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1. INTRODUCTION

There have been numerous attempts to generalize the Banach Contraction Principle
of 1922 by either considering a more generalized space or a more generalized (or different)
contractive condition or both (one may refer to [5, 7, 8, 10, 11, 14, 17,19, 22, 26, 27, 30-32],
and the references therein).

The notion of b-metric spaces is also a consequence of an attempt to generalize the Ba-
nach Contraction Principle to a more generalized space. Many authors have contributed
to the fixed point theory in b-metric spaces (one may refer to [12, 13, 18, 23, 25] and the
references therein).

In 2017, the notion of extended b-metric, which is a generalization of a b-metric was
introduced by Kamran et al. [16]. In 2018, Algahtani et al. [1] proved a common fixed
point result for a pair of mappings in an extended b-metric space. In this paper, we
obtain a common fixed point result for a triplet of mappings from which we derive the
main result of [1] as a corollary. An iteration scheme for the triplet of mappings is also
defined and its convergence is studied. Lastly, the rate of convergence of the new iteration
is compared to a known iteration scheme to show that the new iteration scheme converge
faster to the common fixed point.

*Corresponding author. Published by The Mathematical Association of Thailand.
Copyright (© 2022 by TJM. All rights reserved.
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2. PRELIMINARIES

In this section, we reproduce and introduce some definitions which will be used in our
main results.

Definition 2.1. [6] Let X be a nonempty set and s > 1 be a given real number. A
function d : X x X — [0, 00) is called a b-metric if it satisfies the following properties.
(1) d(x,y) =0 if and only if = y;
(2) d(z,y) = d(y, z); and
(3) d(z,2) < s{d(z,y) +d(y,2)}, for all z,y,z € X.

The pair (X, d) is called a b-metric space with coefficient s.

Definition 2.2. [20] Let (X, d) be a b-metric space and {z,,} be a sequence in X. Then we
say {x,} converges to x if and only if lim, o d(zn,2) = 0, denoted by lim, o x, = ;
{z,} is said to be a Cauchy sequence if and only if lim,, ,—c0 d(Tm,zn) = 0; and (X, d)
is said to be complete if and only if every Cauchy sequence is convergent.

Definition 2.3. [20] Let (X, d) be a b-metric space. A mapping T : X — X is said to
be continuous at a point x € X if for every sequence {z, } converging to z, we have

lim Tz, = Tx.

n—roo

T is said to be continuous in X if it is continuous at all points of X.

A b-metric need not be continuous, one may refer to Example 2 in [25].
In 2017, Kamran et al. [10] introduced a generalized form of b-metric space and proved
some fixed point theorems.

Definition 2.4. [16] Let X be a nonempty set and p: X x X — [1,00). An extended
b-metric is a function d,, : X x X — [0, 00) such that for all z,y,z € X

(d,1) du(x,y) =0if and only if z = y,

(du2) du(w,y) = du(y, @),

(@3) du(w,y) < e, y) (du(w,2) + duz,9) )

The pair (X,d,) is called an extended b-metric space.

Example 2.5. Let X = [—1,1] and o : X XX — [1, 00) be defined by u(z,y) = 1;11:292.
Define d,, : X x X — [0, 00) as follows.

dy(z,y) =0 if and only if = =1y,

d(2,0) = d,(0,2) = =

= if ©#0,

1 .
du(z,y) = 5 if 0Fx#y#0.
7y
Then it can be easily checked that d,, defines an extended b-metric on X.

We note here that if u(x,y) = s for some s > 1, then we get the definition of a b-metric
space. The notion of convergence, completeness and continuity in b-metric spaces can as
well be extended to the extended b-metric space. Then regardless of the continuity of d,,,
a convergent sequence in a b-metric space have a unique limit. Then the result of [10]
may be restated as follows.



Common Fixed Point Results for (e, 8)-orbital-cyclic. . . 565

Theorem 2.6. [16] Let (X,d,) be an extended b-metric space and T : X — X be a
mapping such that for all x,y € X

dM(Tvay) S du('r7y) (2.1)

where 0 < k < 1 is such that, for each xo € X, limpy, n—yoo (Tm, Tn) < % and x, = T"xg,
n=12,.... Then T has a unique fired point w in X. Moreover, for each v € X,
T — w.

Following the definition of (a, 8)-orbital-cyclic admissible pair given by Algahtani et
al. [1], we define the following.

Definition 2.7. Letf, S and T be self maps on a complete extended b-metric space
(X,d,) with f injective and o, f: X x X — [0,00) be two mappings such that for any

reX
o fe, fTr) >1 = B(fTx, fSTz) > 1 } (2.2)

B(fx, fSz)>1 = «(fSx, fTSz)>1
Then f, S and T are said to be («, 8)-orbital-cyclic admissible triplet.

The following notion of Banach operator pair will be used in this paper. It was first
introduced by Subrahmanyam [28] and extended by Chen and Li [1] and, Oztiirk and
Bagarir [21].

Definition 2.8. [21] Let f and T be self mappings on an extended b-metric space (X, d,,).
Then the pair (f,T) is said to be a Banach operator pair if for some k > 0,

d,(fTz,Tx) < kd,(Tz,x) for all z € X.

We make a note here that if the pair (f,T) is a Banach operator pair, then f and T
commutes on the set F(T) of the fixed points of T' (one may refer to Proposition 2.2 [1]).

We now state the following terminology for use in our main results.

Definition 2.9. Let T' and f be self mappings on an extended b-metric space (X,d,). T
is said to be Cauchy-commutative with respect to f, if for any sequence {z,} in X such
that {fx,} is a Cauchy sequence, fTx = T fz for each x in {x,}.

Definition 2.10. A function ¢ : [0,00) — [0, 00) is called a subadditive altering distance
function if
(i) ¢(z+y) < d(x) +o(y)  Va,y€0,00)
(ii) ¢ is an altering distance function [9], (i.e., ¢ is continuous, strictly increasing and
#(t) =0 if and only if ¢t =0)

Example 2.11. [13] It can be easily seen that the functions ¢;(z) = kx for some k > 1,
da(x) = Yz, n €N, ¢3(z) =log(1+x), > 0 and ¢4(x) = tan~! z are such subadditive
altering distance functions.

3. MAIN RESULTS

Assuming the continuity of d,,, we first prove a generalization of the result obtained in
[1]. The following lemma follows from the proof of Lemma 2 of [2] from the fact that ¢ is
a subadditive altering distance function.

For a real number 6 > 0, let 8* be the least integer > 6.
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Lemma 3.1. Let (X,d,) be an extended b-metric space. Suppose there exists ¢ € [0,1)
such that for an arbitrary xo € X, the sequence {x,} satisfies

. L1
nﬁrilwu(xn,mm) < p and ¢(du(a:n+1,xn)) < q(b(du(xn,wn,l))
for all positive integer n, then {x,} is a Cauchy sequence in X.

Remark 3.2. If ¢ is the identity mapping on [0, 00), then as seen in Lemma 2.1 of [1],
the condition lim,, ;oo (Zn, Tm)* < % in Lemma 3.1 (and consequently in the proof of

the following theorems) may be replaced by limy, n— oo t(ZTn, Tm) < %.

Theorem 3.3. Let (X,d,) be a complete extended b-metric space and f,S,T : X — X
be (o, B)-orbital-cyclic admissible triplet on X. Let (f,S) and (f,T) be Banach operator
pairs such that for all x,y € X

a(fx, fT2)B(fy, FSY)o(du(fTw, fSY)) < k1d(du(f, fy)) + koo (du(fz, fTx))

+ k3o (du(fy, fSY)) (3.1)

for some ki,ks >0, ko >0 and k1 + ko + k3 < 1. Suppose that there exists xg € X such
that a(fxo, fTxo) > 1. Let for each xo € X, limy, m—yoo #(f2n, frm)* < ,jllk,SQ, where
Ton_1 = Txon_o and Top = Sxoy_1 for all positive integers n.

(a) f, S and T have a unique common fixzed point, if S and T are continuous and
Cauchy commutative with respect to f, and a(fz,fz) > 1 for z € CF(S,T),
where CF(S,T) denotes the set of common fized points of S and T.

(b) f, S and T have a unique common fized point if f is continuous and {x,} C X is
a sequence such that lim, . x, = z, then a(fz, fTz) > 1 and B(fz, fSz) > 1.

Proof. By the given condition, there exists z¢ in X with a(fxo, fTxzg) > 1. Taking
x1 = Tz, x2 = Sz, and inductively we construct a sequence {x,,}, where

Ton—1 = T$2n_2 and Ton = SZL’Qn_l, n = ]., 2, 3, ‘e (32)
Since f, S and T are (o, 3)-orbital-cyclic admissible triplet, we get (as in [1]),
a(fran, front1) > 1 and  B(froni1, fronie) > 1 n=012,... (3.3)

We assume, without loss of generality, that x, # x,41 for all non-negative integers
n. Because, if x,, = ®n,4+1 for some non-negative integer ng, then by our choice of the
sequence {z,}, we can show that w = x,, is a common fixed point of f, S and T and the
proof is complete.

For this, we consider the following two cases for nyg.
If ng is even, say, ng = 2p, then x9, = 2op+1 = T2, and xy, is a fixed point of 7.
Since (f,T) is a Banach operator pair, we have for some k > 0,
du(fm?wx?p) =d, (fo2p,TfU2p) < kdy, (T$2p7$2p) =0,
showing that xg, is also a fixed point of f.
We also claim that xop = zopy1 = Txop = STopy1. Suppose the contrary that Tz, #
Sxop+1. Then taking x = z9, and y = x9p41 in (3.1), and using (3.2) and (3.3) we have,
‘Zs(du(fova fo2p+1)) < k3¢(du(fT$2pa fo2p+1)).

Since ¢ is subadditive altering distance function and k3 < 1, this implies
du(fogp, fS$2p+1) < du(fT$2p, f5$2p+1),
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a contradiction.
Hence d,(Tx2p, Stopt1) = 0 and xap = Topy1 = Twap = STopy1 50 that xep, = x9p1 =
w is a common fixed point of f, S and T
Similarly, we get an analogous result for the case when ng is odd, that is, ng = 2p + 1.
Thus we assume that x,, # x,41 for all non-negative integers n.

We now show that {fx,} is a Cauchy sequence. For doing the same, it is sufficient to
consider the cases when z = x9y,, y = Ton41 and = x9,, Y = Top—1-

Case (i) Let x = xo, and y = x2,41. By (3.1) and (3.3), we have,
O(du(front1, frant2)) = (du(fTo2n, [ST2n11)) < qd(du(fr2n, fT2n41))

Whereqz%<1andn:0,1,2,....

Case (i) Let x = xg, and y = x9,_1. Similarly, as in the above case, we get,

¢(du(f$2n, fI2n+1)) < Q¢(du(fx2n—1, fﬁCQn))-

Therefore, from the above two cases we have, for all n € N,

d’(d,u(fxna fxn—&-l)) < Q¢(du(fxn—1a fxn))

Hence by Lemma 3.1, {fz,} is a Cauchy sequence in X and there exists w € X such
that lim,, ., fz, = w, and consequently
lim fzo, =w and lim fzo,4+1 = w.
n—oo n—oo
(a) Now, since S and T are continuous and Cauchy commutative with respect to f, we
have,

Sw =29 ( lim fargn_l) — lim Sfzon_1 = lim fSwon_1 = lim fro, = w,
n— o0 n— 00 n— 00 n— oo

Tw=T ( lim f.]?gn) = lim Tfxo, = lim fTz9, = lim fxo, 1 =w,
n—roo n—oo n—oo n—roo
showing that w is a common fixed point of S and T'.
If w’ is another common fixed point of S and T', then w, w’ € CF(S,T). So, a(fw, fw)
1 and a(fw’, fw') > 1. Then a(fw, fTw) = al(fw, fw) > 1 and B(fw’, fSw')
B(fw', fw') > 1 (since a(fx, fTx) > 1 implies B(fTx, fSTxz) > 1). And, using (3.1),

O(du(fw, fw')) = ¢(du(fw, fu)) < kid(du(fw, fu')),

which is possible only if fw = fw’. Since f is injective, we have w = w’. Thus the
common fixed point of S and T is unique.

Iy

Since (f,S) and (f,T) are Banach operator pairs, f commute with S and T at the
fixed points of S and T, respectively. This implies fSw = Sfw for w € F(S), that is,
fw = S fw, showing that fw is another fixed point of S. Similarly, fw is also another
fixed point of T, and hence a common fixed point of S and T

Since the common fixed point of S and T is unique, we have fw = w, showing that w
is a fixed point of f. Thus f, S and T have a common fixed point w, which is unique.

(b) Now considering the alternate hypothesis that {z,} C X be a sequence with
lim, 00 &, = z implies a(fz, fTz) > 1 and B(fz, fSz) > 1, we shall show that z is a
unique common fixed point of f, S and T'.
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Taking = z and y = 22,41 in (3.1) and using (3.3), we get,
QS(du(fTZv fx2n+2)) < k1¢(du(fza f372n+1)) + k2¢(du(fza fTZ))
+ ksd(du(froni1, [Toni2)).

Taking the limit as n — oo, we get ¢(d,(fTz, fz)) < koo (du(fz, fTz)) and since
ko < 1, this implies fz = fTz or z = Tz.

In a similar manner, taking z = 3, and y = z in (3.1) and using (3.3), we get z = Sz,
showing that z is a common fixed point of S and T'. The rest is analogous to the above
proof of (a). L]

Taking k1 = 0, ko = ks = k, and ¢ and f as the identity mapping in Theorem 3.3, we
get a similar result given in Theorem 2.1 of [1] as a corollary.

Corollary 3.4. [1] Let S, T be two self-mappings on a complete extended b-metric space
(X,d,) such that the pair S, T forms an («, B)-orbital-cyclic admissible pair satisfying

a(z,Tx)B(y, Sy)d,(Tz, Sy) < k{du(aj,Tac) +d,(y, Sy)}

for some 0 < k < % Suppose that there exists xg € X such that a(xg,Txo) > 1. Let for
each xg € X, limy, ;o0 (Tn, Tm)* < %, where Top_1 = Txop_o and xo, = STopn_1
for all positive integers n.
(a) S and T have a unique common fized point, if S and T are continuous and for
z € CF(S,T), a(z,z) > 1, where CF(S,T) denotes the set of common fized
points of S and T.
(b) S and T have a unique common fixed point, if {xn,} C X is a sequence with
lim,, o p, = w implies a(w, Tw) > 1 and B(w, Sw) > 1.

Example 3.5. Let X = [0,1] and p: X x X — [1,00) and d,, : X x X — [0,00) be
defined by

0 =1y
] ’
—, + 0
o) =4 0 TTVE i duy) = L du@0) = L, @0
L rty=0 L zy #0
xy’

respectively. Then (X, d,,) is an extended b-metric space [1].
Consider the mappings f,S,T : X — X defined by fzx = =,

1 if x=132 1 if x=13
St = x’+1 .4’ 4 and Ty = 2;+1 .2’ 49
==, otherwise ==, otherwise

respectively. Also, let o, 8 : X x X — [0,00) be defined by

a(z,y) = {1’ it (@) € {0 (1:1), (1) () |
0, otherwise,

and
50y = {1’ e € {000, G00). (1) (39
0, otherwise

respectively.
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Then it can be easily checked that f, S and T form an («, §)-orbital-cyclic admissible
triplet. We also note that z = 1 is the only common fixed point of S and T, with
a(f1, fT1) > 1 and B(f1, fS1) > 1.

Let ¢ be the identity mapping. If zg = 1, % or %, then z,, = 1 for all n, and so,

3 8 1-ks
2

n B MU T fm) = 5 < 5= 5,
where k1 = Tlew ko = % and k3 = %

On the other hand, if xg # 1, % or %, then for alln =1,2,3,...

1 n—1 1 k 1 1 1 n—1 1 k
I2n—1=3n(2$0+1)+22(3> and I2n:3n(ﬂfo+2>+2+2(3>
k=1 k=1
Since lim, o0 2,1 = 1 and lim,, .o 2, = 1, that is, lim,, ooz, = 1 for all n =

1,2,3,..., we get in this case too,

. 3 1—ks
n,rlrlLrgoou(fmn’fxm) o § < ki + kQ.

We also note that for any zp in X, the sequence {z,} as defined above is such that
lim, 00 zp, = 1 with a(f1, fT1) > 1 and B(f1, fS1) > 1.

Since a(z,y) = 0 except at the points (1,1), (2,1), (3,1) and (3, 1); and B(z,y) =0
except at the points (1, 1), (%, 1), (i, 1) and (%, %), one can easily check that f, S and
T satisfy (3.1) and thus by Theorem 3.3, f, S and T have a unique common fixed point,
z =1

When S = T in Definition 2.7, T is then said to be («, 3)-orbital-cyclic admissible
mapping with respect to f.

Corollary 3.6. Let (X,d,) be a complete extended b-metric space and T : X — X be
(«, B )-orbital-cyclic admissible mapping with respect to f, and (f,T) be a Banach operator
pair such that for oll x,y € X

afx, fT2)B(fy, FTy)o(du(fTx, fTy)) < kro(du(fa, fy))

+ koo (du(f, fTx)) + k3o (du(fy, fTy)) (34)

for some ki,ks >0, ko >0 and k1 + ko + k3 < 1. Suppose that there exists xo € X such
that o fxo, fTxo) > 1. Let for each xo € X, limp m—yoo du(fn, fTm)* < ,Cll;k,fz, where
Ton_1 = Txon_o and Top, = Sxoy_1 for positive integers n.

(a) f and T have a unique common fized point, if T is continuous and Cauchy com-
mutative with respect to f, and for z € F(T), a(fz, fz) > 1, where F(T) denotes
the set of fived points of T.

(b) f and T have a unique common fized point if f is continuous and {x,} is a
sequence in X with lim, o @, = z implies a(fz, fTz) > 1.

Proof. The proof follows from Theorem 3.3 by taking S =1T. ]

Example 3.7. Let X = [0,1] and define d,, : X x X — [0,00) and p : X x X — [1,00)
by d,(z,y) = |v —y| and p(x,y) = 1+ x + y, respectively for all z,y € X. Consider the
mappings f,T : X — X defined respectively by

fr=x and szz, for all =z € X.
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Consider the mappings «, 8 : X x X — [0, 00) defined by

a(z,y) = flo,y) = {1’ 7,y € [0, 3]

0, otherwise
Then T is an («, 8)-orbital-cyclic admissible pair with respect to f. To see this, let
z € X be such that a(fz, fTz) > 1 and B(fz, fTz) > 1. Then fz, fTz € [0 ,%], ie.,
x must be in [07 2] Now, if z € [O, 2} then fTr = 7 < % and fT%r = 16 < 2, Wthh
implies o fTx, fT?z) = 1 and B(fTz, fT%x) = 1.
Clearly, for zg = %, say, a (fxo, fTxg) = « (%, 1—12) =1.
Again, for each g € X, v, = T"zq = 7 for all positive integers n. So, we have,

n’}rllrgooﬂ(wmxm) = 1 < kl +k2

where k| = l , ko = g and k3 = %

Now, for z,y € [0,1], with ¢(z) = = we have,

o(Fa, [Ta)B(fy, STY)6(du( ST, STy)) = Tl — 9l < Ho g+ 24 2

= k19(du(f, fy)) + kad(du(fa, fo)) +k3o(du(fy, fTy)).
For z,y € (%, 1}7 o fzx, fTz) = (;v 7) = 0 and the inequality (3.4) follows trivially.

Again, for x € [O, 2] and y € (%, 1}, B(fy, fTy) = B (y, %) = 0 and the inequality
(3.4) follows trivially.

Hence by Corollary 3.6, T has a unique fixed point z = 0.
Corollary 3.8. Let (X,d,) be a complete extended b-metric space and T : X — X be
a mapping satisfying

O(du (T2, Ty)) < k19 (du(x,y)) + koo (du(x, Tx)) + k3 (du(y, Ty)) (3.5)

for some ki,ks >0, kg >0 and k1 + ko + k3 < 1.

Let for each xy € X, limy, ym—so0 dpy(Tp, Tm)* < 131:_’“132, where z,, = Tan_1 for n € N.
Then T have a unique fixed point.

Proof. The proof follows from Corollary 3.6 (b) by taking a(x,y) = S(z,y) = 1 and
fr=aforall x € X. n

In [21], Oztiirk and Basgarir defined a self map T on a cone metric space X to have the
property Pif F(T) = F (T") for all n € N. The same notion can as well be defined for an
extended b-metric space.

Theorem 3.9. Let (X,d,) be a complete extended b-metric space and T : X — X be
(«, B )-orbital-cyclic admissible map with respect to f satisfying (3.4) for some ki, ks > 0,
ko >0 and ky + ko + ks < 1. If a(fz, fTx) > 1 and B(fz, fTx) > 1 for all x € F(T),
then T has property P.

Proof. Since Tu = w implies T"u = u for all n € N, it is sufficient to show that F(T") C
F(T). Let w € F(T™), then it is clear that Tw € F(T™).
Let if possible, Tw # w. Then using (3.4),

¢(d;t(an+1w, an+2w)) < k'qﬁ(du(fT"w, anJrlw))
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where k' = % < 1.
Since ¢ is subadditive altering distance function, for some k£ < 1 we get,
d, (fT" w, fT" 2 w) < kd, (fT"w, fT" w).
But then,
dy(fTw, fT?*w) = d,(fT"Hw, fT"2w) < --- < k"4, (fTw, fT?w)
<d,(fTw, fT%w),

a contradiction. [ ]

3.1. CONVERGENCE OF ITERATION

In 1970, Takahashi [29] introduced the following concept of convex structure in a metric
space.
Definition 3.10. [29] Let (X,d) be a metric space. A mapping W : X2 x [0,1] — X
satisfying

d(z,W(z,y,a)) < ad(z,z) + (1 —a)d(z,y)
for all x,y,z € X and « € [0, 1] is called a convex structure on X.
The above notion of convex structure can as well be adopted naturally in extended
b-metric space (X, d,) with the condition
w(z, y)dy (2, W(2,y, ) < ady(z,2) + (1 = a)du(z,y). (3.6)

We now define an iteration process in a convex extended b-metric space and derive a
strong convergence result for it.

Let (X,d,) be a convex extended b-metric space and f, S and T be self mappings on
X. For zg € X, we define

fanrl = W(fzn>nynvan) )
fan = fSzp

where {a,,} and {5, } are real sequences in (0,1).

Theorem 3.11. Let (X,d,) be a complete convex extended b-metric space and f,S,T :
X — X be self mappings on X satisfying the conditions of Theorem 3.3 for some
k1 >0, ko, ks > 0 with k1 + ko + k3 < 1, so that f, S and T have a unique common fized
point. Let for all x € X, u(fx, fTx)* < 12_,;;1 and p(fz, fSx)* < % If in addition,
a(fx, fTx) > 1 and B(fx, fSx) > 1 for all x € X, then the sequence {fx,} generated by
(3.7) converges strongly to the common fized point of f, S and T.

Proof. Using (3.1), we get,

kathop(fo,fTa)*
T Fan(fz, Ty < -

This implies d, (fTz,w) < k'd,(fz,w), for some k" < 1 (since ¢ is subadditive altering
distance function).

Similarly, ¢ (d,.(fSz, w)) < 1¢(d,(fz,w)), wherel = % < 1 and as above,
for some I’ < 1, d,(fSz,w) <U'd,(fz,w).

where k =
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Now, using (3.7) we get,

du(fni1,w) = dyW(f 2, [Ty, o), w) < Udy(fn, w).

Inductively, for any positive integer n, we get, d,(fzn,w) < 1"d,(fzo,w) and hence,
in the limit as n — oo, limy, o0 d,(f2n, w) = 0, as required.

Example 3.12. Consider the mappings f, S and T as given in Example 3.5 with k1 =

1 1
k2_§ak3_7

3

and the extended b-metric space (X, d,) where X = [0,1] and d,(z,y)
| — y|, the usual metric with u(z,y) = 1.

=

We note that (X,d,) is a convex extended b-metric space satisfying the conditions of
Theorem 3.3. So, by Theorem 3.3, we get x = 1 as the unique common fixed point of f,

S and T.

Now, W : X2 — X given by
W(z,y,t) =tec+ (1 —1t)y

for all z, y and ¢ in X defines a convex structure on X.

TABLE 1. Sequences generated by (3.8) with z¢p = 0.65,0.45 and 0.05

To r1 = 0.90277 x5 =0.96836 x3=0.98870 x4 =0.99571 x5 = 0.9983
=0.65 x5 =0.99930 x7 =0.99970 x5 = 0.99987 x9=0.99994 z10 = 0.99997
xg r1 = 0.84722 x5 =0.95028 x3 =0.98224 x4, =0.99326 x5 = 0.99732
=0.45 26 =0.99890 7 =0.99954 x5 =0.99980 x9 = 0.99991 x19 = 0.99996
xo r1 =0.73611 2o =0.91413 23 =0.96933 x4 =0.98835 x5 = 0.99538
= 0.05 26 =0.99811 27 =0.99920 zg=0.99966 =z9 =0.99985 =z19 = 0.99993

10 —¢

0.8:

0.6 - 1‘0

04l

0.2:

FIGURE 1. Sequences generated by (3.8) with zy = 0.65, 0.45 and 0.05

The iteration scheme (3.7) then reduce to

Tpt+1 = an STy, + (1 - an)T(ﬂnT‘sxn + (1 - 6n)s2xn)



Common Fixed Point Results for (e, 8)-orbital-cyclic. . . 573

Here, pu(z,y) =1< 12_k’;1 = 12_,;:1 = 2. Taking o, = Z—i‘é and 3, = Z—ié
of iterates generated by the iteration scheme (3.8) are given in Table 1.

From the given tabulation and figure, it is clear that the sequence {x,} generated by
(3.8) converges to 1.

Similarly, taking the points o = 0.45, 0.05 and generating the sequence defined by

(3.8), we can see a convergence to the common fixed point 1.

the sequences

3.2. RATE OF CONVERGENCE

In 2002, following the works of Rhoades [24], Berinde [3] compared the rate of conver-
gence between two iteration schemes as given below.

Let {a,} and {B,} be sequences of positive real numbers converging to « and S,
respectively. Suppose that

im A0m®)
n—oo d(By, )
(i) If I = 0, then the sequence {a,} is said to converge to « faster than that of the
sequence {3,} to {5}.
(ii) If 0 < I < oo, then the sequences {«,} and {3,} are said to have the same rate
of convergence.
For a nonempty convex subset K of a complete extended b-metric space X, if {z,,} and
{un} are two iterations both of which converge to a p of X, then {z,} converges faster
than {u,} to pif

d(zn,p)
1m
n—o0o d(um p)

We compare the rate of convergence of the iteration scheme (3.7) against that of the
iteration scheme (3.2) following a similar method employed by Kadioglu and Yildirim
[15]. The mapping W : X2 x [0,1] — X given by

W(z,y,t) =tc+ (1 —1t)y

defines a convex structure on X.

Theorem 3.13. Let (X,d,) be a complete extended b-metric space and f, S and T
be self mappings on X satisfying the conditions of Theorem 3.11 with ¢ and f as the
identity mapping. Then the iteration scheme given by (3.7) with 0 < a < ap,Bn <
8 < % converges faster than that of the iteration given by (3.2) if m < %, where m =

k1+k z,fTx ki1+k z,fSxz
max {k(m), I(z):z € X}, k(x) = 711_+k22;&fmfg$)) and I(x) = 711_133}7(()027%&)).

Proof. Since ¢ is the identity mapping, from Theorem 3.11, if w is a common fixed point
of f, S and T, we have,
dy(fTz,w) < k(x)d,(fr,w) and d,(fSz,w)<(x)d,(fr,w)
_ kitkop(fz,fTx) _ kitkspu(fz,fSz
where k() = ST < 1 and I(x) = fRelleld) <,
Let m = max {k(z),l(z) : € X}. Now if {z,} (that is, {fz,}) is a sequence
generated by (3.7), then

dy(frni1,w) < and, (fznw) +(1- an)du(nyn, w)
< m"{ﬂ +m?(1—a)B+m*(1 - a)z}ndu(fxo.w).
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Also, if {u,} (that is, {fun,}) is a sequence generated by (3.2), then for n = 2k + 1,
using (3.1) we get,

where k' (ugg) =

dy(fusks1, w) < K (uo)d,(fusk, w),

kitkap(fuzk, fuakgr)
1—kap(fuzk, fuzk+1)

<1

Similarly, if n = 2k, using (3.1) we get,

where I (ugy) =

dp(fuzrir, w) <1 (uzr)d,(fugk, w),

ki+ksp(fusk,fuzktl) <1
1—kap(fuzk, fuzks1) :

Therefore, for all non-negative integers n,

Ay (fung1,w) < max {& (uog), U (uzk) }dp (fun, w) < mdy,(fun, w)
<o <m"dy(fup, w).

d(fn,w)

Hence in the limit as n — oo, the ratio A funw) 0 if

m{B+m*(1—a)B8+m*(1 —a)’} <m.

But since m < % and 0 < o, 8 < %, we have,

1 1/1
5+m2(1a){ﬁ+(1a)}<2+3<2+1>1,

and the proof is complete. [
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