Thai Journal of Mathematics
Volume 20 Number 2 (2022)
Pages 813-841

http://thaijmath.in.cmu.ac.th
ISSN 1686-0209

Stepanov-Like Pseudo Almost Periodic Solutions of
Class r in a-Norm under the Light of Measure Theory

Issa Zabsonre'-*, Abdel Hamid Gamal Nsangou?, Moussa El-Khalil Kpoumié3 and
Salifou Mboutngam?

L Université Joseph KI-ZERBO, UFR SEA, Département de Mathématiques, Burkina Faso
e-mail : zabsonreissa@yahoo.fr (I. Zabsonre)

2Université de Maroua, Département de Mathématiques, Ecole Normale Supérieure, Cameroun
e-mail : nsangoumarah@yahoo.fr (A.H.G. Nsangou); mbsalif@gmail.com (S. Mboutngam)

3Université de N'gaoundéré, Ecole de Géologie et d’exploitation miniére, Cameroun
e-mail : moussaelkhalil@gmail.com (E. Kpoumie)

Abstract The aim of this work is to present some interesting results on weighted ergodic functions. We
also study the existence and uniqueness of (p, v)-weighted Stepanov-like pseudo almost periodic solutions
class r for some partial differential equations in a Banach space when the delay is distributed using the

spectral decomposition of the phase space developed by Adimy and his co-authors.

MSC: 34K30; 35B15; 35K57; 44A35; 42A85; 42A75
Keywords: ergodicity; weighted Stepanov-like pseudo almost periodic function; analytic semigroup;

fractional power; evolution equations; partial functional differential equations

Submission date: 24.09.2019 / Acceptance date: 22.11.2021

1. INTRODUCTION

In this work, we study the existence and uniqueness of Stepanov-like pseudo almost
periodic solutions of class r for the following partial functional differential equation

u'(t) = —Au(t) + L(ug) + f(t) for t € R, (1.1)

where —A : D(A) — X is the infinitesimal generator of a compact analytic semigroup
of uniformly bounded linear operators on a Banach space X. The phase space C, =
C([-r,0],D(A*)), 0 < a < 1, is the space of continuous functions from [—r,0] into
D(A%), A* is the fractional a-power of A. This operator (A%, D(A%)) will be describe
later and

lelle. = 1A% lo(-r.0.x)-

For t > 0, and u € C([-r,a], D(A%)), a > 0 and u; denotes the history function of C,,
defined by
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ut(0) = u(t+6) for —r <6 <0.
and L is a bounded linear operator from C, into X and f : R — X is a continuous
function.

Some recent contributions concerning pseudo almost periodic solutions for abstract
differential equations similar to equation (1.1) have been made. For example in [1],
the authors prove the existence and uniqueness theorem of pseudo almost periodic mild
solutions to nonautonomous neutral partial evolution equations

%[U(t)Jrf(t,U(t))} = AD)[u(®) + f(tul®)] + 9@, u?), t €R,
%[U(t)Jrf(taBU(t))} = A@®)[u(t) + f(t, Bu(t))] + g(t, Cu(t)), t € R,

where that A(t) satisfy ” Acquistapace-Terreni” conditions, the evolution family gener-
ated by A(t) has exponential dichotomy, R(Ag, A(.)) is almost periodic, B, C' are densely
defined closed linear operators, f , g are Lipschitz with respect to the second argument
uniformly in the first argument, f is pseudo almost periodic in the first argument, g is
Stepanov-like pseudo almost periodic in the first argument for p > 1 and jointly continu-
ous.

In [2], the author revisits the concept of SP-pseudo-almost periodicity and he studies
the existence of pseudo-almost periodic solutions to some nonautonomous differential
equations in the case when the semilinear forcing term is both continuous and SP-pseudo-
almost periodic for p > 1.

In [3], the author introduce the concept of weighted pseudo almost periodic, which is
more general than the one of the pseudo almost periodicity. He gave some properties
of the space of weighted pseudo almost periodic functions such as the completeness and
the composition theorem and a new concept of ergodic ¢ functions with respect to some
weighted function p in the sense that

i 1 [ " o0 lo(t)dr,

T=+oo m(T, p) J_,

T

where m(r,p) = / p(t)dt and p is assumed to be positive and locally Lebesgue inte-

grable.

However, these results and many others obtained in literature are not correct. For ex-
ample the decomposition result of weighted pseudo almost periodic functions in classical
sense are not unique. The completeness based on the uniqueness decomposition result is
not true. It follows that the uniqueness of existence SP-pseudo-almost periodic solution
based on the completeness is also not true.

The aim of this work is to correct many results obtained in the literature and also
generalize some results obtained in classical sense on SP-pseudo-almost periodic functions.
Our approach is based on the spectral decomposition of the phase space developed in [4]
and a new approach developped in [5].

This work is organised as follow, in sections 2, 3 and 4, we collect some background
materials required throughout the paper contained in [6]. In section 5, we recall some
prelimary results on pseudo almost periodic and Stepanov like pseudo almost periodic
functions that will be used in this work. In section 6, we prove some properties of SP-
pseudo almost periodic function of class r. In section 7, we discuss the main result of
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this paper. Using the strict contraction principle we study the existence and uniqueness
of Stepanov-like pseudo almost periodic solution of class r for equation (1.1). Finally,
for illustration, we propose to study the existence and uniqueness of SP-pseudo almost
periodic solution for some model arising in the population dynamics.

2. ANALYTIC SEMIGROUP

The purpose sections 2, 3 and 4 is to collect some background materials required
throughout the paper due to I. zabsonre and al [6]. These materials include, on the one
hand, the fractional power A% for 0 < a < 1 of A.

Let (X, ||.]]) be a Banach space and a be a constant such that 0 < o < 1 and —A be
the infinitesimal generator of a bounded analytic semigroup of linear operator (T'(t))¢>0
on X. We assume without loss of generality that 0 € p(A). Note that if the assumption
0 € p(A) is not satisfied, one can substitute the operator A by the operator (A — o)
with o large enough such that 0 € p(A — oI). This allows us to define the fractional
power A% for 0 < a < 1, as a closed linear invertible operator with domain D(A®)
dense in X. The closeness of A% implies that D(A®), endowed with the graph norm of
A% |z| = ||z|| + ||A%«], is a Banach space. Since A is invertible, its graph norm |.| is
equivalent to the norm |z|, = ||A%z||. Thus, D(A%) equipped with the norm |[.|,, is a
Banach space, which we denote by X,. For 0 < 8 < a < 1, the imbedding X, — X3 is
compact if the resolvent operator of A is compact. Also, the following properties are well
known.

Proposition 2.1 ([7]). Let 0 < a < 1. Assume that the operator —A is the infinitesimal

generator of an analytic semigroup (T'(t))¢>0 on the Banach space X satisfying 0 € p(A).

Then we have

i) T(t) : X — D(A®) for every t > 0.

i) T(t)A%x = AT (t)z for every x € D(A%) and t > 0.

iit) for everyt > 0, A*T(t) is bounded on X and there exist M, > 0 and w > 0 such that
AT (t)]] < Mae “"t fort > 0.

w) If0 < a < B <1, D(AP) — D(A®).
v) There exists No > 0 such that
I(T(t) = I)A™|| < Not® fort > 0.

Recall that A~ is given by the following formula
1 +o0 .
AT = —/ T T (¢)dt,
L'(6) Jo

where the integral converges in the uniform operator topology for every a > 0 and T is
the gamma function
Consequently, if T'(t) is compact for each ¢ > 0, then A~¢ is compact.

3. SPECTRAL DECOMPOSITION

The purpose of this section is to collect some background materials on the spectral
decomposition of the phase space and variation of constants formula due to Adimy and
al in [, 8].
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To equation (1.1), we associate the following initial value problem

diu(t) = —Au(t) + L(us) + f(t) fort >0
t (3.1)
U =Y € Ca,

where f: Rt — X is a continuous function.
For each t > 0, we define the linear operator U(¢) on C, by

Ut)p = vi(., )

where v(., ) is the solution of the following homogeneous equation

%v(t) = —Av(t) + L(v;) for t > 0
vg = @ € Cly.

Proposition 3.1 ([3]). Let Ay defined on Cy by
D(Au) = {¢ € Ca, ¢' € Cas 9(0) € D(A), ¢(0)' € D(A)
and p(0)' = ~Ap(0) + L(¢)}
Aup =" for ¢ € D(Ay).
Then Ay is the infinitesimal generator of the semigroup (U(t))i>0 on Cy.
Let (Xo) be the space defined by
(Xo) = {Xoc: c€ X}
where the function Xgc is defined by

0 if 0€[-r0[
(Xoc)(0) =
c if 6=0.

Consider the extension A, defined on C,, @ (Xo) by

{ D(A) = { € C1([=1,01: Xa) : 9(0) € D(A) and (0)' € D(A)}
Aup = ¢' + Xo(Ap(0) + L(p) — ¢(0)").

We make the following assertion:

(Ho) The operator —A is the infinitesimal generator of an analytic semigroup (7'(t)):>0
on the Banach space X and satisfies 0 € p(A).

Lemma 3.2 ([1]). Assume that (Hy) holds. Then, Ay satisfies the Hille-Yosida condition
on Cyo, @ (Xy) there exist M >0, @ € R such that |w, +00[C p(Ay) and

|()\I—.Z;;)_”| < — for n€N and A > w.

M
(A=)

Now, we can state the variation of constants formula associated to equation (3.1).
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Theorem 3.3 ([8]). Assume that (Hp) holds. Then for all ¢ € C,, the solution u of
equation (3.1) is given by the following variation of constants formula
t

u =U{t)p + lim U(t — s)Br(Xof(s))ds for t >0,
A—+o00 Jo

where By = A(A — ;l\z;)_l,
Definition 3.4. We say that a semigroup (U(t)):>o is hyperbolic if
o(Ay)NiR = 0.

For the sequel, we make the following assumption:

(Hy) T'(t) is compact on D(A) for every ¢ > 0.

We get the following result on the spectral decomposition of the phase space Cl,.

Proposition 3.5 ([3]). Assume that (Hy) and (Hy) hold. If the semigroup (U(t))e>0 is
hyperbolic, then the space Cy is decomposed as a direct sum

Co=50U

of two U(t) invariant closed subspaces S and U such that the restricted semigroup on U
18 a group and there exist positive constants M and w such that

Ut)p| < Me “o| for t >0 and p€ S

Ut)p| < Me*t|¢| for t<0 and ¢ € U.

The spaces S and U are called respectively the stable and unstable space. By I1° and IT*
we denote respectively the projection operator on S and U.

4. ALMOST PERIODIC FUNCTIONS AND (u,r) ERGODIC FUNCTIONS

In this section, we collect some background materials on the notion of y-pseudo almost
periodicity which generalize the pseudo almost periodicity introduced by Zhang [9-11]; it
is also a generalization of weighted pseudo almost periodicity given by Diagana [3]. Let
BC(R, X) be the space of all bounded and continuous function from R to X equipped
with the uniform topology norm.

We denote by B the Lebesgue o-field of R and by M the set of all positive measures
w on B satistying u(R) = 400 and p(fa, b)) < oo, for all a,b € R (a < b).

Definition 4.1. A bounded continuous function ¢ : R — X is called almost periodic if
for each € > 0, there exists a relatively dense subset of R denote by K(e, ¢, X) such that
lp(t+7) — ¢(t)] < e forall (t,7) € R x K(¢g, ¢, X).

We denote by AP(R, X), the space of all such functions.

Definition 4.2. Let X; and X5 be two Banach spaces. A bounded continuous function
¢: R x X7 — X5 is called almost periodic in t € R uniformly in z € X; if for each € > 0
and all compact K C X, there exists a relatively dense subset of R denote by K(g, ¢, K)
such that |¢(t+ 7,2) — ¢(t,z)| <eforallt e R, x € K, 7 € K(g, ¢, K).

We denote by AP(R x X7; X5), the space of all such functions.
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The next lemma gives a characterization of almost periodic functions.

Lemma 4.3. A function ¢ € C(R,X) is almost periodic if and only if the space of
functions {¢, : T € R}, where (¢,)(t) = ¢(t + 1), is relatively compact in BC(R, X).

In the sequel, we recall some preliminary results concerning the (i, v)-pseudo almost
periodic functions.
The symbol £(R, X, i, v) stands for the space of functions

+7
E(R Xarv) = {u € BOR, Xa) ¢ lim Aggéiggfj/ u(®ladp(t) =0}

T=+oo V([_Tv TD -7

In addition to the above-mentioned spaces, we consider the following spaces

1 tr
ER, Xa,p,v,r) =3u € BOR, Xq): lim 7/ su u(0)|a )du(t) =0¢.
(R, Xa v,7) = { (RXo): tim oo [ sup fu(®)la)du®) = 0}
In addition to above-mentioned space, we consider the following spaces
. 1 t
E(RXXQ’XQ’Myl/) = {'LL S BC(RXXQ7Xa) TET@W[T |U(t7x)|ad/,,t(t) :O},
ERX Xo; Xa, i, v,7) = {u € BO(RX Xo;Xa): lim ﬁ _*: (ee[sftpm |u(9,z)\a)dy(t) = o},

where in both cases the limit (as 7 — +00) is uniform in compact subset of X,,.

In view of previous definitions, it is clear that the spaces £(R, X, u, v,7) and E(R X
Xo; Xa, p,v,7) are continuously embedded in E(R, X, p,v) and E(R x X, Xa, p, v),
respectively.

Example 4.4 ([5]). Let p be a nonnegative B-measurable function. Denote by p the
positive measure defined by

w(A) = / p(t)dt, for A€ B, (4.1)
A

where dt denotes the Lebesgue measure on R. The function p which occurs in equation
(4.1) is called the Radon-Nikodym derivative of p with respect to the Lebesgue measure
on R.

On the other hand, one can observe that a p-weighted pseudo almost periodic functions
is pu-pseudo almost periodic, where the measure i is absolutely continuous with respect
to the Lebesgue measure and its Radon-Nikodym derivative is p:

du(t) = p(t)dt
and v is the usual Lebesgue measure on R, i.e v([—7,7]) = 27 for all 7 > 0.
5. (u,v)-STEPANOV-LIKE PSEUDO ALMOST PERIODIC FUNCTIONS

Definition 5.1. The Bochner transform f(¢,s), t € R, s € [0,1], of a function f(¢) on
R, with values in X, is defined by

fot,s) = f(t+s).
Remark 5.2. If f = h+ ¢, then f* = h® 4+ ¢®. Moreover, (Af)? = Af® for each scalar \.
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Definition 5.3. The Bochner transform F®(t,s,u), t € R, s € [0,1], u € X of a function
F(t,u) on R x X, with values in X, is defined by

FP(t,s,u) = F(t + s,u) for each u € X.

Definition 5.4. Let p € [1,4+00[. The space BSP(R, X) of all Stepanov bounded func-
tions, with the exponent p, consists of all measurable functions f on R with values in X
such that f* € L>(R, L?([0,1], X)). This is a Banach space with the norm

Il =sup ([ 1rtopas)’.

Definition 5.5. Let u,v € M. A bounded continuous function ¢ : R — X, is
called (u,v)-pseudo almost periodic if ¢ = ¢1 + ¢2, where ¢p1 € AP(R, X,,) and ¢ €
ER, X, i1, V).

We denote by PAP(R, X, i, v) the space of all such functions.

Definition 5.6. Let u,v € M. A bounded continuous function ¢ : R x X, — X, is
called uniformly (u,v)-pseudo almost periodic if ¢ = ¢y + ¢o, where

d1 € AP(R x X4; Xo) and ¢ € ER x X, X,y i, V).

We denote by PAP(R x X, X, i1, V), the space of all such functions.

We now introduce some new spaces used in the sequel.

Definition 5.7. A function f € BSP(R, X,) is called (u,v)-SP pseudo-almost periodic
(or Stepanov-like pseudo-almost periodic) if it can be expressed as f = h + ¢, where
hb € AP(R,LP((0,1),X,)) and ¢° € E(R, LP((0,1), X4), i, v). The collection of all such
functions will be denoted by PAPSP(R, X, i, V).

In other words, a function f € LP(R,X,) is said to be SP-pseudo-almost periodic if
its Bochner transform f* : R — L?((0,1), X,) is pseudo-almost periodic in the sense
that there exist two functions h,¢o : R — X, such that f = h + ¢, where h® €
AP(R, LP((0,1), X)) and ¢* € E(R, LP((0,1), X4), p, V), i.e., there exists a relatively
dense subset of R denote by P(e, h) such that

t+1 N
sup (/t |h(s +¢&) — h(s)|§ds) " < for(t,€) € R x P(e, h).

teR
and

lim
-

Definition 5.8. A function f € BSP(R, X, ) is called (u,v)-SP-pseudo-almost periodic
of class r (or Stepanov-like pseudo-almost periodic of class r) if it can be expressed as

f =h+p, where h® € AP(R, L?((0,1), X,,)) and ¢° € E(R, LP((0,1), X4), p, v, 7) i.e.,
1 T 0+1 %
lim / sup (/ |<p(s)|ﬁds> du(t) = 0.
1\ Jo

Totoo v[-T, 7] J_; Oet—rit

We denote by PAPSP(R, X, i1, v, ) the space of all such functions.

Definition 5.9. A function f € BSP(R x X1, X5) is called (p, v)-SP-pseudo-almost pe-
riodic of class r (or Stepanov-like pseudo-almost periodic of class r) if it can be ex-
pressed as f = h + ¢, where h® € AP(R x LP((0,1),X,),LP((0,1),X,)) and ¢® €
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E[(R x LP((0,1), X4), LP((0,1), X4), p, v, 7] i€,

1 T 0+1 1
lim / sup (/ |g0(s,m)|gds) "du(t) = 0.
1N Je

T oo l/[—T, T] —7 O€[t—rit

We denote by PAPSP(R x X, Xa, i, v,7) the space of all such functions.

Lemma 5.10 ([2]). Let f € AP(R,X), then f is SP-almost periodic.

6. PROPERTIES OF (i, V)-STEPANOV-LIKE PSEUDO ALMOST PERIODIC
Functions oF CLASS r

For p,v € M, we formulate the following hypothesis.

(H2) Let p, v € M be such that lim sup = 7) =4 < 00.

r—too V([=7,7])
Lemma 6.1. Assume (Hy) holds. PAPSP(R, X, p, v, 1) is a closed subspace of BSP(R,X).

Proof. Let (z,), be a sequence in PAPSP(R, X,,u,v,r) such that lim x, = z in

n— oo
BSP(R, X,). For each n, let z,, = y, + 2, with y© € AP(R, LP((0,1),X,)) and 2% €
E(R,LP((0,1), Xy), p,v, 7). Then (y,)n converges to someone y € BSP(R, X,) and (z,)n
also converges to some z € BSP(R, X,,). Since y° € AP(R, L?((0,1), X,)), then for each
n there exists a relatively dense subset P(e,y,) of R such that

t+1 1
sup ([ (s +6) = pa()lads)” < < for(s€) € R x Plevya).
teR t

t41 1
Let & € P(g,yn) and || f||sp,o = sup (/ |f(s)|§ds) ", by Minkowski inequality we have
teR \Jy

</tt+1 |y(8+§)7y(5)\gds)% = (/tt+1 ly(s +&) = yn(s + &) + yn(s + &) — ynls)

=

+yn(s) — y(s)[ds)

IN

([ o+~ ato + 9as)
+(f T (s O~ palids)’

([ ) - vz

It follows that

t+1 1 t+1 1
sup ([ s +€)-uls)1nds) " de < 2 —ylsr.atswp ([ loals+O)-mm(s)2ds) "
teR t teR t
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which shows that y € AP(R, LP((0,1), X4)).

Since
+7 041 % +7 0+1 %

/ sup (/ |z(s)|gds) du(t) = / sup (/ |2(s) — zn(s) + zn(s)|gds) du(t),
—r Oeft—r,] N Jo —r Oeft—r,t] \o

then by Minkowski inequality, we also have

1 +T 0+1 ;
sup 2(s)|Pds) " du(t
v[—7,7] /7- oct—rt] (/9 () ) u(t)

s e [ o) ([ ) ey

1 /” sup (/tt+1 |2(s) — Zn(s)‘gds)%dﬂ(t)

V[_TvT] —r teR

1 +7 9+1 l
+— sup / 20 (8)|Pds ) " du(t
v[—r,7] /7- oe[t—r,t] ( 0 foa (5) ) ut)

IN

wlerrl) 1 oL\
< Nl anllsna x St + / sup ](/9 |zn(s)|ads) dp(t).

l/[_TaT] —7 O€[t—rt

So z € E(R, LP((0,1), X,), p,v,7), and hence © € PAPSP(R, X4, pt, v, 7). n

Consequently, we have the following lemma:

Lemma 6.2. The space PAPSP(R, X, i, v,7) endowed with the || . ||s» norm is a Ba-
nach space.

The next result is a characterization of (u, v)-ergodic functions of class r.

Theorem 6.3. Assume that (Hg) holds and let I be a bounded interval (we do not ex-
clude the case I = D). Assume that f € BSP(R, X). Then the following assertions are
equivalent:

i) fe&R,LP((0,1), Xo), p v,y 7). ”
o 1 ! o1\ 7 B
it) lim /[ sup </a |f(s)\ads) du(t) = 0.

T Foo V([fTa T] \I) —7,7\I O€[t—r,t]
1i1) for any € > 0 we have

0+1 1
. ,u({t e-m7I\I: 065[1}1—3,1‘,} (/9 |f(s)|§ds) "> 5})

e v(=r D)

=0.

Proof. The proof runs along the same lines as the proof of Theorem 2.13 in [5].

0+1 1
i) & ii) Let us pose A = v(I), B = / sup (/ \f(s)\gds)wu(t). Since the
1ocit—rt] NJo
interval I is bounded and the function f is bounded and continuous then A and B € R.
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For 7 > 0 such that I C [—7,7] and v([—7,7] \ I) > 0, we have

1 0+1 oo\
V([‘T’T]\I)/[—T,T]\Iaeffﬁ,t] (/0 [F(s)lds) " du(t)

1

6+1 i
Al o () 1) o -5

Wrs) [ 1 b B
(e b ey /[] oe?Fﬁ,t](/e (s)ads)” ditt) = = ).

From above and the fact that v(R) = +o00, we conclude that i) is equivalent to

1 +7 0+1 1
lim 7/ sup / s)[Pds)” du(t) =0,
dm e Ll () 1ekds) duty

that is 7).

14i) = 1) Let us pose AZ and B: the following sets

A = {t e[-7m,7]\I: sup (/:H |f(s)|gds);

0c[t—r,t]

I
V
™
—

and

=

0+1
B = {te [—r,7]\I): sup ](/9 |f(s)|gds) gg}.

oelt—r,t

Assume that 77) holds, that is

lim (A7)

T— 400 1/([—7, 7-] \I) =0. (61)

From the following equality

0+1 1 041 1
/ sup / () Eds) " dult) = / sup / [F(s)[ads) ™ du(t)
[—7,7I\I O€[t—n,t] 0 Ag O€[t—r,t] [

6+1 l
o) s ([ 15)ds) du)
Bz 0€[t—r,t] 0

it follows that

1 “ e Pds)? p(AS) o n(B)
AN D) /[_T,T]\Iae[t_i,t](/e F(a)ds) *1tt) < Wlsw St + e i

for 7 sufficiently large. By (Hz), it follows that for for all £ > 0 we have

0+1 1
i s e () elks) P <o

Consequently (ii) holds.
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i1) = #ii) Assume that 4¢) holds. From the following inequalities

0+1 1
A ( / F(s)12ds) P du(t) [osw ([ 1) Eds) P dutt)
[=7 I\ Get rt Ag oe[t—r,t] NJo

v

1 oftas)b p(AS)
([ r]\I)/ I\ OE (/ (Mads) P dult) 2 e N
1 H(AZ)
_ (s)|Pds pd _ T
AT IND Jr s ocib (/ eds) P 2 TR
which hold for 7 sufficiently large, we obtain equation (6.1). So, #i¢) holds. m

For u € M, we formulate the following hypotheses.

(H3) For all a, b and ¢ € R, such that 0 < a < b < ¢, there exist &y and ag > 0
such that

[0] > dp = ula+6,b+9) > aopp(d, ¢+ 9).
(Hy) For all 7 € R, there exist § > 0 and a bounded interval I such that
p{a+7: ae A}) < Bu(A) when A € B satisfies ANI = 0.
We have the following result due to [5].
Lemma 6.4 ([5]). Hypothesis (H;) implies (Hsg).
Lemma 6.5 ([5, 12]). p,v € M satisfy (Hy) and let f € PAP(R, X, u,v) be such that
f=g+h
where g € AP(R,X) and h € ER, X, p,v). Then
{g9(t), t e R} C {f(¥), t € R} (the closure of the range of f).

Lemma 6.6 ([13]). Let p,v € M. Assume (Hy) holds. Then the decomposition of a
(1, v)-pseudo-almost periodic function ¢ = ¢1 + ¢o, where ¢1 € AP(R, X) and ¢2 €
ER, X, p,v,r), is unique.

Definition 6.7. Let ui,us € M. We say that py is equivalent to po, denoting this as
11 ~ peo if there exist constants a > 0 and 5 > 0 and a bounded interval I (we allow also
the situation when I = ) such that

apr(A) < ps(A) < Bui(A), when A € B satisfies ANT = Q.

From [5] we know that ~ is a binary equivalence relation on M. The equivalence class
of a given measure p € M will then be denoted by

cdlp) ={weM: p~w}

Theorem 6.8. Let pi,po,v1,v0 € M. If uy ~ ps and vy ~ vy, then the spaces
PAPSP(R, Xy, p1,v1,7) and PAPSP(R, X, pa, va, 1) coincide, that is,
PAPSP(R, X, pu1,v1,7) = PAPSP(R, X, pia, V2, 7).

Proof. Since pu1 ~ po and vq ~ vy there exist some constants aq,as, 81,82 > 0 and
a bounded interval I (we allow also the situation when I = ) such that aju;(4) <
1o (A) < Bru1(A) and asry(A) < va(A) < Bavi(A) for each A € B satisfying ANT =@
i.e
1 < 1 < 1
Bav1(A) ~ 1a(A) ~ agri(A)
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Since p1 ~ o and B is the Lebesgue o-field, we obtain for 7 sufficiently large, we obtain

a1u1<{t e-r,7|\I: sup (/:+1 \f(s)|§ds>% > 5})

oct—r,t]

Bavr([=7, 7]\ I)

w({tel-nrNT: P ( /9 " If(S)IZdS)% >e})

- (BT RV
B ({t el-m7\I: 968[21_2 t] (/90+1 |f(s)|gd5)% > 5})
= ooy ([—7, 7]\ I)

By Theorem 6.3 we deduce that E(R, X, u1,v1,7r) = ER, X, o, v2,7). According to
Definition 5.8, we deduce that PAPS?P(R, X, p1,v1,7) = PAPSP(R, X4, o, va, 7). [

For p,v € M set
cl(p,v) ={wi,mwa € M: p~wyand v~ wsy}.

Lemma 6.9 ([12]). Let p,v € M satisfy (Hg). Then PAP(R, Xa, V) is translation
invariant, that is f € PAP(R, X, i, v) tmplies fy € PAP(R, X, p,v) for all v € R.

Corollary 6.10. Let p,v € M satisfy (Hs). Then PAPSP(R, X, u,r) is translation
invariant, that is f € PAASP(R, Xo, p,v,r) tmplies f, € PAPSP(R, Xq, p,v,7) for all
v eR.

Proof. Tt suffices to prove that E(R, LP((0,1), X, ), p, v, 7) is translation invariant. Let
0+1 1
P = sw ([ 1r6ns)”
oclt—rt \Jo

Then Ft € E(R, R, u,v). But since E(R, R, i, v) is translation invariant, it follows that

i 1 Tt = i 71 ! su i S Pds % =
i sy [ F e = i e [T e ([T G s ) o
This implies that f(. +v) € PAPS?(R, X,, i, v,r) and ends the proof. m

In what follows, we prove some preliminary results concerning the composition of
(w4, v)-Stepanov-pseudo almost periodic functions of class 7.

Theorem 6.11. Let pu,v € M, Let ¢ € PAPSP(R x Xy, Xa, i, v, 1) and ¢ = 1 + ¢ €
PAPSP(R, X, p, v, 7). Assume:

(1) @1(t,x) is uniformly continuous on any bounded subset uniformly for t € R,
(4) that there exists a function Ly : R — [0, +00[ satisfying

lo(t, z1)—@(t, x2)| < Ly(t)|z1(t)—z2(t)]a for teR and for z1,22 € LP((0,1), Xo).
(6.2)
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1 *T
If lim 7/ ( sup L¢(0))du(t) < oo and
o]

r=too v([=7,7]) J_; t—r,t+1]

TETOC ﬁ /_+T <9e[ts—urpt+1] L¢(9)) (/99+1 \f(s)|gds) %du(ﬂ =0 (63)

T

for£e ER, X, u,v), then the function t — ¢(t, h(t)) belongs to PAPSP(R, X, , v, 7).

Proof. Assume that ¢ = ¢1 + ¢, h = h1 + ho

where ¢ € AP(R x LP((0,1), X,), LP((0,1), X,)), ¢2 € EMR x LP((0,1), X,), p,v,7)
and h} € AP(R,LP((0,1), X)), b} € ER, LP((0,1), X4), it, v, 7). Consider the following
decomposition

ot h(t)) = ¢1(t, ha(8)) + [6(t, h(t)) — &(t, ha(8))] + da(t, ha(1).
From [2], ¢ ( h%(.)) € AP(R, LP((0,1), X,)). Now, we need to prove that both
G h()) — 6 (. Ab()) and Gh(., () belong to E(R, L2((0, 1), Xa), v, 7).

By equation (6.2), it follows that

({tel-rr: sw ( /99+1¢<9,h<9>>—¢<97h1< Mids)’ > <))

oc(t—r,t]
v([-7,7])
u({t €[-771]: 665;13 ) (/:H(L¢(9)|h2(9)|a)pds>zl) > 5})
- ()
u({t €[-771]: <0€[tsiurpt+l] L¢(9)) (0:&“}) | (/09+1 |h2(0)|ﬂd5)%) > 5})
< : o .

v([=77])

Since hg is (u,v)-ergodic of class r, Theorem 6.3 and equation (6.3) yield that for the
above-mentioned e, we have

H<{t €=l <0e[tsfurl,)t+1] L¢(0)> (eebfﬂ,t] (/:H |h2(6)|§ds)%> - €}>

li =0
Pt Z(s) |

and then we obtain

u({telrm: sw (/96+1|¢(9,h(9))—¢(9,h1( Olds)” > e}

. oc[t—r,t]
1 = A4
A A7) 0 (64
By Theorem 6.3, equation (6.4) shows that ¢ — ¢(t, h(t)) — ¢(t, hi(t)) belongs to
E(Ra Lp((o’ 1)’ XOZ)) w, v, T)'

Since ¢} is uniformly continuous on the compact set K = {h%(t) : t € R} with respect
to the second variable x, we deduce that for a given ¢ > 0, there exists 6 > 0 such that

€1 = &allr < 0= |65(t &1 (1) — B5(t, E2(1) < €
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for all t € R, & and & € K. Therefore, there exist n(e) and {zz} ) € K, such that

n(e)
K C U B(;(Zi,é).

i=1
Then by Minkowski inequality we have

1

([ 1o mionias)’

([ 1oatm@n it zas)” +

n(e) t+1

s+z / \¢2tzz|ds)

t+1

(9a(t,2:)) s )"

IN

IN

Since

1 T 0+1 1
lim 7/ sup / $2(0, 2)|Pds ) " du(t) =0
A o, Uy 10 20lkds) )

for every i € {1,...,n(e)}, we deduce that for all € > 0 we have

1 T 0+1 1
timsup s [ s ([ oal0. (@) ds) " du(o) <.
r—too V([=T,7]) T oelt—rt] NJo

This implies that

1 T 6+1 %
Ve >0, lim 7/ sup (/ ‘¢2(97h1(9))|£d8) du(t) =0.
0

r=too v([=7,7]) J_r oeft—ry
Consequently t — ¢2(t, h(t)) belongs to E(R, LP((0,1), X4), p, v, 7). ]
For € M and ¢ € R, we denote us the positive measure on (R, B) defined by
us(A) = plla+38+ a € A) (6.5)

Lemma 6.12 ([5]). Let u € M satisfy (Hy). Then the measures 1 and ps are equivalent
for all 6 € R.

Lemma 6.13 ([5]). (H};) implies

for all o >0 limsup wlzr —o 7 +0])

T—+00 pw([=7,7]) < e

We have the following result.

Theorem 6.14. Let u € PAPSP(R, LP((0,1), Xo, p, v, 7). Then the function t — w
belongs to PAPSP(Cy, p,v,1).

Proof. Assume that u = g + h where g® € AP(R, L?((0,1), X,,)) and
B € E(R, LP((0,1), Xo), s v,7). From [2], ub = gb + bt Since g € AP(R, LP((0,1), X,)),
then there exists a relatively dense subset P(e, g) of R such that

1

t+1
ilelﬂg(/t lg(s+ &) —g(s )|pds) < e for(t,7) € R x P(e,h).
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Let £ € P(e,g) and 6 € [—r, 0] we have

=
o=

(Aﬂlggf¢mw+a—%wm0%a ([ (g, oo+ —ats 1) )

6e[—r,0]

A

< (o [ 0640 - tas)

0e[—r,0] Jt+0

Consequently

s ([ (9.0 -9 -0 @1)'0)" < ([ o+ —otoas)”

teR oc[—r, teR

which shows that g; is SP-almost periodic.
Let us denote by

+7 0+1 1
Ms(1) = Va([jT7 ) /_T (968[;1_117t] (/0 |h(9)|a)pdﬂ6(t)7

where ps and vs are the positive measure defined by equation (6.5). By Lemma 6.12, it
follows that p,, and p are equivalent and v5 and v are also equivalent. Then by Theorem
6.8 we have E(R, LP((0,1), X4), fas Va, 1) = E(R,LP((0,1), Xo), , v, 7). Consequently
he &R, LP((0,1), X4a), fbas Va,T), that is

lim M;(7) =0, forall a€R.

T—+00

On the other hand, for » > 0 we have
1 /+T /9-‘,—1 P %
B sup sup (s +€)la) ds)” du(t)
v([-7,7]) J_; O€t—rt] ( 0 <5e[—7-,o] ) )

1 +7 0+1+4¢ 1
< sup sup / h(s)|Pds) " du(t
v([-,7]) /—T oc[t—rt (ge[—r,o] 0+¢ IA(#) ) ()

1 +7 0+1 1
< - su h(s)[P.ds)" du(t
< sl wpm, (f) mekds) du
1 /+T /0+1 %
< - sup h(s)|Pds ) du(t
V([_T’ T]) —7 O€[t—2r,t—7] ( 0 | ( )| ) u( )
1 /+T /0+1 %
+— sup h(s)|Eds) du(t
V([_7—7 T]) —7 O€[t—r,t] ( 0 | ( )| ) ,u( )
< 5

1 +74r 6+1
—_ sup / h(s)|Pds) du(t+r
V([_Ta T]) /T—T oc(t—r,t] ( 6 | ( )| ) /‘L( )

o [ () mok)
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It follows that

+r 641 ;
m /r Ges[i}l—a,t] (/9 <€€S[1il7:“),0] |h(s + §)|)Pds) "du(t)

< =) :;[tu_gﬂ (/ " s pas) duce)

+ 1/+fr+rr sup (/09+1|h(s)|pds)pdu(t+r)x {y([frfr,ﬂrr])]

V([_T_T’T+T] —7—7r O€[t—r,t] V([_T’T])

Consequently

o v([-t =717+
ﬁ I (,zow [ e IO+ O] )aut) < [w}xwfm

+ﬁ f G LONEZCE

According to Lemma 6.12 and Lemma 6.13, the function ¢ — u; belongs to
PAPS?(Cy, p1,v,r). Thus, we obtain the desired result. L]

7. WEICHTED STEPANOV LIKE PSEUDO ALMOST PERIODIC SOLUTIONS
OF CLASS r

In what follows, we will be looking at the existence of bounded integral solution of
equation (1.1).

Theorem 7.1. Assume that (Hp) and (Hj) hold and that the semigroup (U(t))i>o s

hyperbolic. If f € BSP(R, X), then there exists a unique bounded solution u of equation
(1.1) on R, given by

t B t B
Ut :AET@LUS(t_S)HS(B/\XOf(S))dS—’_)‘—ligloo +OCU“(t—s)H“(B>\X0f(s))ds, (7.1)

fort € R, where By = AN — Ay)~t for X > @, II° and TI* are the projections of Cy
onto the stable and unstable subspaces, respectively.

Proof. Let us first prove that the limits in equation (7.1) exist. For ¢t € R, we have

/t WO (t— )T (BrXo f(s))|ds < Mﬁmﬂ/t =) f(s)|ds

IN

t—n

MM|H5| i (/t*’nﬁ‘rl e*“’(tis)|f(8)|d8).
n=1 -
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1 1
Let ¢ be such that — + — = 1. Using Holder inequality, we obtain
q P

U* (t — $)IT°(BxXo f(s))|ds

I

o o t—n-+1 1 t—n+1 1
< MM Z [(/ e*qw(tfs)ds) a (/ |f($)|pds>p}
n=1 t—mn t—n
M M|11¢| B IR Ll :
< qu(n—1) _ ,—quwnyg p
< T Z[ ([ weras)’]
MMTE|f s N
< e’ —1)d e “n
< R ) ;
< MM‘H |||fHSP (eqw + 1)% Ze—wn.

9/ qu

+oo

Since the series Z e~ 9“™ ig convergent, it follows that

n=1

/.

MM II°¢ » 00
with = w e +1) 1 Z
\q/qT") n=1

Set, F(n, s, t)

and o < t, we have

’ /; F(n, s,t)ds‘

U (¢ — )T (BrXo f(s))|ds

< v (7.2)

= Us(t — $)TI*(ByXof(s)) for n € N and s < t. For n is sufficiently large

- ° o—n+1 1 o—n+l =

< MM|HS‘ Z |:(/ e—qw(t—s)d5> q (/ |f(s)|1’d8) p:|
— o—n o—n

MM|TTs| & { - s ’
< MR qu(t—o+n—1) _ e —qu(t—o+n) q(/ f(s pdS) :|
< s HUNIC!

MM || /| s» L=
é MMM T | se qw+1 3 w(t o

o PA

< ,Yefw(tfo').
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It follows that for n and m sufficiently large and o < ¢, we have

t t
’/ F(n,s,t)ds—/ F(m,sﬂf)ds‘ < ’/ Fnstds’—}—’/ mstds‘
t t
+ / F(n,s,t)ds—/ F(m,s,t)ds‘
< 2ye @) /Fn,s,tds—/Fmstds
t
Since lim F(n, s, t)ds exists, we infer that

n——+o0o P

t t
lim sup ‘/ F(n,s,t)ds —/ F(m,s,t)ds‘ < 2ye~w(t=o),

n,m——+0oo

If 0 — —o0, then

t t
lim sup ‘ / F(n,s,t)ds — / F(m,s,t)ds‘ =0.
n,m—-+4oo %) — 0o
Thus, we deduce that the limit
t t

ngr}rloo F(n,s, t)ds = ngrfm Ut — s)IT* (B, Xof(s))ds

— 00 — 00

exists. In addition, one can see from equation (7.2) that the function

t

met— lim U (t — $)IT*(Bn Xo f(s))ds

is bounded on R. Similarly, we can show that the function

oo

ny:t— lim U (t — s)IT*(B, Xof(s))ds

n—-+4oo t

is well defined and bounded on R. Using the same argument as in the proof of [3, Theorem
5.9], it can be shown that the integral solution u given by the formula

¢ ¢
up = lim us(t—s)Hs(BAXof(s))ds—i— lim U (t—s)T*(BxXo f(s))ds
A—+o0 o A—+oo +oo
for ¢t € R is the only bounded integral solution of equation (1.1) on R. ]

Theorem 7.2. Let g € E(R, LP((0,1), Xo), u,v,7) and let T be the mapping defined by

t t

Lg(t) = lim U (t — s)IT° (BxXog(s))ds + lim U™ (t — s)IT*(BxXog(s))ds.

A—=too J_ oo —+oo /o

forteR. Ifp>1, thenTg € E(R, Xy, p, v, 7).

Proof. For each n =1,2,3,... and t € R, set

t—n+1 . t+n ~
Xn(t) = lim U (t—s)IT°(BrXog(s))ds— lim U" (t—s)IT"(BrXog(s))ds

A—+oo ten A—r+oo t4n—1

for t € R. We have
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t—n+1 .

| Xn(t)]e < lim [U? (t — s)II°(BrXo0g(s))|ads

A——+o0 t—n

t+n -
T lim (1 = )T (ByXog(s))ladls]

A=+00 Jiyn—1
t—n+1 -

lim [AZU* (t — s)IT*(BrXog(s))||ds

A—=+oo Jy

IN

t+n .
+ lim A" (£ — )T (By Xog(s)) | ds]
A=rdoo Jiyn—1

___ tentl e t—s) [ tin ew(tfs)
< TINT / €\ |lg(s)ds + DIAT
t—n (t—s)« tin—1 (8 —1)*

1] [lg(s)l|ds.
Set
K = max(MM|11°|, M M|11%)).
1 1 . .. . . .
Let ¢ be such that 5 + 5 = 1. Using Holder inequality, we obtain

t—n+1 o—qu(t—s) 1 t—n+1 1
role < k([ e ([ low@iras)”

—-n

t+n  pqw(t—s) 1 t+n 1
K ds)*? / Pds)”
+ (/HH — SH( e 5)

qun e S o1 % t—n—+1 % t+n %
< k([ G eamta) [(f1 T eras)” < ([ leeiras)”]
K qwn o 1 t—n+1 1 t+n 1
< ([T esea) [([T lgeras) T+ ([ lats)iras) 7]
(wq) q quw(n—1) t—n t+n—1
wr w(n—1) 1 t—n+1 1
< ([T eseas— [T emsseas) ([ jgto)ras)”
(wq) ™ 0 0 t—n
t+n 1
+ Pds)® |.
( /t+n_1“9(8)” $)"]
Since the series
+oo +o0 -1) 1
K quwn K qw(n
ﬁxz (/ 675$7qad5) and ﬁxz (/ e*ssfqadS)q
(wq) = n=1 “0 (wg) = n=1 “O0

are both convergent, then the series

+o0 wn w(n—1)
K q q
—_ X Z (/ e *s79%s —/ efssfqads>
n=1 0 0

(wq) =

Q=
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is convergent. It follows from the Weierstrass M-test that the sequence of functions

N
Z Xn(t) is uniformly convergent on R. Since g € E(R, LP((0,1), Xo), u, v,7) and
n=1

t—n—+1 t+n

lolas) ).

lots)1eas)” +( [

+n—1

X0l < G| ([

t—mn

K +o0 qwn qw(n—1) 1
— — — — q
where Cy(K,w) = ———7 X E (/ e °s71%ls f/ e ’s qo‘ds) , We con-
q n=1 0 0

(wq) o
N

clude that X,, € £(R, X, p, v, 7). Thus Z Xn(t) € E(R, X, p, v, ) and its uniform limit

n=1
+oo
belongs £(R, X4, i, v,7) by Lemma 6.1. Observing that T'g(t) = ZXn(t), we deduce
n=1
that T'g(t) € ER, Xq, p, v, 7). [
Theorem 7.3. Let g € E(R,LP((0,1), X,), p,v, 7). If p> 1,
then Tg € E(R, LP((0,1), Xa), s, v, 7).
Proof. For eachn =1,2,3, ..., let be X,, defined as in the proof of Theorem 7.2. We have

loto)vas)” + (|

+n—1

t—m—+1 t+n

X0 < cp)|( [ solzds)*]"

t—n

Using Minkowski inequality, we obtain

( /:H Xalds)” < ([ B / S:H lote)pde) ] das)’
(LN totenra)) as)’]
< awa( s [T @)’
([ o)’
< ([ o)+ ([ g ]
< amw(f Gnnﬂ lots)1eas)” +( [ 6: las)lPds)”

0+n-+1

las)17ds)*].

([ aoas) (|

—+n
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It follows that

1

i) /+ N (/QM Xa(9lads) duct)

< ooy [ ([ )

T OE€[t—n,t] —n
1 4+ 0—n+2 1
bo [ s ([ lg)ras)  duto)
V([_Ta T]) -7 06[75—7"71‘,]( 6—n+1 )
1 +T 0+n 1
+7/ sup / g(s)||Pds pd,u t) +
D L oy U, J0)17s) ")

i L (L e,

We conclude that X,, € E(R, LP((0,1), X,,), p, v, 7).

N
Thus X,(t) € ER, LP((0,1), Xy), pt, v, ) and its uniform limit belongs
M g

=1

E(R, LP((0,1), X4), pt,v,7) by Lemma 6.1. Observing that
+oo
Tg(t) =Y Xa(t),
n=1

we deduce that T'g(t) € E(R, LP((0,1), X,,), p, v, 7). m

Theorem 7.4. Let h € AP(R,LP((0,1),X)). If p> 1, then I'h € AP(R, L?((0,1), X)).
Proof. Since h € AP(R, L”((0,1), X)), then there exists a relatively dense subset P(e, h)
of R such that

t+1 1
sup (/t ’ |h(s +&) — h(s)|§ds) " < e for(t,£) € R x P(e, h).

teR

In [14], the authors proved that for 7 € R (Th), = (Th;), thus for £ € P(e, h) we have

S

(Ch)(s+&) = (Th)(s) = |lim [ U(s = O (BaXo[h(6 +€) — h(0))d6
+ lim ’ U (s — O)IT*(BrXo[h(0 + &) — h(6)]d0
A—+o0 +oo

s 67w(579)
[(Th)(s +&) = (TA)(s)la < K[ m||h(9+€)*h(9)||d9
s w(f—s)

HE [ g+ )~ h@)]as,

where

K = max (MM ||, MM IT%)).
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For eachn=1,2,3, ..., set

s—n+1 67w(5 0) s+n ew(Gfs)
Xn(s) = K/S_n W||h(0+§)fh(0)||d0+l(/S+n_1 mHh(@Jré)fh(&')HdG.

Using Holder inequality as in the proof of Theorem 7.2, we obtain

1

X, (s) < K(/qun eSsqads>q[</::l+l||h(0+§)h(@)”?dé));

(wg) @ w(n—1)
+(/s:_1 h(6+€) — h(O)ds)" |-

By Minkowski inequality, we have

1

([ 1xaozas)’
< ([T enema) ([ oo - o) as)?

(wq) q w(n—1) —n
t+1 s+n 1 P 1
+/ / h(+ &) —h(0)||Pdo)" | ds)”
() I I LR )] as)7]
K qwn % s—n—+1 %
< ([ ) (s [ o+ - no)Pas)
(wq) q gqw(n—1) s€ft,t+1] Js—n
s+n %
+( sup / 11(6 + &) — h(O)|"do)” |
s€ftt+1] Js+n—1
K qun % t+1 %
< ([ o) s ([ s+ 9 - nts)lpds)
(wq) q qw(n—1) teR t
Since
S x =& [ o -nns K [ 6ol
n(s) = ———[|h(0+&) - - ———||h(0+&) - :
n—1 —o0 (579)(1 +o00 (579)04

it follows that

1

s ([ e+~ rmas) <20, ([ I+ o))

teR

This implies that I'h € AP(R, LP((0,1), X4))- m

For the existence of pseudo almost periodic solution, we make the following assertion.

(Hs) f:R — X is cl(u, v)-SP-pseudo almost periodic of class r.

Theorem 7.5. Assume (Hy), (Hy), (Hg), (Hs) and (Hj) hold. If p > 1, then equation
(1.1) has a unique cl(p, v)-SP-pseudo almost periodic solution of class r.

Proof. Since f is SP-pseudo almost periodic function, f has a decomposition f = f; + fo
where fP € AP(R,LP((0,1),X,)) and f} € £(R, LP((0,1), X,), i, v, 7). Using Theorem
7.1, Theorem 7.3 and Theorem 7.4, we get the desired result. [
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Our next objective is to show the existence of pseudo almost periodic solutions of class
r for the following problem

u'(t) = —Au(t) + L(ug) + f(t,uy) fort € R (7.3)

where f: R x C, — X is a continuous.
For the sequel, we make the following assertion.

(Hg) f : R x C, — X is uniformly ¢l(u,v)-SP-pseudo almost periodic of class r such
that there exists a positive constant Ly such that

1f(t,01) = f(E,02) |l < Lyller — p2llc, forall t€R and 1,4, € Cl.
Theorem 7.6. Assume (Hy), (Hy), (Hy), (Hs), (Hy), (Hg) and (Hg) hold. If
20, (K,w)Ly <1,

K +oo qun %
where Cy(K,w) = —— 7 X Z (/ e*ngqads) and p > 1, then equation (7.3)
(wg) @ 3= M awn-1)

has a unique cl(u,v)-SP-pseudo almost periodic solution of class r.

Proof. Let x be a function in PAPSP(R, X, u,v,r). From Theorem 6.14 it follows that
the function t — z; belongs to PAPSP(Cy, u, v, 7). Hence Theorem 6.11 implies that the
function g(.) := f(.,z.) isin PAPSP(R, X,,, u,v,r). Consider the mapping

H: PAPSP(R, X, p,v,7) = PAPSP(R, X, i, v, 1)
defined for t € R by

(o)) = [ 1 / Ut — $)TT (BaXof (s, 24))ds
+)\£1>I-Poo . U (t — $)IT(BrXo f (s, a:s))ds].

From Theorem 7.1, Theorem 7.3 and taking into account Theorem 7.4, it suffices now
to show that the operator H has a unique fixed point in PAPSP(R, X, u,v,7). Let
z1,29 € PAPSP(R, X, p,v,7). Then we have

Har()~Haal®)la < | lim [ (= P (BrXalf((5,210)) = £((5,1.)))ds

A—+o0 oo

e

+| 1im / U (£ — $)IT(BrXo[f (5, 225)) — F((5, 225))]ds

A—+o0 oo

- KL t efw(tfs) J +oo ew(tfs) J
< f(/mwlxlsx25|| 5+/t 5= Iw1s — sl S)-

[0

For each n =1,2,3, ..., set

t=ntl —w(t—s) thn w(t—s)
X,(t)=KL (/ —||x1s — T2 ds+/ ———||z1s — 225 ds).
=KL | el O [
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Then for each n = 1,2, 3, ..., using a same reasoning as in the proof of Theorem 7.4, we
have
KIL qun 1 t—n+1 1
Xa(t) < 711‘“(/ e,ss,qads) a [(/ 21y — ;1:25||Pd5) z
(wq) q qw(n—1) t—n

t+n 1
+(/ ||-7515 - x25||pds) P:|
t+n—1

sup (/tHl |Xn(s)|£ds)%

teR
2KL qwn % t+1 %
< f{;q(/ efssfqads> sup (/ lz1(s) — :cg(s)||pds> }
a t

(wq) q w(n—1) teR

and

Since
+oo t e—w(t—s) +oo eu.)(t—s)
X,(t) =KL (/ ———||z1s — x2s]|ds +/ o Ts — $25||d5)7
2 N @ 14 ) oo
it follows that
t+1 1
P
sup (/ | Har (5) — Hx2(8)|gds> < 20, (K, w)Lyz1 — 2| s0.
te t

Thus, H is a contractive mapping. We conclude that equation (7.3), has one and only
one cl(u, v)-SP-pseudo almost periodic solution of class r. This ends the proof. [

8. EXAMPLE

For illustration, we will study the existence of solutions for the following model

2 0

z(t,x) + B G(0)z(t+0,2))dd — cost — % cos(V2t) + g(t)

0
ﬁz(t,m) =

Ox?

0
+h(t, %z(t +6, m)) fort € Rand z € [0, 7]

z(t,0) = z(t,m) =0 for t € R,
(8.1)
where G : [—r,0] into R is a continuous function, h : R x R — R satisfies Lipschitz

condition with respect to the second argument and g : R x [0,7] — R is a bounded
continuous function defined by

0 for t<0
g(t) =
—(t+1)e~t for t>0.

To rewrite equation (8.1) in the abstract form, we introduce the space X = L?([0, n1]; R)
vanishing at 0 and 7, equipped with the L? norm that is to say for all z € X,
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2|l L2 = (/OW |z(s)|2ds>%.

Let A: X — X be defined by
D(A) = H?(0,7) N HL(0, )
Ay=y".

Then the spectrum o(A) of A equals to the point spectrum o,(A) and is given by

o(A) = 0,(A) = {-n*: n>1}

and the associated eigenfunctions (ey),>1 are given by

en(s) = \/zsin(ns), s €0, m].

Then the operator is computed by

+oo
Ay = "n*(y,en)en, y € D(A).

n=1

“+o0
For each y € D(A2) = {y € X : Z n(y, en)en € X}, the operator Az is given by
n=1
+oo
1
Azy =) n(y.en)en, y € D(A).

3
Il
-

Lemma 8.1 ([15]). If y € D(A2), then y is absolutely continuous, y' € X and |y| =
|A%y|

It is well known that —A is the generator of a compact analytic semigroup semigroup
(T'(t))e>0 on X which is given by

“+oo
T(t)x = Z e_"Qt(x, €n)én, T € X.
n=1

1
Then (Hg) and (Hy) are satified. Here we choose o = 3

We deﬁnef:RxC’% %XandL:Cé — X as follows

flt,o)(x) = —cost— % cos(V/2t) + g(t) + h(t, %@(9, x)) forz € [0,7] and t € R
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and

L(p)(z) = ' G(0)p(0,2))dd for —r <0<0 and z € [0,7].

Let us set v(t) = z(t, ). Then equation (8.1) takes the following abstract form
v'(t) = Av(t) + L(v) + f(t,vy) for t € R. (8.2)

Consider the measures p and v whose Radon-Nikodym derivatives are respectively are
respectively p1, p2 : R — R defined by

1 for t>0

p1(t) =
et for ¢t <0.

and
pa(t) =|t| for te R

i.e du(t) = p1(t)dt and dv(t) = po(t)dt where dt denotes the Lebesgue measure on R and

w(A) = /Apl(t)dt for v(A) :/Apg(t)dt for A€ B.

From [5] we know that p,v € M and that p, v satisfy hypothesis (Hy).
1
Since Az (— cost—— cos(x/ﬁt)) = sint +sin(v/2t) and the function ¢ — sin t + sin(v/2t)

V2
belongs to AP(R, X) from [16], then by Proposition 5.10 ¢t — (sint + sin(v/2t)) is SP-
1
almost periodic. It follows that he function ¢ — ( — cost — 7 cos(ﬁt)) belongs to
We have
0 T
/ etdt —l—/ dt B

. w([—7, 7] . ., 0 . l—e "+71

lim sup = lim sup = =limsup ———— =0 < o0,

T—+400 V([_T, T]) T— 400 T— 400 T

2 tdt
0

which implies that (Hg) is satisfied.

Let p > 1. Since r is given then we have
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1 +T7 0+1 ) %
_ sup / A2g(s)||Pds ) dt
T wam, ([ 1atsere)

1 +T 0+1 , %
= — sup / g (s)||Pds)  dt
ey o, () tera)

) g () s

1 +7 t+1 1
< 7/ sup (/ spe*psds)pdt
I/([_T’ T]) 0  feft—rt] t—r
—+7 t+1 1
< ¥/ (/ spe_sds>pdt
V([_TaT]) 0 t—r
1 o L 1 et 1.1
< 7/ {(/ spz) (/ e_qsds) } dt
V([fTaT]) 0 t—r t—r
1 /+T 2,091 (41
< — t+ 1P ) pe 5t
e Jy [yt
< 1/+oo [(t—l—l)p"'le_(t_r)]%dt
— v(=77D) Jo
1 /+°° g (=)
< — t+1)%e” » dt
A Y
< 5er
= p’r2.

Consequently

1 +7 0+1 1
lim 7/ sup / g(s)|Pds) " dt = 0.
A s Lo, oeke)

It follows that g € E(R, LP((0,1), X,), i, v, 7). Consequently, f is uniformly p-SP-pseudo
almost periodic of class . Moreover, L is a bounded linear operator from C 1 to X.
Let k& be the lipschiz constant of h, then for every @1, @2 € C'% and ¢t > 0, we have

e~ fee@l = ([ b0 gmer00) - (e 2ot a)

[ (Lo~ Lo )]

< L sup {/Oﬂ (%gpl(ﬁ,x) - %@2(871'))2(11}%

—r<6<0

IN

IN

Lyl — e2lle.

Consequently, we conclude that f is Lipschitz continuous and ¢l(u,v)-pseudo almost
periodic of class r.
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0
Lemma 8.2 ([17]). If |G(0)|d8 < 1, then the semigroup (U(t))i>0 is hyperbolic.

-T

0> —1 .
For example, let us set G(0) = N for @ € [—r,0]. We can see that in our case
we have
0 O e2—1 6 10 r
_ _ _ 1if r<l
/,T|G(9)|d9 /,T (92+1)2‘d0 [92+1}_r r2+1< s
and
0 0 2 -1 2 0 2
0°—1 0°—1 —6°+1
6)|do = 7’d0 = ———df ——df
[ eome- [ |Gy [ wes [
T
= 1= r2+1

< 1ifr>1,

Lemma 8.3. Under the above assumptions, if Lip(h) is small enough, then equation
(8.1) has a unique cl(p,v)-SP-pseudo almost periodic solution v of class r.

9. CONCLUSION

In this paper we give a new approach to study Stepanov-like pseudo almost periodic
functions in a-norm using the measure theory. We also study the existence and unique-
ness of (u,v)- Stepanov-like pseudo almost periodic solutions of class r for some partial
functional differential equations in a Banach space.

Since C"-(u, v)- Stepanov-like pseudo almost periodic functions is more general than
(, v)- Stepanov-like pseudo almost periodic functions, we desire to find sufficient condi-
tions to extend this work in the case of C"-(u,v)- Stepanov-like pseudo almost periodic
functions. On the other hand, the existence of (u,v)- Stepanov-like pseudo almost peri-
odic solution of class r studied in this work, gives a unique cl(u, v)-(u, v)- Stepanov-like
pseudo almost periodic which can contain many solutions. Next works should be to find
some efficient hypotheses to get a unique pseudo almost periodic solution.
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