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1 Introduction

In 1940, S.M. Ulam [12] proposed the Ulam stability problem of linear map-
pings. In the next year, D.H. Hyers [5] considered the case of approximately
additive mappings f : E — E’ where E and E’ are Banach spaces and [ satisfies
inequality || f(x +y) — f(z) — f(y)|| < e for all z,y € E. It was shown that the
limit L(z) = lim,, o 27" f(2"z) exists for all € E and that L is the unique ad-
ditive mapping satisfying || f(z) — L(z)|| < e. In recent years, a number of authors
[7, 16, 9] have investigated the stability of linear mappings in various forms.

In this paper, we will study a quadratic functional equation and will investigate
its generalized Hyers-Ulam-Rassias stability.

2 The general solution

Theorem 2.1. Let X and Y be a real vector space. A function f : X — Y
satisfies

fBr+y)+ fBr—y)=fla+y)+ fle—y) +16f(z) Ve,yecX  (2.1)
if and only if it satisfies

flx+y) + flx—y)=2f(x) +2f(y) Va,yeX. (2.2)
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Proof. Suppose a function f : X — Y satisfies (2.1). Putting (z,y) = (0,0) in
(2.1), we get f(0) =0. Setting y = « in (2.1)), we obtain

F(ax) = 164(2) (23)
for all x € X. Putting (z,y) = (,2 — y) in (2.1), we have
flz —y) + [z +y) = [z —y) + f(y) + 16f(2). (2.4)

If we reverse the sign of y in (2.4), then add the resulting equation to (2.4), we
will have

flz —y)+ fldz +y) = f(y) + f(—y) + 32f (2). (2.5)
Replacing y with 4y in (2.5) and using (2.3), we will be left with
fle+ty)+ fla—y) = fly) + f(=y) + 2f(2). (2.6)
Putting y = « in (2.6), we get
f(22) =3f(x) + f(—a). (2.7)

Reversing the sign of x in (2.7)) gives us f(—2x) = 3f(—x) + f(z). Replacing =
with 2z in (2.7) and taking into account (2.3), we obtian

16f(z) = 3f(22) + f(—2x) = 3(3f () + f(—=)) + (3 (—z) + f(x)),

which simplifies to f(z) = f(—x) for all x € X. Hence, (2.6) reduces to (2.2).

Suppose a function f: X — Y satisfies (2.2). It is known [4] that f possesses
a quadratic property; i.e., f(nz) = n?f(z) for all integers n and for all x € X.
Thus,

fBz+y)+ fBz —y) =2f(3z) + 2f(y) = 18f(z) + 2f(y)

and we can see that (2.1) immediately follows. O

3 The Generalized Hyers-Ulam-Rassias Stability

Theorem 3.1. Let X be a real vector space and let Y be a Banach space. Let
¢: X? —[0,00) be a function such that

Y2097 d(3",0) converges for all x € X, and (3.1)

lim, 00 97"¢(3"2,3"y) =0 for all z,y € X, '
or _

> o2 9°¢(37"x,0) converges for all x € X, and (3.2)

lim, o0 9"¢(37 "2, 3 "y) =0 for all x,y € X. '

If a function f : X — 'Y satisfies the inequality

[fBz+y)+fBr—y)—flz+y)— fle—y) —16f(2)| < d(x,y) Va,y € X, (3.3)
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then there exists a unique function Q : X —'Y such that Q satisfies (2.1) and

B L5 971(3%,0) if (3.1) holds
[f(z) — Q)] < {112 S gig(3-te.0) i (.2) holds Vo e X. (3.4)

The function Q is given by

Q(z) = {Hmn_}oo g—nf(gnx) if (31) holds

lim, oo 9" f(37"2) if (3.2) holds (3:5)

Proof. We will first prove the case when the condition (3.1) holds. Letting (x,y) =
(z,0) in (3.3), we get
12f (3z) — 18 (z)|| < ¢(x,0).

Dividing by 18, we have

Hf(ig%w)_ f(m)H<118¢<x,0) Va € X. (36)
Therefore,
12822 - )| = Z( - —f(gzx))H
< SLE g
< 18ZO 3%30

for a positive integer n and for all x € X.
We have to show that the sequence {

every positive integer n and m, consider

f@3"z)
9’71

} converges for all x € X. For

f@E ) (3 1 || f(8™-3"x n
H gntm (9") T oo : gm - faa)
m—1 ;
1 6(3' - 3"z, 0)
<
- 18-97 Z 9t

. Z &( 3’+”x 0)

9z+n

By condition (3.1), the right-hand side approaches 0 when n tends to infinity.
Thus, the sequence is a Cauchy sequence. Since a Banach space is complete, we

let N
Q(z) = lim f(3")

n— oo gn
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for all z € X. By the definition of @, we can see that inequality (3.4) holds in this
case which the condition (3.1) holds.

To show that @ really satisfies the function equation, we set (x,y) = (3", 3"y)
in (3.3) and divide by 97, yielding

o 17 (3732 4 9)) + £ (3" (32— 9) — (3" +))

@ (e ) - 167 (3") | < LEDI)

Take the limit as n goes to infinity and note the definition of @, the above equation
becomes

@Bz +y)+QBr—y)—Q(x+y)—Q(xr—y)—16Q (z)[| <0.

for all z,y € X. Therefore, @) satisfies (2.1).

Finally, we prove the uniqueness of (). Suppose that there exists another
quadratic function S : X — Y such that S satisfies the functional equation (2.1)
and

1 X ¢ (3'2,0)

=0

for all z € X. By Theorem 2.1, every solution of (2.1)) is also a solution of

Qr+y)+Q(x—y)=2Q (x)+2Q (y)

and it is straightforward to show that every solution has the quadratic property;
i.e.,Q (nx) = n?Q (z) for every positive integer n and for all z € X. Therefore,

15(z) = Q) = gin 15 (3") — Q (3"x)||

< S ISE) ~ FE D]+ o 1F ) - (3
11 X9 (3-3m,0)

< R,
- 9 18 4 9
1=0
0 i+n
21 o (3 | z,0)
— 9 4 91+n
=0

for all z € X. By condition (3.1), the right-hand side goes to 0 as n tends to
infinity, and it follows that Q(z) = S(x) for all € X. Hence, Q is unique.

For the case that the condition (3.2) holds, we can state the proof in a similar
manner as in the case which the condition (3.1)) holds. Starting by setting (z,y) =
(%,0) in (3.3) and dividing by 2, we get

[s@ 91 (3)] < 50 (5.0) veex (3.7)
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and this equation can be extended to

7097 ()] = 5 oot

i=1

for a positive integer n and for all z € X.
We can show that a sequence {9” f (31)} converges for all x € X. After that we
let,

Q(z) = lim 9" f(37"x)
for all x € X. We will omit the proof and the other proof can be produced
accordingly.
Then the proof is complete. O

Corollary 3.2. Let X be a real vector space and let Y be a Banach space. If a
function f: X —'Y satisfies the inequality

[fBx +y)+ fBr—y) — fz+y) — fla —y) —16f(z)| <e Vz,ye X (3.8)

for some real number € > 0, then there exists a unique function @Q : X — 'Y such
that Q satisfies (2.1) and

3

I1£(2) - Q@) < =

Vz € X. (3.9)

Proof. We choose ¢ (z,y) = € for all z,y € X. Being in accordance with (3.1) in
Theorem 3.1, it follows that

1 < ¢ €
1@ - Q@) < 5> = = o
for all x € X as desired. O

Corollary 3.3. Let X be a normed vector space and let Y be a Banach space.
Given positive real number € and p with p # 2. If a function f : X — Y satisfies
the inequality

1/ Bz +y) + fBx—y) — flz+y) — flz —y) = 16f ()] < e(ll=[|” + [ly[I") (3.10)

for all x,y € X, then there exists a unique function Q@ : X — Y such that Q
satisfies (2.1) and

9

1f(z) = Qz)]| < MIIIHP Yz € X. (3.11)
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Proof. We choose ¢ (z,y) = ¢ (||z]|” + ||y||") for all z,y € X.
If 0 < p < 2, then the condition (3.1)) in Theorem 3.1 is fulfilled, and consequently

1f(2) = Q)]

IN

1 — 3“’||a:|\)
1*82
= LS e

5 1

= g 73z el
el
2(9 — 37)
for all x € X.
If p > 2, the condition (3.2]) in Theorem 3.1 is fulfilled, and consequently
Uy ll=ll”
_ < Al
IF0) - Q@I < X9 gy
L)’
T i(p—2
18 P 3ilp—2)
ST
18 3r—2—
el
2(3r —9)
for all x € X.
Both cases of consideration complete our proof. O
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