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Abstract In this paper, we characterized the class of MV algebras among the class of bounded Repre-
sentable Autometrized Algebraa A = (A, +, <, *) satisfying the condition:
(T) 1+ (1*z) == for all z € A.

We obtained the connection between the homomorphism of Representable Autometrized Algebras and
homomorphism of induced MV Algebra.
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1. INTRODUCTION

C.C. Chang ([1, 2]) introduced MV algebras as an algebraic counter part of Lukasicwicz
infinite valued proportional logic. D RI-Semigroups were introduced and studied by KLN
Swamy ([3-5]), Representable Autometrized Algebras were introduced and studied by
B.V.Subba Rao ([6-12]). The class of DRI— semigroups is a proper subclass of the
class of Representable Autometrized Algebras. Rachneck ([13, 14]) obtained the relation
between D RI-monoids (Swamy [3-5]), and MV algebras ([I, 2]). He gave a connection
between the homomorphism of DRI— monoids and homomorphism of MV-algebras.

In the next Section, we obtained a characterization of MV-algebras among the class of
bounded Representable Autometrized Algebras A = (A, +, <, x) satisfying the condition
(T)1*(1%xz)==x,forall x € A
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In Section 3 following Rachuneck ([13, 14]), we proved a theorem giving the relation
between the homomorphism of bounded Representable Autometrized Algebras and the
homomorphisms of induced MV-algebras.

2. CHARACTERIZATION OF MV-ALGEBRAS AMONG THE CLASS OF
BOUNDED REPRESENTABLE AUTOMETRIZED ALGEBRAS

We recall the following

Definition 2.1. (C.C.Chang ([1, 2]) An algebra A = (4, ®, —,0) of signature < 2,1,0 >
is called an MV-algebra, if and only if, A satifies the following identities.

MV) z®(ydz)=(xdy) D=2

( JrBYy=ydx
(MV3)zd0==z

(MV4) =—z=x

(MV6) ~(rz@y)®y=—(r®y) & .

Note 2.2. Rachunek ([13, 14]) obtained the connection between D Rl-monoids introduced
by Swamy ([3-5]) and the MV-algebras.

Infact, given an MV-algebra A = (A, ®,—,0) and setting z <y < ~(-zdy) Dy =y,
he proved that < is a lattice order on A, and for any 7,s,€ A there exists a least ele-
ment r ® s with property s ® (r ® s) > r and A = (a,®,0,V,A,®) is a DRI-semigroup
with smallest element 0 and greatest element 1 = —0 satisfying the identity 1® (1®z) = «.

Further, given a bounded DRI monoid A = (4, +,0,V, A, —) with smallest element 0
and the greatest element 1 satisfying the identity 1 —(1—2x) = 2 then, Rachunek ([13, 14])
proved that A = (A, ®, <,0) is an MV-algebra, where -2 =1 — z for any = € A.

Remark 2.3. The class of all commutative D RIl-monoids introduced and studied by
Swamy ([3-5]) is a proper subclass of the class of all Representable Autometrizrd algebras
introduced and studied by Subba Rao ([6-8]).

In the following theorem, we characterize the MV-algebras among the Representable
Autometrized Algebras.

Theorem 2.4. Let A = (A,+,<,%) be a Representable Autometrized Algebra with 0
(additive identity) as the least element and 1 as the greatest element, satisfying:

(T) 1+ (1*xxz) ==, for allz € A Then, A = (A,+,—,*) is an MV-algebra, if and only if,
A satisfies the following condition.

(M 1x[1xx)+yl+y=1x[(z+ (1*y))]+z for allz,y € A, where —x = 1 xx for all
x e A.

Proof. Assume that A = (A, +, <,x) is a Representable Autometrized Algebra with 0
(the additive identity) as the least element and 1 as the greatest element, satisfying
(T)1*(l*z)==x,forallze A

let us assume that A satisfies the condition (V') mentioned in the theorem. Let us define
-z =1xx for all z € A, clearly A = (A4,+,<,0) is an algebra of species < 2,1,0 > and
we have the following properties

(MV1) z+(y+2) =(x+y)+2z foral z,y,z € A (since + is Associative in A)
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(MV2) z+y=y+axforall z,y € A. (since + is Commutative in A)
(MV3) 4+ 0=z for all z € A. (since 0 is the identity in A w.r.to +)
(MV4) =(—z)=1%(1xx)=2a by (T) (Hypothesis)

we have 1 +1 < 1 (since 1 is the greatest element)
14+1>140=1(since, 0 is the least element)

141> 1 (since 1 is the greatest element)

Therefore 1 =1

(MV5) z+-0=z4+(1x0)=24+1=1=1x0=-0
(sincex+1>0+1=1=1+1>x+1 and 1 is the greatest element)
(MV6) —(-z+y)+y=-(x+-y)+aforallz,yc A

(by (V) since ma = 1% a for all a € A) Therefore, (A = (A4,+-,0) satisfies all the
conditions (MV1 to MV6) Hence, A = (A, +,,0) is an MV-algebra.

Conversly, assume that A = (A, +,—,0) is an MV algebra. Therefore A satisfies the
axiom (MV6).
Therefore from the (MV6) above (By definition of MV-algebra)
we have 1 x [(1x2)+y]l+y=1x[z+ (1xy)]+a for all z,y € A. (since -z = 1x*zx)
Thus, A satisfies the condition (V)

Ix[(1*xz)+yl+y=1x[z+ (1*xy)]+x foral z,y € A.

Hence the Theorem. =

Remark 2.5. If A = (A4,+, <,*) is a Representable Autometrized algebra with 0 (addi-
tive identity) as the least element, and 1 as the greatest element, then A need not satisfy
the condition(7") 1% (1 *xx) = z for all z € A nor the condition (V) mentioned in the
above theorem.

For example, consider the following example given by Subba Rao (Page 436, [0]).

Example 2.6. Let A = {0,a,b,¢,d, e}, Define 0 < a < b < ¢ < d < e. Define + and =
by the following Tables.

+10 abcde x| 0abcde
0| O0Oabcecde 0l0abcecde
a|labbeee ala0Oaccec
bl bbbeece bl|balccc
clceeece clcececO0aa
d| deeece d|ldcca0Oa
e|leeeceee eleccaal

It is routine to verify that A = (A, +, <,#) is a Representable Autometrized Algebra
with 0 as the least element and e as the greatest element. But, however this Representable
Autometrized algebra A does not satisfy the condition (T') 1 (1 *x) = z, for all x € A.
In fact, e is the greatest element in A and b € A. But ex (exb) = exc = a # b, and
ex(exd)=exa=c#d.

Thus, this example shows that there exists a bounded Representable Autometrized Alge-
bra A = (A4, +, <, ) not satisfying the condition (T') mentioned in the above theorem.
Further, let us take z = a and y = b of A in the condition

M 1x((Ixx)+y)+y=1x(x+(1xy))+x, forallz,yc A
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LHS of (V) =—-(-a+b)+b
=-(exa+b)+b
=-(c+b)+0
=-e+b
=(exe)+b
=0+b
=b

where as

RHS of (V) ==(a+-b)+a

=-(a+(exd) +a
—(a+c)+a
—e+a
=(exe)+a
=0+a
=a

but b # a.

This shows that A does not satisfy the condition (V') mentioned in the above theorem.
Thus, there exists a bounded Representable Autometrized Algebra which neither satisfies
the condition (T") nor condition (V).

3. EXTENSION OF RACHUNK’S THEOREM TO DRI-MONOIDS-MV-
ALGEBRAS TO BOUNDED REPRESENTABLE AUTOMETRIZED ALGEBRAS

We recall the following definition of homomorphism of Lattice ordered Autometrized
Algebras introduced by Subba Rao [6].

Definition 3.1. Let S = (S, +, <, %) and T = (T, +, <, *) be lattice ordered autometrized
algebras. We say that amapping f : S — T is a homomorphism from S to T, if and
only if|

(H1) f(a+b) = f(a)+ f(b) for any a,b in S,
(H2) f(aVvb) = f(a) VD for any a,b in S,
(H3) f(anb) = f(a) Ab for any a,b in S and
(H4) f(axb) = f(a)*b for any a,b in S.

A homomorphism f:S — T is called
(7) An epimorphism, if and only if f is onto
(ii) Monomorphism, if and only if, fis 1 —1 and f~! : T — S is also a homomorphism.
Note 3.2. The above definition holds good for Representable Autometrized Algebra

also, since every Representable Autometrized Algebra is by definition, a lattice ordered
Autometrized Algebra satisfying some natural conditions.

We recall the following definition of a homomorphism of MV-algebras from C.C.Chang

[1]-
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Definition 3.3. Let A = (4,®,-,0) and B = (B, ®,—,0) be MV-algebras. A mapping
f: A — B is said to be a homomorphism from the MV-algebra A into MV-algebra B,
if and onlt if,

(@) f(0)=0,

(i) fla®b) = fla)® f(b),

(t5i)  f(—a) =—f(a) for all a,b € A.

If f is onto, f is called an epimorphism, and if f is one-one and onto, then f is called
an isomorphism from A onto B, and in this case we say that the MV-algebras A and B
are Isomorphic.

Note 3.4. If there exists a homomorphism g between two D RI- semigroups A and B such
that g(1) = 1!, where 1 and 1! are the greatest elements of A and B respectively, then
Rachunek ([13, 14]) proved that g becomes a homomorphism of MV-algebras between the
induced MV-algebras A and B in the following.

Theorem 3.5. (Rachunek [13, 11]) Let (A, +,0,V,A, =) and (B, +,0,V,A,—) be DRI-
semigroups with the least elements 0 and 0 and the greatest elements 1 and 11 respectively.
satisfying the conditions

(i)1—(1—2)==z forallz € A and 1' — (1* —z) =z for z € B.

() z+y—z)=y+(x—y) forallz,yc Aandz+ (y—2z) =y+(x—y) forallz,y € B
set mx =1—x for any x € A. Then (A,+,—,0) is an MV-algebra, and let g : A — B
be a homomorphism of DRI-semigroups such that g(1) = 1. Then g is a homomorphism
of the induced MV algrbras.

In the following, we extended the above theorem to Representable Autometrized Al-
gebras.

Theorem 3.6. Let A= (A, +,<,%) and B = (B, +, <,*) be Representable Autometrized
Algebras with 0 and 01 (additive identities) as the least elements and 1, 11 as the greatest
elements respectively, satisfying the conditions

(T)1x(1xz)==x forallz € A, and 1' x (1 xx) =z for allx € B

(V) 1Y [t 2)+y] =1 % [(x+ (1 * y)] +a for all z,y € A, and

[ sa)+y] =1 x[(x+ (11 *xy))] +2 for all z,y € B

Let g : A — B be a homomorphism of Representable Autometrized Algebras such that
g(1) = 11. Then g is an MV-algebra homomorphism from the MV-algebra A = (A, +,—,0)
into the MV-algebra B = (B, +,—,0'), where the MV-algebras A and B are the induced
MV-algebras of the Representable Autometrized Algebras A and B respectively (As per
Theorem 2.4 above).

Proof. Let A = (A,+,<,%) and B = (B, +, <,*) be Representable Autometrized Alge-
bras with the additive identities 0 and 0' as the least elements and 1, 1! as the greatest
elements, respectively.

Let A= (A, +,-,0) and B = (B, +,~,0') be corresponding MV-algebras of the Rep-
resentable Autometrized Algebras A = (A,+,<,x) and B = (B, +, <, *) respectively
obtained as per the theorem(2.4) above.

Now let g : A — B be a homomorphism of Representable Autometrized Algebras from
A into B such that g(1) = 1.
Therefore,
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glx+vy) =g(z) + g(y),for all z,y € A,
gl Vy)=g(x)Vgly),for all z,y € A,
glx Ay) = g(x) Ag(y),for all z,y € A,
gz xy) = g(x) x g(y),for all x,y € A, and
g(0) = 0",
further g(1) = 1 (by hypothesis).

Since, g(x +y) = g(x) + g(y) for all z,y € A and g(0) = 0!, in order to show that g
is an MV-algebra homomorphism, it is enough, if we prove that g(—z) = —(g(z)) for all
z e A
Let x € A, we have

).
Hence, g : (A, +,—,0) — (B, +,—,0!) is an MV-algebra homomorphism.
Hence the theorem. n
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