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1. INTRODUCTION

Let o0 be a mapping of the positive integers into themselves. A continuous linear
functional ¢ on f., the space of real bounded sequences, is said to be an invariant mean
or a o-mean if it satisfies following conditions:

(1) ¢(z) > 0, when the sequence x = (x,,) has z,, > 0 for all n,
(2) ¢(e) =1, where e = (1,1,1,...) and
(3) d(Tom)) = ¢(xn) for all x € L.

The mappings o are assumed to be one-to-one and such that o*(n) # n for all positive
integers n and k, where o*(n) denotes the k th iterate of the mapping o at n. Thus, ¢
extends the limit functional on ¢, the space of convergent sequences, in the sense that
¢(z) =limz for all z € c.

In the case o is translation mappings o(n) = n+1, the o-mean is often called a Banach
limit and the space V,, the set of bounded sequences all of whose invariant means are
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equal, is the set of almost convergent sequences ¢. It can be shown that

V, = {x = (x) € loo mlgnooa Zz k(n) = L, uniformly in n} .

Several authors have studied on invariant convergent sequences (see, [16-18, 20, 21, 26—
, 30, 31, 33]). The concept of strongly o-convergence was defined by Mursaleen in [17]:

A bounded sequence x = (x1) is said to be strongly o-convergent to L if

n}gnooEZ\m k) — LI =0,

uniformly in n. It is denoted by z; — L[V,].

By [V5], we denote the set of all strongly o-convergent sequences.
In the case o(n) = n + 1, the space [V,] is the set of strongly almost convergent
sequences [¢].

The concept of strongly o-convergence was generalized by Savag [27] as below:

m—o00 M

1 m
Volp = {x = (zg): lim — Z |x0k(n) — L|? =0, uniformly in n} ,
k=1

where 0 < p < o0.
If p =1, then [V, ], = [V,]. It is known that [V,], C {

The idea of statistical convergence was introduced by Fast [11] and then studied by
many authors. The concept of o-statistically convergent sequence was presented by Savasg
and Nuray in [30]. The idea of Z-convergence was introduced by Kostyrko et al. [13] as
a generalization of statistical convergence which is based on the structure of the ideal 7
of subset of the set of natural numbers N. Similar concepts can be seen in [12, 20].

A family of sets Z C 2V is called an ideal if and only if (i) () € Z, (i) For each A, B € T
we have AU B € Z, (iii) For each A € 7 and each B C A we have B € 7.

An ideal is called non-trivial if N ¢ 7 and a non-trivial ideal is called admissible if
{n} € T for each n € N.

Recently, the concepts of o-uniform density of subset A of the set N and corresponding
Z,-convergence for real sequences was introduced by Nuray et al. [20].

Marouf [15] presented definitions for asymptotically equivalent sequences and asymp-
totic regular matrices. Then, the concept of asymptotically equivalence has been devel-
oped by many researchers (see, | , 29, 33, 34, 306)).

Two non-negative sequences x = (zx) and y = (yx) are said to be asymptotically
equivalent if hm zk = 1. It is denoted by x ~ y.

Convergence and Z-convergence of double sequences in a metric space and some prop-
erties of this convergence, and similar concepts which are noted following can be seen in

[7a77 ) ) ) ) ]

A double sequence © = (Z,,,) is said to be bounded if sup z,,, < co. The set of all

bounded double sequences will be denoted by £2..
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A non-trivial ideal Z5 of N x N is called strongly admissible ideal if {i} x N and N x {i}
belong to Z, for each i € N.

It is evident that a strongly admissible ideal is admissible also.

Let (X,p) be a metric space and Zo be a strongly admissible ideal in N x N.
A double sequence & = (X)) in X is said to be Zp-convergent to L € X if for every
e>0

Ae) = {(m,n) e NX N: p(zmn, L) > e} € Ts.
It is denoted by Zo — lim ., = L.

Let A CN x N and |
Sn 1= nsutn |A N {(a(s),a(t)), (02(8),02(t)), ey (am(s), o”(t))} ‘

and
Sn 1= max AN {(a(s),0(t)), (0%(s),0%(t)), .., (c™(s),0™(t)) } |-
If the following

Va(A) := lim and V(A4):= lim Smn

m,n—00 MMN m,n—o0 MmN

exist, then they are called a lower and an upper o-uniform density of the set A, respec-
tively. If V5(A) = Va(A), then V5(A) = Va(A) = V5(A) is called the o-uniform density of
A.

Denote by Zg the class of all A C N x N with V2(A) = 0.
Throughout the paper, we let Zg C 28¥<N be a strongly admissible ideal.

Diindar et al. [5] studied on the concepts of invariant convergence, strongly invariant
convergence, p-strongly invariant convergence and ideal invariant convergence of double
sequences.

A double sequence x = (xy;) is said to be Zy-invariant convergent or Zg-convergent to
L if for every ¢ > 0, A(e) = {(k,1) : |z — L| > €} € Ig; that is, Vo(A(e)) = 0. It is
denoted by Z§ —limz = L or x5, — L(Z3).

The set of all Zs-invariant convergent double sequences will be denoted by J9.

A double sequence x = (x;) is said to be strongly invariant convergent to L if

1 m,n
lim — E ’Iok(s),ol(t) - L| = 0,
m,n—o0 MN
k,l=1,1

uniformly in s, ¢. It is denoted by zy — L([V,?]).
A double sequence x = (x;) is said to be p-strongly invariant convergent to L, if

1 m,n

. p

lim — E |.’I/'O-k(5)’o-l(t) - L‘ =0,
m,n—00 MN i

uniformly in s,¢, where 0 < p < co. It is denoted by @ — L([V2],).

The set of all p-strongly invariant convergent double sequences will be denoted by
V&lp-
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Hazarika [9] introduced the concept of asymptotically Z-equivalence and investigated
it’s some properties. Definitions of P-asymptotically equivalence, asymptotically statis-
tical equivalence and asymptotically Zs-equivalence for double sequences were presented
by Hazarika and Kumar [10] as following:

Two non-negative double sequences x (zg;) and x = (yg;) are said to be
P

P-asymptotically equivalent if P — 11161? % = 1. It is denoted by =z ~* y.

kl
Two non-negative double sequences = = (xg;) and y = (yx;) are said to be asymptoti-
cally statistical equivalent of multiple L if for every € > 0

-
Ykl

It is denoted by x ~ " y and simply called asymptotically statistical equivalent if L = 1.
Two non-negative double sequences © = (zg;) and x = (y;) are said to be asymptoti-
cally Zs-equivalent of multiple L if for every € > 0

1
P —lim —

m,n mMn

{k<m,l<n:

S

{(k,l)eNxN:

"TML’ zs} €L,
Ykl

It is denoted by = T2 y and simply called asymptotically Zs-equivalent if L = 1.

2. ASYMPTOTICALLY ZJ-EQUIVALENCE

In this section, the concepts of asymptotically Zg-equivalence, asymptotically oa-
equivalence, strongly asymptotically os-equivalence and p-strongly asymptotically os-
equivalence for double sequences are defined. Also, we investigate the relationships be-
tween these new type equivalence concepts.

Definition 2.1. Two non-negative double sequences = = (x;) and y = (yx) are said to
be asymptotically invariant equivalent or asymptotically oo-equivalent of multiple L if

lim Tok(s),ot(t) _
m,n—o00 MnN k=11 yo.lc(s))o-l(t)

L,

Ve
uniformly in s,¢. In this case, we write x o y and simply called asymptotically oo-
equivalent if L = 1.

Definition 2.2. Two non-negative double sequences = = (x;) and y = (yx;) are said to
be asymptotically Zg-equivalent of multiple L if for every € > 0,

LIS

Ykl
. . . I31) . .
ie, Vo(A:) = 0. In this case, we write x ~" y and simply called asymptotically

I3 -equivalent if L = 1.

AE:{(k,l)ENXN: 25}61’5’,

The set of all asymptotically Zg-equivalent of multiple L sequences will be denoted by
(L)
Theorem 2.3. Suppose that © = (x;) and y = (yg;) are bounded double sequences.

If x and y are asymptotically I3 -equivalent of multiple L, then these sequences are oa-
asymptotically equivalent of multiple L.
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Proof. Let m,n,s,t € N be arbitrary and € > 0. Now, we calculate

u(m,n,s,t) :=|—

1 8 Tor(e)ol()

Li.

mn k=11 Yok (s),0t(t)

We have
U(m, n,s, t) S u(l)(ma n,s, t) +
where
m,n
) 1
u'(m,n,s,t) = — E
mn
ki=1,1
Tok(s), ol _p,
Yok (s),0l(t)
and
m,n
) 1
u'? (m,n,s,t) ;= — E
mn
ki=1,1

Yok (s),al(t)

We have u® (m,n, s, t) < e, for every s,t = 1,2, ... .

ok (s),0l(t) _L

u(2) (m7 n? S? t)’

Lok (s),ol(t) _ L‘
Yok (s),0l(t)

>e
Tok(s),ol(t) L'_

Yok (s),0l(t)

<e

The boundedness of x = (zx)

and y = (yx;) implies that there exists an M > 0 such that

Lok(s),ol(t) _

Yok (s),0l(t)

o<,

for k,1=1,2,..., s,t =1,2,... . Then, this implies that

M
uM(m,n,s,t) < — {1§k§m, 1<i<n: M—L‘ 25}‘
mn Yok (s),ol(t)
max‘{lgkgm,lglgn: M—L’Ze}’
< Yok (s),01 (1)
o mn
mn’
hence = and y are os-asymptotically equivalent to multiple L. [

The converse of Theorem 2.3 does not hold. For example, x = (xx;) and y = (yx;) are

the double sequences defined by following;

these sequences are asymptotically

2 , if k+1 is an even integer,
Tl —
0 , if k41 is an odd integer.
Y =1
When o(s) = s+ 1 and ot) = ¢t + 1,

og-equivalent but they are not asymptotically Zg-equivalent.
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Definition 2.4. Two non-negative double sequence z = (zx;) and y = (y) are said to
be strongly asymptotically invariant equivalent or strongly asymptotically os-equivalent
of multiple L if

m,n
. 1
lim —
m,n—o0 TN
k,i=1,1

Tok(s)ol(t)

Yok (s),0l(t)

L‘O,

. . . . Vaio)) . .
uniformly in s, ¢. In this case, we write z o y and simply called strongly asymptotically

o9-equivalent if L = 1.

Definition 2.5. Let 0 < p < oo. Two non-negative double sequence x = (x;) and

y = (yr) are said to be p-strongly asymptotically invariant equivalent or p-strongly
asymptotically oo-equivalent of multiple L if
lim i Lok(s)olt) _ L 3 =0,
m,n—00 MmN k=11 Yok (s),0l(t)

Vs
uniformly in s, ¢. In this case, we write x o y and simply called p-strongly asympto-

tically og-equivalent if L = 1.

The set of all p-strongly asymptotically oo-equivalent of multiple L sequences will be
denoted by [V 1)l

Vale I3

Theorem 2.6. Let 0 < p < co. Then, x Y.

[V2U(L)]p

Proof. Assume that x y and € > 0 is given. For every s,t € N, we have

m,n
Tok(s)ol(t) L‘p
ki=1,11 Yokt
m,n
> Tok(s),ol() _ L‘p
- k=1,1 Yok (a).ole)
chk<s>,al(t> —L|>e
Yok (s),ol(t)
x L
> P {1<k<m,1<l<n: Lokpolw) _ >5}
- - - Yok (s),al(t) -
Tk 1
>€pmaXH1<k<m,1<l<n: MfL‘ >5}‘
- s,t - = - = Yok (s),ol(t) -
and
1 m,n Tk (a).ol (1) L‘p
mmn g, (=11 | Yokt

) s

max‘{lgkgm,lglgn: M—L‘ 25}‘
Yok (s),0l(t)
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70
From by the assumption, this implies that lim = =0 and so we get z e Y. [
m,n—00 Mn

3 Vais)]
Theorem 2.7. Let 0 < p < oo and x,y € {2,. Then, x s Y=z L Y

31

Proof. Suppose that x,y € 2 and + ~" y. Let ¢ > 0. By assumption, we have
V2(A:) = 0. The boundedness of = and y implies that there exists an M > 0 such that

Tok(s),0' (1) _L’ - u
Yok (s),01(t) B

for k,l =1,2,..., s,t =1,2,... . Observe that, for every s,t € N we have

m,n
1 Tok(s).olt) _ L‘p
mn gi=1:1 Yok (s),0l(t)
m,n
_ 1 Tok) oty _ "
mn ki=1,1 Yok (s),0l (1)

Tok(s),0l(t) _I

>e
Yok (s),0l(t) -

m,n
n 1 5 Tok(s).ol(t) L‘p
mn k=11 Yok (s),0l ()

ELIORIONE

<e
Yok (s),ol(t)

max‘{lgk:gm,lglgn:

s,t

Tok(s),ol(t)y L‘ > E}’
Yok (s),ol(t) -

<M +eP
mn
< MSmn + eP.
mn
Hence, the assumption, we obtain
lim i Lok(s)ol(t) L ! =0,
m,n—00 MmN k=11 Yok (s),0l(t)

uniformly in s, t. n
Theorem 2.8. Let 0 < p < oo. Then, 35, N3, = V5], N 6.
Proof. This is an immediate consequence of Theorem 2.6 and Theorem 2.7. ]

Now, we give definition of asymptotically S§-equivalence for double sequences and
shall state a theorem that gives a relationship between asymptotically Z§-equivalence
and asymptotically S§-equivalence of double sequences.

Definition 2.9. Two non-negative double sequences = = (xy;) and y = (yx) are said to
be asymptotically S§-equivalent of multiple L if for every € > 0,

Tok(s),al(t) L‘ - 5}‘ 0
Yok (s),ol(t) N ’

. 1
lim —
m,n—oo MmN

{k<m,l<n:
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59
uniformly in s,¢ = 1,2,..., (denoted by =z S y) and simply called asymptotically
S9-equivalent if L = 1.

Theorem 2.10. The double sequences x = (xg;) and y = (yg) are asymptotically I3 -

equivalent to multiple L if and only if they are asymptotically S9 -equivalent of multiple
L.
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