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1. INTRODUCTION

Recently Ali et al. [7] presented the idea of («, F)-contractive mappings on the platform
of uniform spaces and in [28], Souayah and Malakii produced some fixed point results on
the platform of Sy-metric spaces. Motivated by the above mentioned work, some fixed
point results on («, F')-contractive mappings on the platform of S,-metric spaces have been
reported in the present article. Some new Wardowski type notions of («, F')-contractive
mappings in the new setting of Sp-metric space have been introduced along with some
novel results of fixed point theorems on self-mappings in this space. This important
extension may be helpful in the generalization of many existing results. The existence
and uniqueness of fixed point by using such novel notions has also been discussed. The
proposed results have been support by including some relevant examples.

The notion of b-metric space was presented by Branciari [11] as a generalization of the
metric space by using the weaker triangular condition. This notion was initiated by
Bourbaki [14], and Bakhtin [9] based on Banach contraction. Banach contraction principle

has obtained an important place in this century of science and technology. Its importance
and significance can be noticed from its numerous extensions and applications in many
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fields. Banach [10] states the contraction principle in the way that in a complete metric
space (X, d), every self-mapping ¢ satisfying:

d(ta,tb) < Ad(a,b), Va,b € X and X € (0,1),

has a unique fixed point.

Definition 1.1. [11] Let X be a non-empty set and m > 1 a real number. A mapping
dp: X x X — [0,+00) is called a b-metric if for all a,b,c € X, it satisfies the following
conditions:

BM1. dy(a,b) =0,
BM2. dy(a,b) =0« a=Db,
BM3. dy(a,b) = dp(b,a),

BM4. dy(a,c) < m[dy(a,b) + dy(b,c)].

In this case, the pair (X, d) is called a b-metric space.

Effectiveness of metric fixed point theory is based on two things, one is to modify the
contraction condition and second is to amend the structure of metric space [1-8,

, 27-33]. In literature we can see massive contribution in both directions by different
mathematician. For example a lot of work has been done by using the platform of b-metric

7

spaces [3, 6-8, 12, 15, 28, 30]. Where as, in many results contraction is replaced by cyclic
contraction and by a-y-admissible type mappings.
Samet et al. [26], Salimi et al. [25] and Ali et al. [7] have also given some nice extensions

by using the notions of («,F)-admissible and (a,1)-admissible type mappings. In this
paper, we consider («,F)-contraction on Sp-metric spaces to produce some fixed point
results. Furthermore, we have also given some examples to illustrate the main results.
Our results generalize several existing results given by many authors in literature.

Now we give some basic definitions and results to provide a base for our main results.

Definition 1.2. [11] Consider that (X, dp) is a b-metric space, then the following holds:

a. a sequence {a,} in the space is called Cauchy if d(an,am,) — 0 whenever
m,mn — 0o,

b. a sequence {a,} in the space is called convergent if there exists a € X such
that d(a,,a) — 0 whenever n — oo and it is expressed as

lim a, = a.
n—oo

c. the space X is called complete if every Cauchy sequence is convergent in X.
Definition 1.3. [11] A mapping F': Rt — R is said to be an F-mapping, if the following
conditions are observed:

a. F' is strictly increasing function, that is, as for all a,b € RT, if a < b holds
that F(a) < F(b),
b. for each sequence {b,} that belongs to positive real numbers R,

lim b, =0 if and only if lim F(b,) = —o0,
n—oo

n—roo

c. there is a real number m € (0,1) such that

lim a™F(a) =0.
a— 0t
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Definition 1.4. [11] Let (X, dp) be a complete b-metric space. The mapping t: X — X
is called (,F)-contractive for the two mappings a: X x X — [0,00) and F: RT — R if
it satisfies the following for 7 > 0:

7+ F(a(a,b)d(ta, 1)) < F(d(a,b)) Va,b€ X.

Definition 1.5. [11] A mapping t: X — X is called a-admissible if for all a,b € X, such
that «f(a,b) > 1 implies that a(ta,tb) > 1.

Theorem 1.6. [10] Let (X,dy) be a complete b-metric space with constant s > 1 and
b-metric is continuous functional. Lett: X — X be a mapping with contraction constant
m € [0,1) where as sm < 1. Then t has a unique fized point.

Let us recall Sp-metric space.
Definition 1.7. [11] Let X be a nonempty set X. A function d : X® — [0, 00) is called
an S-metric if it satisfies the following for all a,b,c,t € X:
S1. S(a,b,c)=0<a=b=c,
S2. S(a,a,b) = S(b,b,a),
S3. S(a,b,c) < S(a,a,t)+ S(b,b,t) + S(c,ct).
In this case, the pair (X, S) is called an S-metric space.
Definition 1.8. [11] Let X be a non-empty set X. A function Sj : X — [0, 00) is called
an Sp-metric if it satisfies the following for all ay, as, as3,t € X:
Spl. Sp(ai,as,a3) =0< a; = as = as,
Sp2. Sp(ar, a1, az) = Splaz,as,ay),
Sp3. Sp(ar,az,a3) < b[Sp(ar,ar,t) + Sp(az,as,t) + Sp(as, as, t)].
In this case, the pair (X, S}) is called an Sp-metric space.
Example 1.9. Counsider a nonempty set X with card(X) > 5 also assume X = X; U X»
is partition of X with card(X;) > 4. Let b > 1 and for all a1, a9,a3 € X, we define
0 for a; = as = a3z = 0;
Sp(ai, az,az) = < 3b for (a1, as,a3) € X3;
1 for (a1,az,a3) € X3.

Then we can easily see that the pair (X, Sy) is an Sp-metric space with coefficient m > 1.

Example 1.10. Let X = R be a set of real numbers and S, : X3 — [0, 00) be a function
with the metric defined as:

Sp(a,b,¢) =la—c|+|b—.
Then it is easy to verify that (X, Sp) is an Sp-metric space.

Definition 1.11. [11] In an Sp-metric space (X, Sp) the following statements are satisfied:

a. any sequence {a,} in the space is called convergent [28] if there exists a €
X such that Sy(an,an,a) — 0 whenever n — oo and the limit of sequence is
expressed as lim, .~ a, = a,

b. any sequence {a, } in the space is called an Sp-Cauchy [28] if Sp(an, an, @m) — 0
whenever m,n — oo,

c. the space X is called complete [28] if every S,-Cauchy sequence is convergent
to a point a € X such that lim,, ;00 Sp(an, an, am) = lim, o0 Sp(an, an,a) = a.
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2. MAIN RESULTS

To give the main results of this paper, we first present some new definition in our
setting.

Definition 2.1. Let (X, S;) be an Sp-metric space with a continuity of functional Sp.
Let t: X — X be a self mapping and a: X x X — [0,00). Then ¢t is called («, F, Sp)-
contractive mapping for some constant 7 > 0 such that it satisfies the following condition
for each a,b € X:

7+ F(a(a,b)Sy(ta, ta,tb)) < F(Sy(a,a,b)) (2.1)
with min{a(a, b)Sy(ta, ta, tb)), Sp(a,a,b)} > 0.

Theorem 2.2. Let (X,Sy) be an Sy-metric space with Sy a continuous functional. Let
t: X = X be an (a, F)-contractive mapping for T > 0 such that it satisfies the following
conditions for each a,b € X:

i.: t is a-admissible,
ii.: there is ag € X such as a(ag,tag) > 1 and a(tag,ap) > 1,
iii.: t is continuous.

Then t has a fized point w.
Proof. We take ag € X and ay € tag such that a(ag,a;) > 1. If we find that ap = a1,
then the proof is obvious. Now suppose that ag # a1. If we have a; = tay, then ap is
a fixed point. Suppose that a; # ta; and «a(an,an+1) > land a(apt+1,a,) > 1 for all
n € N U{0}.
From the Definition 2.1, for all n € N, we have
T+ F(Sp(an+1, nt1, ang2)) = 7+ F(Sp(tan, tan, tan+1))
<74 Fla(ant1, an)Sp(tan, tan, tay,+1))
< F(Sb(any O, an+1))-

We know that for 1-st iteration

T+ F(Sp(a1,a1,a2)) =7 + F(Sy(tao, tag, tar))
<7+ F(a(ay, ag)Se(tag, tag, tay))
< F(Sp(ao, ap,ar)).
Hence we have:
T+ F(Sp(a1,a1,a2)) < F(Sp(ag, ap,a1)) ¥V ay,as, € X.
Likewise for 2-nd iteration, we have:
T+ F(Sp(ag, az,a3)) =7 + F(Sy(tay, tay, tas))
<7+ F(a(az, a1)S(tay, tay, tas))
< F(Sp(a1,a1,a2)).
That is:

7+ F(Sp(az,az,a3)) < F(Sy(a1,a1,a2)) ¥V as, a3, € X.
As the mapping ¢ is a-admissible, so we have «(ag, a1) = a(ag,tag) > 1
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= a(ay,az) = a(tag, tay) > 1.
Consequently, we have as under

afan,ant1) >1, VYne NU{0}.

Therefore, we have inductively, for 2-th iteration

nT + F(Sp(@nt1, @ni1yani2)) < F(Sp(ag, ap, a1))
and
F(Sp(ant1,ant1,ant2)) < F(Sp(ag,ap,a1)) — nr.
Taking limit n — oo on both sides
limy, o0 F(Sp(ant1, Gnt1, anr2)) < limg, oo [F(Sp(ag, ag,a1)) — ntl.
= limy o0 F(Sp(Ant1s Gnt1,@niz)) = —00.
Then by b. of Definition 1.3, we have

lim Sb(an+17 An+1, an+2) =0.
n—00

Let’s define Sy = Sp(@n+1, Gnt1, Gny2).
By using c. of F-function there exists k € (0, 1) such that (2.4) becomes

lim Sy nF(Spn) = 0.
Using the above notation, (2.3) may be expressed as:
F(Sb,n) - F(Sb,o) S —nT.

Using the c., (2.3) can be expressed as:
Slic,nF(Sbvn) - SIIJC,nF(S@O) < —SI?,”?’LT

= lm [SEF(Spn) = Spn F(Sp0)] < lim —Sp 07
= nhﬁn;o nS{inT =0

= lim nS,’in:O as 1> 0.

n—oo
Since lim,, nS{fm =0, there is a ng € N such that nS{fyn < 1 for all n > ny.

1

To prove that {a,} is a Cauchy for some m > n, consider
Sb(a"ru Qp,y a'm) Sk[sb(aru Ap, at) + Sb(a’l’b7 Ap, at) + Sb(am7 Ay, at)]
< k[zsb,n + Sb,m]

1 1
ikt ml/k]'
Taking limit n, m — oo on both sides and from (2.6), we get

1 1
lim  Sy(an,an,am) < k2—7 + Tk
m

n,m—oco nl/k

< k[2

]=o0.

(2.2)

(2.3)

(2.6)
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Thus, it follows that {a,} is an Sp-Cauchy sequence. As X is complete, there is a point
w € X such as limy, o0 Sp(an, an, w) = 0 which implies lim,, o a, = w.

Moreover, since t is continuous, w = limy,— 00 Gpy1 = limy, o ta, = t(w).

Thus, we have t(w) = w. ]

1
Example 2.3. Let X = { tx € N} U{0} be endowed with the usual metric Sy, defined
x
as:
Sp(a,b,¢) =la—c|+|b—|.

It can be seen easily that (X, Sp) is an Spy-metric space. Define the mapping ¢ : X — X
as

0fora=0
1
ta = fi = —: 1
a ir 12 or a . x >
1 for a =1,

and the mapping o : X x X — [0,00) as:

1 f be X —{1
aa,p) =4 Lo ab e X = {1}
0 otherwise.
It is easy to find that ¢ is (a,F)-contractive mapping for F'(a) = lna for every a > 0 with
some 7 > 0. For some ag = o e have a(ag, tag) = a(tag,ap) = 1. Furthermore for any

sequence {a,} in X with a, = a as n — oo and a(an—1,a,) =1 for all n € N and also
we have a(an,a) = 1 for all n € N. So, it follows from Theorem 2.2 that t has a fixed
point.

In the search of uniqueness fixed point, we assume the following condition:

(2) For all a,b € Fiz(t), there is a point z € X such that a(z,a) > 1 and «a(z,b) > 1,
where, Fix(t) represents the set of all fixed points of ¢.

The following theorem guarantees the uniqueness of the fixed point.

Theorem 2.4. If we add the new condition (Z) in the hypothesis of above Theorem 2.2,
then we get the uniqueness of the fixed point of the self-mapping t.

Proof. Contrarily, assume that there exists two different fixed points w and v of . Con-
dition (E) implies that there exists z € X such that

a(z,w) > 1 and a(z,v) > 1. (2.7
Since t is a-admissible, therefore from inequality (2.7), we get
a(t"z,w) > 1and a(t"z,v) > 1, for alln € N U{0}. (2.8)

Let us define a sequence a, € X by a1 = ta, = t"ag for every n € N U {0} and
apg = a.
From inequalities (2.8) and (2.1), we get

T+ F(Sp(ant1, ani1,w)) <7+ F(a(an, w)Sp(tan, tan, tw)) < F(Sp(an, an, w),
for alln € N U {0}.
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Inductively, we have

F(Sp(an, an,w)) < F(Sy(ag,ap,w)) — n7, for alln € N U{0}.
= 1i_>m F(Sp(an, apn,w)) = —00. (2.9)

It follows from the b. of Definition 1.3,

lim Sy(an,an,w) =0. (2.10)
n—oo

Similarly
le Sp(an, an,v) =0, (2.11)

and the limit of a sequence is always unique, hence w = v.
Hence, we have obtained that u is the required unique fixed point. L]

Definition 2.5. [1] Let (X, S) be a Sp-metric space with a continuity of functional Sp
and a pair (¢, s) of self-mappings ¢, s: X — X is a-admissible pair if for any a,b € X with
a(a,b) > 1, we get a(ta,sb) > 1 and «a(sa,th) > 1.

Definition 2.6. Let (X, S;) be a Sp-metric space with a continuity of functional S, and
a pair (¢, s) of self-mappings ¢, s: X — X is (o, F, Sp)-contractive if there exists a function
a: X x X = [0,00) and 7 > 0 such that

T+ F(a(a,b) max{Sy(ta, ta, sb), Sp(sa, sa,tb)}) < F(Sy(a,a,b)), (2.12)
for each a,b € X with max{a(a,b) max{Sy(ta, ta, sb), Sp(sa, sa, tb)}, Sp(a,a,b)} > 0.
Theorem 2.7. Let (X, Sy) be an Sy-metric space with Sy a continuous functional. Con-
sider an (o, F, Sp)-contractive pair (t,s) satisfying the following conditions:

i.: (t,s) is a-admissible,

ii.: there is a point ag € X such as aag,tag) > 1 and a(tag, ap) > 1,

iii.: for any sequence {an} in X with a, — 0 as n — o0 and a(an,ani1) > 1
for alln € N U{0}, then a(an,a) > 1 for alln € N U{0}.

Then t and s have a common fized point.
Proof. For any ap € X and by hypothesis ii., we have a(ag, tag) > 1 and «a(tag, ap) > 1.
Since (t,s) is an a-admissible pair, a sequence {a,} in X such that tas, = as,4+1 and
SQ2p41 = A2n12, We have a(ap, apt1) > 1 and a(ant1,a,) > 1 for every n € N U{0}. As
(t,s) is an (o, F, Sy)-contractive pair, we have
T+ F(Sp(azni1, @2nt1, @2nt2)) =7 + F(Sp(tazn, taz,, sa2n41))
<7+ Fla(agn, azng1)X
max{Sy(tasy, tas,, Sazsn+1), Sp(Saan, sazn, tasn+1)}
< F(Sy(azn, azn, a2ni1)).

This implies that

T+ F(Sp(agn+1, @2n+1, @2nt2)) < F(Sp(azn, azn, a2n+1))- (2.13)
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Similarly, we can get that
T+ F(Sp(a2n+2, @2n+2, @2n+3)) =T + F(Sp(sa2n+1, S02n+1, ta2n42))
<74 F(a<a2n+1; a2n+2) X
max{Sy(tazn+1,ta2n+1, Sa2n+2), Sp(8G2n+1, SG2n+1,ta2n+2) }
< F(Sp(a2n+1, @2n+1, G2nt2))-

Similarly, it implies that

T+ F<Sb(an+1a An+1, an+2)) S F(‘S’b(ana Ap,y an+1))- (214)
Then from (2.12) and (2.14), we have
F(Sy(an,an,ant1)) <F(Sp(ag,a0,a1)) —n7 for alln € N U{0}. (2.15)
= lim F(Sy(an,an,ant1)) < lim [F(Sp(ag, ag,a1)) — ntl.
n— oo n—oo
= li_>m F(Sp(an, an,ant1)) = —00.
= ILm Sp(an, an,ant1) = 0. (2.16)

Let Sp.n = Sp(an,an,an+1) and by using c. of Definition 1.3 there exists k& € (0,1) such
that equation (2.16) becomes

lim S¥ nF(Spn) = 0. (2.17)
By c. of Definition 1.3 and taking limit to inequality (2.15), we have:

F(Sb’n) - F(Sb,o) S —nT

= SE,F(Son) = S5 o F(Sho) < —nSp,7

= lim [SF,F(Spn) — SF, F(Sb0)] < lim —nSF, 7
n—oo ’ ’ n—oo ’
= lim nSF =0 as 7>0.
n—oo ’

So, there exists ng € N such that nSl’f’n <1 forall n > nyg

For m > n, we show that {z,} is an Sp-Cauchy sequence, consider
So(an, n, @) <E[Sp(an, an,ar) + Sp(an, @n, ar) + Se(am, Gm, at)]
< k[25pn + Sb,m]
1 1

k2 + ] (2.19)

Taking limit n, m — oo on both sides and from (2.19), we get
. 1 1
mlégloo Sp(an, @ns am) < k@m m] =0.

Therefore, {a,} is an Sp-Cauchy sequence.
Thus, there exists w € X such that lim,,_, Sp(an, an,w) = 0.
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So, this implies lim,,_, oo tas, = lim,_co SG2p,+1 = W.
From equation (2.12) and from assumption iii. of the theorem, we get
Sp(@n; an, tw) < k[Sy(an, an, aznt2) + Sp(an, an, aznt2) + Sp(azn+2, aznt2, tw)]
= k[Sp(an, an,y @2n+2) + Sp(an, any G2nt2) + Sp(Sa2n+1, SG2n+1, tw))
< k[Sp(an, an, azn+o) + Sp(an, an, a2nta) + aasnt1, w)x
max{Sp(tagnt1,tasn+1, W), Sp(Sa2n+1, Sa2n+1,tw)}))]
< k[Sp(an, an, azn+2) + Sp(an, an, azn+2) + Sp(azn+1, a2nt1, w)]
< k[2Sp,n + Sb2n+1]
1 1
nl/k + (2n+ 1)1/k]'
Taking limit on the both sides of above inequality, we have
lim;, 00 Sp(an, an, tw) =0 and lim,, o Sp(an, an, w) = 0.

Thus, we have tw = w . Analogously, we can find that sw = w.
Hence, tw = sw = w. [

< k[2

Remark 2.8. Note that the Theorem 2.7 also holds if we replace condition ii. by as
given below:
There exists ag € X such that a(ag, sag) > 1 and a(sag,ap) > 1.

Example 2.9. Let (X,S;) be an Sp-metric space where X = {i rx € N} U {0} with
metric defined as:

Sp(a,b,c) =la—c|+|b—|.
We can easily find that (X, S) is an Sp-metric space. Assume ¢ : X — X as defined by:

0fora=0
1 1
ta = fi = —: 1
a 3o 11 or a . xr >
1 for a =1,
and s: X — X is defined by:
0 fora=20
1 1
sa = fora=—-:2>1
dr +1 T
1 for a =1,

and the mapping o : X x X — [0,00) is as defined below:
1 f be X —-{1
a(a,b) { or a,b € {1}

0 otherwise.
Then we have that ¢ and s are («,F)-contractive mapping for F(a) = Ina for every
a > 0 with some 7 > 0. Here for some ag = 5 we get that a(ag,tag) = a(tag,ag) = 1.

Furthermore for any sequence {a,} in X, we obtain a, — a for n — oo and also we get
a(an,any1) > 1 for all n € NU{0}. We have also a(an,a) > 1 for all n € N. Thus, by
Theorem 2.7, the pair (¢, s) of self-mappings ¢ and s has a common fixed point.
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To find out the unique common fixed point for the pair of self-mappings, we apply the
condition given below:
(Q): For all a,b € CFix(t,s), we have a(a,b) > 1, where as CFiz(t,s) rep-
resents the set of all common fixed points for the pair of self-mappings ¢ and
s.

Theorem 2.10. By including condition () in the statement of the Theorem 2.7, we get
the uniqueness of the common fized point for mappings t and s.

Proof. We consider on contrary that a,b € X are two different common fixed points of ¢
and s. From the condition i. of Theorem 2.7, we have

T+ F(Sp(a,a,b)) < F(a(a,b) max{Sy(ta,ta, sb), Sp(sa, sa,tb)}) < F(Sy(a,a,b)),

which is not possible for Sy(a,a,b) > 0 and as a result, we get Sp(a,a,b) = 0. Likewise,
we can obtain that Sy(b,b,a) = 0. Therefore, we get a = b which is contrary to our
assumption. Hence ¢ and s have a unique common fixed point. ]

The next results obviously follow by assuming «(a,b) =1 for all a,b € X.

Corollary 2.11. Let (X, S) be an S-metric space with a continuity of S. Also consider
t: X — X is a mapping and F-functions such that

T+ F(S(ta,ta,tb)) < F(S(a,a,b))V a,b € X where S(a,a,b) > 0.
Then t has a unique fized point.

Corollary 2.12. Let (X,S) be an S-metric space with a continuity of S. Also consider
t,s: X — X are mappings and F-functions such that

T + F(max S(ta, ta, sb), S(sa, sa,tb)) < F(S(a,a,b))Va,be X
where we have max{max{S(ta, ta, sb), S(sa, sa,tb)}, S(a,a,b)} > 0.
Then t and s have a unique fixed point.

Corollary 2.13. Let (X, Sy) be an Sy-metric space with a continuity of Sy. Also consider
t: X — X is a mapping and F-functions such that

T+ F(Sp(ta, ta,tb)) < F(Sp(a,a,b))V a,b € X where Sp(a,a,b) > 0.
Then t has a unique fized point.

Corollary 2.14. Let (X,S,) be an Sp-metric space with a continuity of Sy. Also consider
t,s: X = X are mappings and F-functions such that

T + F(max Sy(ta, ta, sb), Sp(sa, sa, tb)) < F(Sy(a,a,b))Va,be X
where we have max{max{Sy(ta, ta, sb), Sp(sa, sa,tb)}, Sp(a, a,b)} > 0.

Then t and s have a unique fixed point.
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