnllTozn — pll + (1 = by — cu)|lzn — |
<z —pll-
(2.2)

Znt1 = pll = llanTsyn + BnTs2n + W Ts2n + (1 — an — B — n)zn — 1|
< lan(Tsyn — p) + Bn(T32n — p) + yn(T320 — p)
+ (1 = an = B = vn)(zn — D)l
< an(1T3yn — pll) + Bu(IT320 — pll) + v T320 — )
+ (1 —an = Bn —yn)llzn — pll
< anllyn — pll + Bullzn — pll + Ynllzn — Pl
+ (1 = an = B — ) llzn — 1. (2.3)

Substituting (2.1) and (2.2) into (2.3) and simplifying, we have ||z,+1 — p| < ||zn — ||

This implies that {||z, — p||} is bounded and nonincreasing for all p € F. Hence we have

that lim ||z, — p|| exits. ]
n— oo

Lemma 2.2. Let K be a nonempty closed convex subset of a uniformly convexr Banach
space X, T; : K — K,i =1,2,3 be Berinde nonexpansive and quasi-nonexrpansive map-
pings, p is a common fized point of T;,i =1,2,3 and let {an}, {bn}, {cn}, {an}, {Bn}
and {vn} be real sequences in [0,1], such that {b, + ¢} and {om, + Brn + vn} in [0,1] for
alln € N. Let {x,} be a sequence in K defined by (1.3), and parameters satisfy one of
the following conditions:

(1) If 0 < liminf, a,, <limsup,, (@, + Bn + 7n) < 1,

2) If 0 < liminf, oy, and 0 < limsup,, b, < limsup,, (b, + ¢,) < 1,

) If 0 < liminf, 8, <limsup, (a, + Bn + ) < 1,

) If 0 < liminf,, v, <limsup, (@, + Bn +7n) < 1,

5) If 0 < liminf,, (a,by, + Br), and 0 < liminf, a,, < limsup, a, <1
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then lim ||Thz, —2,| =0, Uim ||Toz, —z,| =0, im ||T3z, —x,| =0, lim [Ty, —
< TL.—>OO 7 — n—)OO
Zpl| =0, lim ||z, — z,|| =0, lim ||y, — z,| =0, lim ||Toz, —z,| =0, lim [|T5z, —
z,| = 0.

Proof. By Lemma 2.1, we know that lim ||z, —pl|| exits for any p € F'. Then the sequence
n—oo

{||z, — p||} is bounded. By quasi-nonexpansiveness of T; : K — K,i = 1,2, 3, there exists

R > 0 such that {z,,—p}, {Thzn—p}, {Tozn—p}, {T5yn—p}, {T32n—0}, {T32,—p} C Bg.
By (1.3) and Lemma 1.2 , we have

ll2n — p||2 = |lanT1wy + (1 = an)zn — p)||2
< lanTizn + (1 — ap)zn — p)||2
< Ilan(T1$n _p) + (1 - an)(xn - p)||2
< anll Tz, —plP + (1= an)llen = pl? = an(1 = an) (0| T2 — wa))
< anllen = plP + (1= an)llen = pl* = an(l = an) (g(I T = wa))
= Jlon = pl? = an(t = an) (g(I Tz — 2a])))

lon=pl? < llow = pl? = an(1 = an) (g(ITizn — aul))-

Thus we have
lon = pI2 < llan = I = an(1 = an) (g1 Tan — 2] ).

Now by (1.3) and Lemma 1.3 ;| we have

||yn - p”2 = ||bnT2Zn + CnTZI'n + (]- - bn - Cn)xn _pH2
S ||bnT22n + CnTQl'n + (1 - bn - Cn)xn _pH2
< ballzn = plI* + callzn = pl* + (1 = by — cp) [z — p]?

—bu(1 = b = ea) (9011 Tazn — 2all))

= buan(1 = an) (90| T — wa))
< bull@n = pI? + callzn = pIP + (1 = b = 0)l|n — p?

b1 = by = ) (9( T2 — )

— bnan(1 = an) (g(I T — 2al))-

lyn =2l < lwn =PI = ba(1 = bo = ca) (901220 — )

~baan(1 = ) ((ITizn = 22]))-
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Moreover, by (1.3) and Lemma 1.4, we have
||mn+1 - p”2 = HanT3yn + /BnTSZn + '}’nTSmn + (1 — Qp — ﬁn - ’Y’n)xn - p||2

< | Taga=pll*+ Bn | sz =PI 470 | To—plI* +( 1= =B =7 o =

1

5 (1= =Bu=7a)(@ng(ITsyn = 2all) + Bug(I T20 — 2.)]

+ g (I Tszn — 2al)))

< anllyn — plI> + Bullzn — plI* + nllzn — plI* + (1—an—ﬁn—%) |zn—p|?

1

— 3= an = B = 7a) (g 1Ty = 2all) + Bug(I T2 — 20)|

+ g ([T — 2al)))

1
< lzn = plI* ~ g(l—an—ﬂn—vn)(ang(llTsyn = @all) + Brg([[Ts2n — zn) |

09 (1 Tsn = 2al))) = @nba(1 = bn = ea) (901220 — 2all))

= anbaan (1 = ) (91 Trwn = wal)) = Baan(1 = an) (9T — 22]))
5
g (T = @al])) ~ainba(1=ba—ca) (g(1ITazn — 2al)

— (@b + Bu)an(1 = an) (9| Trzn — 2l ).

= Hxn—pHQ— 1_0471_571_%1) (ang(HTSyn - xn”) + BnQ(HTSZn - wn)”

Thus we have
s =P < o = pl> = 50— an = Ba = 70) (ang(ITogn — )
+B09(|Ts2 = 20| + g (I Tz — 2al))
—anba(1 = by = ) (9(ITo20 = za]))

~(@nba + Br)an(L = a) (9(|Tizn = @all)).

From the last inequality, we have

(1= an = Bu = 3)9(1Tsgn = wall) < 3(lwn = pl = lznsa = pl?),  (24)

Bu1 = atn = B = 19| Tzn = wall) < 3(Jlan = plI* = lznss =pI?).  (25)

(1= an = By = 1)9 (1120 = wal) < 3(ln = al — lwnss —pl?),  (26)
and

(1= b = ) (baca)(9(|To20 = ) < (Jlan = pII* = leass —I]?). (2.7)

(ubn + Bu)an(1 = an) (9(|Tis = 2al)) < (o = plP = llwwsr = pl?).  (28)
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By condition
0 < liminf o, < limsup(ay, + Bn + vn) < 1,

there exists a positive integer ng and d, 5 € (0, 1) such that 0 < § < o, and @, + Bn +7n <
&< 1 for all n > ng. Then it follows from (2.4) that

(5(1 - 5))) nlggo Oén(l —ap — Bn — ’Yn)g(”TSyn - In”)

< 3(llan — pI* ~ 2ns1 — pl?),
for all n > ng. Thus, for m > ng, we write
m 3 m

> oTsun = wall) < =g 2 (In =2l = lrmsn = 21P)

n=no n=no

< i =77 (o = 217):

m
Letting m — oo, we have > g(||T5yn — Znl|) < o0 so that

n=ngo
lim g(||T5yn — anl) = 0.
n—oo
From g is continuous strictly increasing with g(0) = 0 and (1) then we have
lim ||T3y, — x| = 0.
n—oo
By using a similar method for inequalities (2.5), (2.6),(2.7) and (2.8) we have,

lim [|T52, —z,|| = 0,
n— oo

lim ||T32, — x|
n— o0

lim || T2z, — 4| ,
n—oo

2
0
0
0
lim |Thz, —z,| = O.
n— o0
Also note that
lzn — Znll < llanThizn + (1 — an)zn — 24| < an||Ti2n — 20| — 0 .
n— o0

Since Ty is Berinde nonexpansive mapping, then we obtain,

T2y — x| |T2wy — Taznl|l + | T22n — @n|

<

< Nan — Toznll + |20 — zn|| + Lljzn — Taza|| — 0 .
n— 00

Also note that

1onTozn 4+ cnToxy + (1 — by — Cn)Xn — Zn ||

bpl|Tozn — Znll + cn||Tozn — x4

yn — o0l

IAIA

Then we obtain

lim ||y, —z,] = 0.
n—oo



978 Thai J. Math. Vol. 20 (2022) /S. Temir

It follows that

lim ||T32, —z,|| =0, lim ||Tex, —2,| =0and lim |71z, — 2,| = 0.
n—oo n— oo n— oo

In the next result, we prove our strong convergence theorem as follows.

Theorem 2.3. Let X be a real uniformly convexr Banach space and K be a nonempty
closed conver subset of X and T; : K — K,i =1,2,3 be Berinde nonexpansive and quasi-
nonexpansive mappings. Assume that p € F is a common fized point of T;,i = 1,2,3 and
let {x,} be a sequence in K defined by (1.3), where {a,}, {bn}, {cn}, {an}, {Bn} and
{n} are real sequences in [0,1], such that {b, + ¢} and {an + Brn + Yn} in [0,1] for all
n € N, and satisfy the conditions of Lemma 2.2. If, in addition, T1 or Ty is semi-compact
then {x,} converges strongly to a common fized point of T;,i=1,2,3.

Proof. By Lemma 2.1, {||z,, — p||} is bounded. It follows by our assumption that 77 is
semi-compact, there exists a subsequence {T 1z, } of {Tz,} such that Tyx,, — ¢x as
k — oo.

[Tiq* =Than, || < |lon, —q*[+ Lllg* =Ty, ||
< H"I;nk —qx* ” + L(Hq * _‘rnkH + ||xnk - Tlxnk”) — 0 as k— oo

Therefore, we have ||Tz,, — T1q * || —> 0 which implies that x,, — g* as k — oo.
Again by Lemma 2.2, we have
g% ~Tag+ | < Jim (lon, — g |+ [, — Trt |+ Tin, ~ Tigs ) = 0.

Then we have ¢x = T1q * . By using a similar method, ¢x = T»¢* and then we have
qx = Tsq * .

It follows that g € F. Moreover, since lim ||z, —¢x*|| exists, then lim ||z, —g¢x*| =0,
n—oo n—00

that is, {x,} converges strongly to a fixed point gx € F. Moreover, lim |y, — x| =0
n—oo

and lim |z, — z,|| = 0 as proved in Lemma 2.2 and it follows lim ||y, —¢* | = 0 and

n— oo n—oo
lim ||z, — ¢*|| = 0. This completes the proof. n
n—o0

Finally, we prove the weak convergence of the iterative scheme (1.3) for Berinde non-
expansive mappings in a uniformly convex Banach space satisfying Opial’s condition.

Theorem 2.4. Let X be a real uniformly conver Banach space satisfying Opial’s con-

dition and K be a nonempty closed convex subset of X. and T; : K — K,i =1,2,3 be

Berinde nonexpansive and quasi-nonexpansive mappings. Assume that p € F is a com-

mon fized point of T;,i = 1,2,3 and let {x,} be a sequence in K defined by (1.3) where

{an}, {bn}, {cn}, {an}, {Bn} and {v,} are real sequences in [0,1], such that {b, + ¢, }

and {an, + Bn + Yn} i [0,1] for all n € N, and satisfy the conditions of Lemma 2.2.
Then {x,} converges weakly to a common fized point of T;,i=1,2,3.

Proof. Tt follows from Lemma 2.2 that lim ||T3x, —z,| =0, lim ||Toz, —z,] =0 and
n— oo n— oo

lim ||Ty2, — z,|| = 0. Since X is a uniformly convex Banach space and {||z, — pl||} is

n— oo

bounded, we may assume that {z,} — ¢; weakly as n — oo , without loss of generality.
Then we have q; € F. We assume that ¢; and ¢o are weak limits of the subsequences
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{zn, }, {zn,} of {xn}, respectively. By definition of demiclosed , ¢1,¢2 € F. By Lemma
2.1, lim ||z, — q1]] and lim |z, — ¢2| exist. It follows from Lemma 1.5 that ¢ = g¢o.
n— oo n— oo

Therefore {x,} converges weakly to a common fixed point of T; : K — K,i = 1,2,3.

Moreover, lim ||y, — 2,|| = 0 and lim ||z, — 2| = 0 as proved in Lemma 2.2 and
n— oo n—0o00

{z,} — q1 weakly as n — oo, {yn} — ¢1 weakly as n — oo and {z,} — ¢1 weakly as

n — 00. This completes the proof. ]
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