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1. INTRODUCTION AND Basic FACTS

In 1969, Nadler[14] introduced the concept of multivalued mappings and proved fixed
point for such mappings in the framework of complete metric spaces. Inspired by the idea
given in [14], Fisher[9] proved different type of fixed point results for multivalued cases
with following notations:

Let (Y,0) be a metric space (in short m.s.) and CB(Y), the family of all non-empty
closed and bounded subsets of Y, Consider P,Q € CB(Y),

d(P,Q) =sup{o(a,b) :a € P,be Q}
D(a,Q) = inf{o(a,b) : b € Q}.
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Berinde and Pacurar [5] defined Pompeiu-Housdorff distance H as follows:

H(P,Q) = max{sup D(a, P), sup D(a, Q)}. (L1)
acQ acP
Recently in 2012, Wardowski [23] described a new contraction called F-contraction and

acquired a fixed point result as a generalization of Banach contraction principle for a
single valued mapping S : Y — Y as follows:

Va,b €Y, (U(Sa, Sb) >0 = 7+ F(o(Sa, Sb)) < Flo(a, b))),

where 7 > 0 and F : RT™ — R is a mapping satisfying the following conditions:

(F1) F is strictly increasing, that is, for a, 8 € R* such that o < 8 implies F(a) <

F(B);
(F2) for each sequence {ay, } of positive numbers lim «,, = 0if and only if lim F(a,) =
n— oo n—oQ
—0o0;

(F3) there exists k € (0, 1) such that HIBI+ o F(a) = 0.
a—

We denote by S, the set of all functions satisfying (F'1), (F2), (F'3). For more synthesis
on F-contraction, we refer the reader to [10, 11, 21, 22] and the references therein.

Influenced by this innovative Wardowski-technique, Acar[2] enunciated some novel re-
sults for multivalued mappings by using the concept of 6 and D-distances.

Definition 1.1. [2] Let (Y, o) be am.s. and B(Y") denote the family of all bounded subset
of Y, then the mapping S : Y — B(Y) is called a multivalued almost Fs-contraction if
F € & and there exists 7 > 0 and K > 0 such that

T+ F(6(Sa, Sb)) < F(m(a,b) + KD(b,Sa)) for all a,beY. (1.2)
With min{d(Sa, Sb),o(a,b)} > 0, where

m(a,b) = max{o(a,b), D(a,Sa), D(b, Sb), %[D(a, Sb) + D(b, Sa)]}.

Theorem 1.2. [2] Let (Y,0) be a complete m.s.,B(Y) denote the family of all bounded
subset of Y and S : Y — B(Y) be a multivalued almost Fs-contraction. If F is continuous
and Sa is closed for all a € Y, then S has a fixed point in'Y .

Following Concept was introduced in [18], which is necessary for the succeeding anal-
ysis.
Definition 1.3. [18] Let Y be a non-empty set and F : Y — Y be a given mapping

(N > 2). An element (a1, as,...,ax) € YV is said to be fixed point of N—order of the
mapping F if

ap = ]:(al,ag, ...,CLN)

as = F(ag,as,...,an,a1)

ay = Flay,a1,...,an—1).

If N = 3,then we have:



Applications of Multivalued Fs-Contraction with Stability Results 529

Definition 1.4. [I15] Let Y be a non-empty set, an element (a,b,c) € Y? is called a
tripled fixed point(in short TFP) of F : Y3 — Y if

F(a,b,c) =a, F(b,c,a)=0b, F(c,a,b)=c.

In the situation of ordered sets with mixed monotone property, Berinde et.al.[] defined
differently the concept of TF P in a different way as below:

Definition 1.5. [1] Let Y be a non-empty set, an element (a,b,c) € Y3 is called a TFP
of F: Y3 =Y if

F(a,b,¢) =a, F(bya,b)=0>b, F(c,b,a)=c.
For multivalued case the concept of TF P was introduced in [1] as:

Definition 1.6. [1] Let Y be a non-empty set and CL(Y") denotes the family of all colsed
subsets of Y. Then, an element (a,b,c) € Y3 is called a TFP of F : Y3 — CL(Y) if

a € F(a,b,c), be F(b,c,a), c€ F(ca,b).

Stability of fixed point sets has always been a core area of interest for many researchers.
Some note worthy contribution can be seen in papers like [6], [7], [13]. In a paper [3]
authors established fixed point results for generalized almost contractions. Radenovic et.al
[17] propounded an alternative approach to fixed point results via simulation function.
On the other hand, following Lemma is due to [15].

Lemma 1.7. [15] Let (Y,0) be metric space, P,Q € CB(Y) and r > 1. Then for each
p € P, there exists ¢ € Q, such that o(p,q) < rH(P,Q).
Definition 1.8. [20] Let (Y,0) be a m.s., {S:Y — CB(Y)} be a multivalued mapping

and h : Y — Y a single valued mapping. The pair of mappings (h,S) is said to be
compatible, if lim D(hy,11,Shx,) = 0, whenever {z,} and {y,} are sequences in Y,
n—oo

such that lim hx, =y, =1, for some [ in Y, where y,41 € Sz, for n =1,2,3...
n—oo

Using the concept of §-distance and F-contraction, in this paper, we introduce some
newfangled tripled coincidence point and tripled fixed point results concerning almost
Fs-contraction for multivalued mappings. Proved results are hosted by a series of good
examples, thereby giving better understanding of the proposed results. Moreover, stability
results for tripled coincidence point sets are also discussed followed by a suitable example.
Another purpose to set up the fixed point results is that our results are utilized to establish
the existence of solution of integral inclusions and matrix equations. At the end, for
application point of view, we also propose an open problem for future scope of the study.
In the rest of the paper C(Y) denotes the family of non empty compact subsets of Y.

2. TRIPLED FIXED POINT RESULTS
We begin our work by introducing following definitions:

Definition 2.1. Consider (Y,0) asam.s. and S:Y xY xY — C(Y) be a multivalued
mapping. Then S is called almost Fs-contraction, if F € & and there exists 7 > 0 and
K >0, such that

T+ F(6(S(a,b,c), S(p,q,r)) + 6(S(b,c,a),S(q,m,p)) + 6(S(c,a,b), S(r,p,q)))
< F(M(a,b,c,p,q,7) + KN(a,b,c,p,q,7)) for all a,b,c,p,q,7 €Y. (2.1)
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Where
M (a,b,¢,p,q,r) = max{o(a,p) + o(b,q) + o(e,r), D(a,S(a,b,c))
+ D(b, S(b,c,a)) + D(c, S(c,a,b)), D(p,S(p,q,r))
+ D(q,S(q,7,p)) + D(r,S(r,p,q))}
N(a,b,c,p,q,7) = D(p,S(a,b,c)) + D(q,S(b,c,a)) + D(r, S(c, a,b)).
Definition 2.2. Consider (Y,0) asam.s. and S:Y xY xY — C(Y) be a multivalued

mapping. Then S is said to be almost Fs-contraction with respect to a self mapping
h:Y =Y, if F e & and there exists 7 > 0 and K > 0 such that

7+ F(6(S(a,b,c), S(p,q,7)) + 6(S(b,c,a),S(q,,p)) + 6(S(c,a,b), S(r,p,q)))
< F(M(a,b,c,p,q,7) + KN(a,b,c,p,q,r)) for all a,b,c,p,q,7 €Y. (2.2)
Where

M(a,b,c,p,q,r) =max{o(ha, hp) + o(hb, hq) + o(he, hr), D(ha, S(a, b, c))
+ D(hb, S(b, ¢, a)) + D(he, S(c, a, b)), D(hp, S(p, q, 7))
+ D(hq,S(q,r,p)) + D(hr, S(r,p.q))}
N(a,b,c,p,q,7) =D(hp, S(a,b,c)) + D(hq,S(b,c,a)) + D(hr,S(c, a,b)).
Definition 2.3. Let Y be a nonempty set, h : ¥ — Y a single valued mapping and
S:YxYxY — C(Y) be a multivalued mapping. An element (a,b,c) € Y xY xY is called

a tripled coincidence point (in short TCP) of h and S if ha € S(a,b,c), hb € S(b,c,a)
and hc € S(c,a,b).The set of all coincidence points of h and S is denoted by C(h, S).

Note that Definition 2.2 and Definition 2.3 coincide with Definition 2.1 and Definition
1.6 respectively if h taken to be an identity mapping.

Theorem 2.4. Let (Y,0) be a complete m.s., h: Y =Y a single valued mapping and
S:YxY xY — C(Y) be a multivalued almost Fg-contraction with respect to h. Suppose
that
(i) SY xY xY) ChY)
(ii) h is continuous
(iii) The pair of mappings (h,S) is compatible.
Then, C(h,S) is non-empty.

Proof. Let (x0,y0,20) € Y XY XY, then there exists z1 € S(xo, Yo, 20), ¥1 € S(Yo, 20, Z0),
21 € S(ZOa Zo, yO)
Since S(Y xY xY) C h(Y), there exists xa, Y2, 22 such that haxs = x1, hys = y1, hze = 2.
Again for (x9,y2,20) € Y XY X Y there exists x3 € S(x2,¥y2,22),y3 € S(y2, 22, 22), 23 €
S(za,x2,y2) and also x4, y4, 24 € Y such that hxy = x3, hyy = ys, hzy = 2z3. Continuing
this process, we get sequences

Ton—1 = hTon, Yon—1 = hyon, 2on—1 = hza,
also

Top_1 = hton € S(Tan—2, Y2n—2, Z2n—2),

Yon—1 = hYon € S(Yon—2, Z2n—2, Tan—2),

2n—1 = hZQn S S(ZQn—Qa x2n—2ay2n—2)-
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Consider

T4+ ]:(O'(h!BQ, hSL‘4) + U(hyg, hy4) + O’(hZQ, hZ4)
S T+ f((s(s(lb)y()a ZO)7 5(1‘2, Y2, 22)) + 5(5(?}0’ Z07x0)7 S(?J% 22, 1‘2))
+ 0(S(20, 0, Y0), (22, T2, Y2))). (2.3)

By applying (2.2), we get

T+ F(o(hxa, hay) + o(hys, hys) + o(hza, hzs))
< F(max{o(hzo, hxs) + o(hyo, hy2) + o(hzo, hza),
D(hxo, S(x0,Y0, 20)) + D(hyo, S(Yo, 20, %0)) + D(hz0, S(20, Z0, Y0)),
D(hxa, S(x2,y2,22)) + D(hya, S(y2, 22, 2)) + D(hza, S(22,22,¥2))}
+ K{D(hz2, S(z0, Y0, 20)) + D(hy2, S(yo, 20, %0)) + D(hz2, S(20, 20, Y0))})
< F(max{o(hzg, hxs) + o(hyo, hy2) + o(hzo, hza),
o(hxg, has) + o(hyo, hya) + o(hzo, hza),
o(hza, hxy) + o(hyz, hys) + o(hza, hzy)}
+ K{o(hxza, has) + o(hya, hy2) + o(hza, hza)}
< F(max{o(hxg, hza) + o(hyo, hy2) + o(hzo, hza),
o(hxa, hxy) + o(hys, hys) + o(hza, hzy)}).

(2.4)
Let 692 = 0(hzan—2, hran) + o(hyan—2, hyan) + o (hzan—2, h22n),
then 7+ F(d2) < F(max{do, d2}). Set M = maxz{do, d2}.
If M = §s, then 7 4 F(d2) < F(d2), which is a contradiction.
Thus M = &g, so
T+ F(d2) < F (o)
F(d2) < F(bo) — .
Maintaining the above procedure, we get
.7:((52“) S .7:((52”_2) — T S ]:(527,_4) — 27... S J—"((So) — nT. (25)
From (2.5), we get lim,,_, oo F(d2,) = —o0, and from (F2) we get lim,,_, o d2, = 0, from
(F3), there exists k € (0,1) such that lim,, . 65 F(d2,) = 0.
By (2.5), the following holds for all n € N
Letting n — oo in (2.6), we obtain
lim 5k =o. (2.7)
From (2.7), there exists ny € N such that nd%, <1 for all n > n;. So we have
1
Oop < — for all n > ny. (2.8)

nk
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Take m,n € N such that m > n > n;.
Using triangle inequality for the metric and from (2.8), we have

o(hxon, htom) + o(hyon, hyom) + o(hzen, hzom)

< o(hxon, htonta) + ... + o(hxom—o, htom)

+ o (hyan, hyant2) + . + 0 (Ay2m—2, hyam)

+ o(hzan, hzanta) + ... + o(hzam—2, hzom)

< o(hxon, htonta) + o(hyan, hyanta) + o(hzan, hzon12)

+ ... + o(hxom—2, hxom) + o(hyam—2, hyom) + 0 (hzam—2a, hzom)
< o + Gopio + ... + 2o

0o 1
1= 1
i=n

With the convergence of > we get

o(hxap, haam) + o(hyon, hyam) + 0(hzan, hzam) — 0 as n — oo,
it gives
o(hxon, htom) — 0,0 (hy2n, hyom) — 0,0(hzan, hzam) — 0.

Hence {hza, },{hy2n} and {hza,} are Cauchy sequences.

Completeness of X implies there exists (z,y,2) € Y x Y x Y such that
Top—1 = hTay — T,Yon—1 = hysn, — y and 29,1 = hze, — 2z as n — 0.
By the compatibility of pair (h,S), we have

lim D(hl‘gn_l, S(hZEZ?u hy2n7 thn)) =0

n—oo

li)m D(han—la S(hy2na thna thn)) =0
hm D(hZQn_l, S(hZQn, hﬁCQn, hygn)) = 0

Since Dn;ntio h are continuous, we have

D(hz,S(z,y,2)) =0

D(hy,S(y,z,2)) =0

D(hz,S(z,z,y)) = 0.
Since S(z,y, 2), S(y, z,2), S(z,x,y) are Compact and hence closed.
ie.

S(@,y,2) = S(x,y,2),8(y, 2,2) = S(y, 2,2), (2, 2,y) = S(z,2,y),
implies
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ie. (x,y,2) € C(h,S). Hence (x,y,2) is TCP of h and S.
This completes the proof. [

Example 2.5. Let Y = [0,1] with usual metric o, be a complete m.s., define a mul-
tivalued mapping S : Y x Y x Y — C(Y), by S(z,y,2) = {§} with the self mapping
h:Y — Y by hx = z%and consider F(a) = loga with K = 0 and 0 < 7 < log3. We claim
that S is almost Fs-contraction with respect to h and also satisfy all other conditions of
Theorem 2.4. Hence (0,0, 0) is the TCP, of the pair (h,.S), which is unique.

Example 2.6. If we consider S(x,y,z) = {%}, with the self mapping h and other

parameters incuding metric space as in above example. We claim that S is almost Fs-
contraction with respect to h and also satisfy all other conditions of Theorem 2.4. Hence
(0,0,0) and (1,1,1) are TCP of the pair (h,S). Thus our theorem gives the guarantee
for TC' P but not for uniqueness.

Theorem 2.7. Let (Y,0) be a complete m.s. and S : Y xY xY — C(Y) be a multivalued
almost Fs-contraction, then S has a TFP.

Proof. Let (z9,y0,20) € Y XY x Y, then there exists z1 € S(xo, Yo, 20),y1 € S(Yo, 20, Z0),
z1 € S(z0,%0,%0) and for z1,y1,21 € Y, there exists xa,¥y2,22 € Y such that zo €
S(x1,y1,21), y2 € S(y1,21,21), 22 € S(21,21,y1). Continuing this process, we get se-
quences

Tn+1 S S(xn;ynazn)y Yn+1 S S(yn72n79€n)7 Zn+41 S S(men,yn)

Maintaining the same process as in Theorem 2.4, we have {x,, },{y, }and {z,} are Cauchy
sequences.

Completeness of Y implies that, there exists (z,y,2) € Y x Y x Y, such that

Tn — X, Yo — y and 2z, — z as N — 0.

Since, we have

D(anrhS(xnvynvzn)) =0,
D(yn+1> S(yna Zn; an)) = 07
D(Zn+1>S(Zn7xnvyn)) =0.

Letting n — oo , we have
D(I, S("L‘7 y7 Z)) = 07
D(y,S(y,z,x)) =0,
D(z,8(z,x,x)) =0.

Since S(z,y, 2), S(y, z,x), S(z,z,y) are compact and hence closed.
ie.

S(x,y,2) = S(x,y,2), 5(y, z.2) = S(y, 2, 2), S(2,2,y) = S(2,2,9)
implies
x € S(x,y,2),y €Sy, z,x),z € S(z,2,y)
Hence (x,y, z) is TFP of S. This completes the proof. [

Remark 2.8. It is worth noting that as a consequence of Theorem 2.7 if we take S :
Y XY xY — Y as a single valued mapping and if S satisfies the same inequality as in
Theorem 2.7 with o (metric) in palce of § and D distances, then S has TFP.
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3. STABILITY RESULTS FOR TRIPLED COINCIDENCE POINT SETS

Lemma 3.1. Let (Y,0) be a m.s., h : Y — Y a single valued mapping and {S,
YxY xY — C(Y)} be a sequence of multivalued almost Fs-contractions with respect to
h, which is uniformly convergent to S:Y XY xY — C(Y), then S is also a multivalued
almost Fs-contraction with respect to h.

Proof. Since S, for all n > 1, is multivalued almost Fs-contraction with respect to h, thus
T+ F(5(Sn(z,y, 2), Sn(u,v,w)) + §(Sn(y, z,2), Sp(v,w,u)) + 6(Sp(z, z,y), Sn(w,u,v)))
< ]-'(max{a(hx? hu) + o(hy, hv) + o(hz, hw), D(hz, Sy (2, y, 2))
D(hy, Syp(y,z,2)) + D(hz, Sy (z,z,9)), D(hu, S, (u, v, w))
D(hv, S, (v,w,u)) + D(hw, S, (w, u,v))} + KD (hu, Sp(z,y, 2))
D(hv, Sn(y, z,2)) + D(hw, Sn(2,2,9))),
for all z,y, z,u,v,w € Y.
Letting n — oo and {S,,} converges uniformly to S, then
T+]:(5(S(x ¥, 2), S(u,v,w)) +5(S(y, z,x), S(v,w,u)) + (S (z,z,y), S(w,u,v)))
F(max{c(hz, hu) + o(hy, hv) + o(hz, hw), D(hx, S(z,y, z))
D(hy, S(y, z,2)) + D(hz,S(z,z,y)), D(hu, S(u, v, w))
D(hv, S(v,w,u)) + D(hw, S(w,u,v))} + KD(hu, S(x,y, z))
+ D(hv, S(y, z,z)) + D(hw, S(z,z,y))).

(3.1)

Hence S is almost Fs-contraction with respect to h. [

Theorem 3.2. Let (Y,0) be a m.s., h : Y — Y a single valued mapping and Sy, S5 :

Y XY xY — C(Y) be two multivalued mappings such that the pairs (S1,h) and (Sa, h)
satisfy all the conditions of Theorem 2./ and let M; = sup{o(z, hz)+o(y, hy)+o(z,hz) :
(z,y,2) € C(h,S;)}, where i=1,2, exists. Then H(C(h,S1),C(h,S2)) < gk + R, where

q> 1,R:max{Mi i=1,2),

k= Sup{H(Sl(mv Y, Z)7 52(3:’ Y, Z)) + H(Sl(ya 2, J}), 52(:% 2, .13)) + H(Sl(zv Zz, y)7

Sa(z,2,y)) : (x,y,2) €Y XY X Y}.

Proof. By applying Theorem 2.4, we have C(S1,h) and C(S3, h) are non-empty.

Let (w0, Yo, 20) € C(S1,h), that is hxg € S1(70, Yo, 20), hyo € S1(Yo, 20, Z0), hzo € S1(20, o, Yo)-
Applying the Lemmal.7, for every hazy € S1(xo, Yo, 20) there exists x1 = hay € Sa(xo, Yo, 20),

for every hyo € S1(yo, 20, Zo) there exists y1 = hys € Sa2(yo, 20, x0) and for every hzy €
S1(z0, 0, yo) there exists z; = hzy € Sa(20, zo, Yo), such that

o(hzo, hr2) < ¢H(S1(xo, Yo, 20), S2(T0, Yo, 20))
a(hyo, hy2) < ¢H(S1(Yo, 20, %0), S2(Yo, 20, T0))
o(hzo, hz2) < qH(S1(20, 0, Y0), S2(20, T, Yo))
o (hxo, ha2) + o(hyo, hy2) + o (hzo, hz2) < ¢{H (S1(20, Yo, 20), S2(x0, Yo, 20))

+ H(S1(y0, 20, %0), S2(Y0, 20, T0))
+ H(S1(20,%0,%0),S2(20,%0,%0))}. (3.3)
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Again, for every hxzo € Sa(xo,yo0,20), there exists x5 = hxy € Sa(x2,y2,22), for ev-
ery hys € Sa(xo,¥0,20), there exists y3 = hys € Sa(yo, 22,22), and for every hzy €
Sa (o, Yo, 20), there exists z3 = hzy € Sa(22,x2,y2), such that

o(hwa, hry) < qH(S2(x0, Y0, 20), S2(w2, Y2, 22))

o(hya, hys) < qH (S2(yo, 20, Z0), S2(y2, 22, ¥2))
o(hza, hza) < qH(S2(20,%0,Y0), S2(22, T2, 92)).

In this way we can construct the sequences

Ton—1 = hxo, € S2(Tan—2,Y2n—2, Z2n—2)
Yon—1 = hyan € S2(Yon—2, Z2an—2, Tan—2)

Zop—1 = hzan € Sa(22n—2, Tan—2, Yon—2).

By processing on the same line to Theorem 2.4 we can establish that {hxa,}, {hy2,} and
{hza,} are Cauchy sequences.

Completeness of Y ensures that there exists (z,y,2) €Y xY x Y,

such that xo,_1 = hTon — TWon—1 = hyon = Y, 2on—1 = h2ey — 2z 2SN — Q0.

Using compatibility of the pair (S2, h)

lim D(hl’gn,h SQ(hl'Qna hanv hzZﬂ)) =0

n—oo

h_>m D(hy2n717 SQ(hana thn7 hx?n)) =0

nh_}n(go D(hzan—1,S2(hzon, htan, hya,)) = 0.
Since h is Continuous, we have

D(hz, Sy(z,y,2)) =0

D(hy, S2(y, z,z)) =0

D(hz,Ss(z,z,y)) = 0.

Since Sa(z,y, 2), S2(y, z,x), S2(z, 2, y) are Compact and hence closed.
i.e.

So(x,y, 2) = So(x,9, 2), S2(y, 2,2) = Sa(y, z,2), S2(2, z,y) = Sa(2, 7, y)
implies

hx € Sy(x,y,2),hy € Sa(y, z,x), hz € Sa(z,z,y)
ie. (z,y,2) € C(Sq2,h).
Consider

o(hxo,x) + o(hyo,y) + o(hzo,2) < o(hwai, hvgiya) + o(hyzi, hyaiyo)
=0

(hzi, hzgite) + 0(haanio, )

+o
+ o (hy2nt2,y) + o(hzon o, 2).
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Letting n — oo, we acquire

O'(hx07 l’) + a(hy07 y) + U(h’ZOa Z) < U(hﬂfo, h.’EQ) + O(hy07 hy?) + O.(hZOa hz?)

+ Z o (h2i, hgiya) + o(hyzi, hyzii2)
i=1

+ o (hzi, hzaiy2)

Again,
o(xo,z) + o(yo,y) + o(z0,2) <o(xo, hzo) + (Yo, hyo) + o (20, h2o)
+ o(hzo, x) + o(hyo, y) + o(hz, 2) (3.4)
o(zo,z) + (Yo, y) + 0(20,2) <gk + R.

Thus, for each (xq,yo,20) € C(h,S1), there exists (z,y, z) € C(h, S2),

such that o(zg,x) + o(yo,y) + 0(20,2) < gk + R

Similarly for any arbitrary (uo,vo, wo) € C(h, Ss2), there exists (u,v,w) € C(h,S)

such that o(ug,u) 4+ o(vg,v) + o(wp, w) < gk + R.

Hence conclude that H(C'(h,S1),C(h,S2)) < gk + R. ]

Theorem 3.3. Let (Y,0) be am.s., h: Y =Y a single valued mapping and

{Sh : Y XY xY — C(Y)} be a sequence of multivalued almost Fs-contractions with
respect to h, which is uniformly convergent to S : Y XY xY — C(Y), such that the
pairs (Sp, h) satisfy all the conditions of theorem 2.4, and also (i) S(Y xY xY) C h(Y)
(i) The pair of mappings (h,S) is compatible.

Let M, = sup{o(x, hz) + o(y, hy) + o(z, hz) : (z,y,2) € C(h,S,)UC(h,S)} and M, —
0,n — oo. Then nl;rr;o H(C(h,S,),C(h,S)) =0.

Hence the coincidence point sets of the sequence {(h,Sy)} of pair of mappings are stable.

Proof. Since {S,, : Y xY xY — C(Y)} be a sequence of multivalued almost Fs-
contractions with respect to h, which is uniformly convergent to S : Y xY xY — C(Y).
So S is continuous and by Lemma 3.1, also S is multivalued almost Fs-contractions with
respect to h, and given that S(Y x Y x Y) C h(Y) and the pair of mappings (h,S) is
compatible.

Let k,, = sup{H (S, (x,y, 2),S(x,y,2)) + H(Sn(y, z,2),S(y, z,x)) + H(Sn(z,z,y),
S(z,z,y)) : (z,y,2) €Y xY x Y}

By uniformly convergence of sequence {S,} to S.

lim k, = nh_>1r010 sup{H (Sp(z,y, 2),S(x,y,2)) + H(Sn(y, 2z, ), S(y, z,2))

n— o0

H(Su(z 2, ), S(2,2,9) : (,5,2) €Y X Y x Y} =0,
Using Theorem 3.2, we get H(C(h, S,),C(h,S)) < gkn + M,.
Hence li_)m H(C(h,Sy),C(h,S)) < li_}In (¢kn + M) = 0.

That is lim H(C(h,S,),C(h,S)) =0. m
n—oo
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Example 3.4. Let Y = [0, 1] with usual metric o be a complete m.s., define a sequence of
multivalued mappings S, : Y xY xY — C(Y), by Sy (z,y, 2) = [55, 2], with the self
mapping h : Y — Y by hz = z2and consider F(a) = loga with K = 0,and 0 < 7 < log3.
We claim that S, for all n > 1 are almost Fjs-contractions with respect to h and also
satisfy all other conditions of Theorem 2.4,and it observe that S, (z,y,z) = [+ L]
is uniformly convergent to S(z,y,z) = [0, ZH+=2].

Also S(Y xY xY) C h(Y) and the pair (h,S) is compatible, then

nlgréo H(C(h,Spn),C(h,S)) = 0. Hence coincidence point sets of the sequence {(h,S,)} of

pair of mappings are stable.

4. APPLICATIONS

4.1. APPLICATION TO INTEGRAL INCLUSIONS

Take the following system of integral inclusions
l
a(t) € p(t) + /O V(t, 8)[F" (s, a(s)) + G*(s,b(s)) + H" (s, ¢(s))]ds
l
b(t) € p(t) + /0 y(t, 8)[F*(s,b(s)) + G*(s,¢(s)) + H*(s,a(s))]ds (4.1)

c(t) € p(t) + /0 Y(t, $)[F*(s,¢(s)) + G*(s,a(s)) + H*(s,b(s))]ds,

where

(i) F*,G*,H* : [0,]] x R — C(R)(Family of compact subsets of R) are continuous,

(#4) p,a,b,c:[0,1] = R are continuous,

(#it) v : [0,1] x R — [0, 00) is continuous.

Theorem 4.1. Consider the system of integral inclusions 4.1, with the mappings f, g, h :
[0,]] x R — R,such that for all f(s,a(s)) € F*(s,a(s))and f(s,b(s)) € F*(s,b(s))
g(s,a(s)) € G*(s,a(s))and g(s,b(s)) € G*(s,b(s)) h(s,a(s)) € H*(s,a(s))and h(s,b(s)) €
H*(s,b(s))implies

and

l
1
t,s)ds < —.
max/ofy(,s) S_Sl

te[0,l]
Then, the system of integral inclusion has a solution.
Proof. Let us consider, the space Y = C([0,], R) of continuous functions on[0, ], with

o(a,b) = max |a(t) — b(t)|;a,b €Y.
te[0,1]

Then, obviously (Y, o) be a complete m.s..
Now define, a mapping S: Y xY xY — C(Y),by
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Yt 8)[F" (s, a(s)) + G (s,b(s)) + H" (s, ¢(s))]ds

/

S(b(t),c(t),a(t)) = p(t) + /O Y(t, $)[F™(5,b(s)) + G (s,¢(s)) + H" (s, a(s))]ds
l

/0 Y(t, 8$)[F*(s,¢(s)) + G*(s,a(s)) + H*(s,b(s))]ds.

Now, for S(ay(t),b1(t),c1(t)), S(az(t),ba(t), ca(t)) € C(Y), we have
6(S(ax(t), bi(t), c1(t)), S(az(t), ba(t), c2(t)))

= sup{o(a,b) :a € S(a1(t),b1(t),c1(t)),b € S(as(t),ba(t), ca(t))}

where a1 +f0 $)[f(s,a1(s)) + 95, b1(5)) + hs, ea(5))]ds

bt +f0 (s, 52(5)) + (S c2(s)) + h(s, az(s))]ds
for some f(s ai(s )) (s ay(s))and f(s,az(s)) € F*(s,a2(s)) g(s,b1(s)) € G*(s,b1(s))
;nd g(s,b2(s)) € G*(s,b2(5)), h(s,c1(s)) € H*(s,c1(s))and h(s,ca(s)) € H*(s,c2(s)).

)bl = | [ ) (5,01(5)) — T, a2() + g5,ba(5)) — gl bs)
T h(s,ex(s) — hls,cas))ds]
</ i, 5)l s / 1 s,01(8) — T a2(s))
1905 b1(5)) — g5, ba(s)| + [h(s,e1(5)) — h(s, ea(s))[]ds
</ e )] ds. / Tlas(s) — as(s)l e +ba(s) — bo(s)] e
4 ler(s) — ea(s)| e 7]ds. (4.4)

Hence, we have

—T

< (t,9)d —as(t
s 1) ~ 001 < . [ 90 s [ a0~ s

+ 161 (t) = ba(t)] ™ +|01()*62(t))\6”]d8~

This amounts to say that
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Utilizing hypothesis of our theorem, we have

sup{c(a,b) : a € S(ay(t),b1(t),c1(t)),b € S(az(t),ba(t),ca(t))} < %[J(al,ag)
+ o(b1,b2)

+o(c1,c0)]le™”

5(S(a(t),b1(t), c1(t)), S(az(t), b2(t), c2(t))) < %[U(ala az) + o (b1, b2)
+

o(er,co)le™ .
By the similar calculations, we have
1
5(S(b1 (t)7 C1 (t)7 ai (t))7 S(bQ(t)7 CQ(t)7 a2(t))) < g[a(blv b2) + 0(017 02)
+

o(ay,as)le””

6(S(e1(t), a1(t),b1(2)), S(e2(t), az(t), ba(t))) < %[O’(Cla@) +o(ay, az)
+ o(by,ba)]e”".
Taking these three inequalities into account, we arrive at
0(S(ar(t),b1(t),c1(t)), S(aa(t),ba(t), ca(t))) + 6(S(b1(t), c1(t), a1(t)),
S(ba(t), e2(t), ax(t))) + 6(S(cr(t), ar(t), br(2)), S(ea(t), az(t), ba(t)))

< lo(ai,as) +o(by,bs) + o(ci,co)le” ™ (4.5)
S M(al,b17617a27b2702)67
Consequently, passing to logarithms, we get
T+l0g(8(5(ar(t),b1(t), c1(t)), S(az(t), ba(t), c2(t)))
+5(5( 1(2), cl(t%al(t)),S(bz(t)w(t),az(t;i;) (4.6)

+0(S(e1(t), ar(t), b1 (2)), S(ea(t), az(t), ba(t
< lOg( <a17b1,01,a27b2,02>)

Consequently, we arrive at
T+F(6(S(a1(t), b1(t), e (1)),

S(as(t), ba(t), c2())) + 6(S(br (1), er(t), ar(t)),
S(ba(t), e2(t), az(t))) + 6(S(c
<

1(t), ax1(t), b1 (1)), S(ea(t), az(t), b2(1)))) (4.7)
F(M(ay,b1,c1,a2,b2,¢2)),

for F(t) = logt,t > 0. Thus, S is almost Fs—contraction, so by theorem 2.7, we conclude
that S has TFP.

ie. a(t) € S(a(t),b(t),c(t)),b(t) € S(b(t),c(t),a(t)),c(t) € S(c(t),al(t),b(t)).

Thus integral inclusion defined in (4.1) has a solution. L]

4.2. APPLICATION TO SOLUTION FOR MATRIX EQUATION

Motivated by Fan et.al.[8],use the single valued case of Theorem 2.7 (Remark 2.8 ) to
discuss the existence of solution for the matrix equations:

XP -~ A*XA+B*XB—-C*XC =P,p>1, (4.8)
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where X € H(m),the set of all Hermitian positive define matrices, P is an m X m positive
define matrix. A, B, C are m X m non singular matrices, A*, B*, C* denote the conjugate
transpose of the matrices A, B, C respectively.

Following are some important results which play important role for the rest of our analysis.
Thompson metric o : H(m) x H(m) — H(m) in [19] is defined as follows:

o(A, B) = maz{lnW(A/B),In W(B/A)} = Hm(A—%BA—%) : (4.9)

where W (A/B) = inf{\ > 0 : A < AB} = Apae(B 2AB~2). Note that (H(m),o) is a
complete metric space (see [L0]).

Lemma 4.2. [12] Let o : H(m) x H(m) — H(m) be a Thompson metric on the open
convex cone H(m), then for any A,B € H(m) and a non singular matriz N, we have
that the following conditions hold:

0(A,B) =0(A™',B™') = o(N*AN,N*BN), (4.10)
where A=Y, B~ are the inversion of matrices A and B,respectively;

o(AP, BP) <po(A, B),p € [0,1];

o(N*APN,N*BPN) < |p|o(A, B),p € [-1,1]. (4.11)
Lemma 4.3. [12] For any A,B,C,D € H(m),

o(A+ B,C + D) < mazx{o(A,C),o(B,D)}. (4.12)
Especially,

c(A+B,A+C) <a(B,0C). (4.13)
Theorem 4.4. Let X1, X5, X3,Y1,Ys,Y3 € H(m), with

U(A*XlA — B*X,B + C*XSC’A*YlA — B*Y2B + C*YgC)

2 2 (4.14)

< U(Xl,Yl)eiT,T >0

then the matrixz equations (4.8) possess a solution.

Proof. Let S : H(m) x H(m) x H(m) — H(m) be a single valued mapping, defined by

S=

(X1,X5,X3) = (P+A*X1A — B*X,B + C*X30)7.
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Using Lemma4.2 and Lemma4.3 for X7, X2, X3,Y7,Y5,Ys € H(m)
(T(S(Xl,XQ,Xg),S(Yl,Y27Y3))
= o((P+ A*X,A— B*XoB + C*X350)7, (P + A*Y1A — B*Y,B + C*Y3C)7)

—_

< Zo((P+A*X1A — B*X,B + C*X30), (P + A*Y1 A — B*Y,B + C*Y30))

_ 3

S *O’((A*XlA - B*XQB + C*ch), (A*YlA - B*YQB + C’*Y3O))

iS]

A*X1A— B*XoB+ C*X3C A*Y1A — B*Y,B + C*Y3(C)
2 ’ 2

IN

a(

IN

O'(Xl,Yl)@_T
S(X1? X27X3)) S(Y17Y27Y3))
O'(Xl,Yl)eiT.

—~

g

IN

(4.15)
Similarly,
o(S(Xg, X3,X1),5(Y2,Y3,Y7)) <o(Xo,Y2)e™™
and
o(S(X3,X1,X5),5(Y3,Y71,Y2)) < 0(X3,Y3)e™ "
Combining these inequalities, we get
o(S(X1, Xz, X3), S(Y1,Y2,Y3)) + 0(S(Xz, X3, X1), S(Y2, Y3, 11))
+0(S(X3, X1, X2),5(Y3,Y1,Y3))
< (0(X1,Y1) 4+ 0(Xa,Y2) + 0(X3,Y3))e™"
< [M(X41, X2, X3,Y1,Y2,Y3) + KN (X1, X9, X3,Y1,Y5,Y3)e™ "

(4.16)

Passing to logarithms, above inequality becomes
loglo(S(X1, X2, X3),S5(Y1,Y2,Y3)) + 0(S(Xe, X3, X1),S(Y2,Y5,Y7))
+0(S(X3, X1, X5),5(Y3,Y1,Y2))]
<log[M (X1, X2, X3,Y1,Y5,Y3) + KN(X4, X5, X35,Y7,Ys,Ys)]

T

+loge™ 7,

(4.17)

and ultimately, we get
T+ F(o(5(X1, X2, X3), S(Y1,Y2,Y3)) + 0(S(X2, X5, X1), S(Y2, Y3, 11))
+0(5(X3, X1, X3),5(Y3,Y1,Y3))) (4.18)
< F(M(Xy, X2, X3,Y7,Y2,Y3) + KN(X1, X2, X3,Y7,Y5,Y3)),
for F(t) = logt,t > 0.
Hence we conclude that there exists X1, X2, X3 € H(m), such that

X; = S(X1, X, X3), Xo = S(Xa, X3, X1), X5 = S(X3, X1, X2). This shows the existence
of the solution of Matrix equation (4.8). L]

e Numerical experiment
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Example 4.5. Let

L
X}zXQng:[i {

and

1 i
m:n:n:[iJ

are Hermitian positive definite matrixes, with

2 1
A= 11 1]
11
B = 11 3]
1]
¢ = |11 2]

are 2 X 2 non singular matrices. Then

N&A<W&B+ﬁX£B i}

mnA—WnB+wn0=B i}

satisfy the condition of Theorem 4.4.
Hence the matrix equation (4.8) has a solution, which is

1 —i
&_L A
since, it can easy to verify that the matrix
x?—At&A—B%&B+c%&C=[&+2

is a positive definite matrix.

2 31— 2
12

Open Problem: For future reading, as an application, an open problem is suggested as

follows:

A discretized population balance for continuous systems at steady state can be modeled

by the following integral equation

10 = 550 / f(t— ) f()de + e,

Whether the existence of solution of the above integral equation can be derived from

results established in this note?

ACKNOWLEDGEMENTS

We are very grateful to the editor and the anonymous referees for their valuable and
useful comments, which helps in improving the quality of this work.



Applications of Multivalued Fs-Contraction with Stability Results 543

REFERENCES

[1]

M. Abbas, H. Aydi and E. Karpinar, Tripled fixed points of multivalued Nonlin-
ear contraction mappings in Partial ordered metric spaces, Abstract and Applied
Analysis , Article ID 812690 (2011) 13 pages.

O. Acar, A fixed point theorem for multivalued almost Fs-contraction, Results in
Mathematics 72 (2017) 1545-1553.

I. Altun and K. Sadarangani, Fixed point theorems for generalized almost contrac-
tions in partial metric spaces, Mathematical Sciences 8 (2014) 6 pages.

V. Berinde and M. Borcut, Tripled fixed point theorems for contractive type map-
pings in partially ordered metric spaces, Nonlinear Anal. 74 (2011) 4889-4897.

V. Berinde and M. Pacurar, The role of the Pompiu-Housdorff metric in fixed point
theory, Creative Mathematics and Informatics 22 (2) (2013) 143-150.

B.S. Choudhury and C. Bandyopadhyay, Stability of fixed point sets of a class of mul-
tivalued non-linear contractions, Journal of Mathematics, Article ID 302012 (2015)
4 pages.

B.S. Choudhury, N. Metiya and C. Bandyopadhyay, Fixed points of multivalued a-
admissible mappings and stability of fixed point sets in metric spaces, Rend. Circ.
Mat. Palermo 64 (2015) 43-55.

Y. Fan, C. Zhu and Z. Wu, Some @-coupled fixed point results via modified F'—control
function’s concept in metric spaces and it’s applications, Journal of Computational
and Applied Mathematics 349 (2019) 70-81.

B. Fisher, Set-valued mappings on metric spaces, Fundamenta Mathematicae 112 (2)
(1981) 141-145.

N. Hussain, V. Parvaneh, B.A.S. Alamri and Z. Kadelburg, F-H R-type contractions
on (a,n)-complete rectangular b-metric spaces, Journal of Nonlinear Sciences and
Applications 10 (2017) 1030—1043.

N. Hussain and J. Ahmad, New Suzuki-Berinde type fixed point results, Carpathian
Journal of Mathematics 33 (1) (2017) 59-—72.

Y. Lim, Solving the nonlinear matrix equation X = Q+ > . A¥X % A, via a contrac-
tion principle, Linear Algebra and its Applications 29 (2006) 54—66.

J.T. Markin, A fixed point stability theorem for non-expansive set valued mappings,
Journal of Mathematical Analysis and Applications 54 (1976) 441-443.

S.B. Nadler, Multivalued contraction mappings, Pacific Journal of Mathematics 30
(1969) 475-488.

S.Jr. Nadler, Sequences of contractions and fixed points, Pacific Journal of Mathe-
matics 27 (3) (1968 579-585.

R.D. Nussbaum, Hilbert’s projective metric and iterated nonlinear maps, Memoirs
of the American Mathematical Society 391 (1963) 231-248.

S. Radenovic, F. Vetro and J. Vujakovic, An alternative and easy approach to fixed
point results via simulation functions, Demonstratio Mathematica 50 (2017) 223-230.

B. Samet and C. Vetro, Coupled fixed point, F'—invariant set and fixed point of
N—order, Annals of Functional Analysis 1 (2010) 46-56.



544 Thai J. Math. Vol. 20 (2022) /G. Meena et al.

[19] A.C. Thompson, On certain contraction mappings in a partially ordered vector space,
Proceedings of the American Mathematical Society 14 (1963) 438-443.

[20] D. Turkoglu, O. Ozar and B. Fisher, A coincidence point theorem for multivalued
contractions, Mathematical Communications 7 (2002) 39-44.

[21] M. Younis, D. Singh, D. Gopal, A. Goyal and M.S. Rathore, On applications of
generalized F-contraction to differential equations, Nonlinear Functional Analysis
and Applications 24 (1) 2019 155-177.

[22] M. Younis, D. Singh and A. Goyal, Solving existence problems via F-Reich contrac-
tion, In Integral Methods in Science and Engineering, Springer Nature Switzerland
(2019), 451-463.

[23] D. Wardowski, Fixed points of a new type of contractive mappings in complete metric
spaces, Fixed Point Theory and Applications Article number: 94 (2012) 12 pages.



	Introduction and Basic Facts
	Tripled Fixed Point Results
	Stability Results for Tripled Coincidence Point Sets
	Applications
	Application to Integral Inclusions
	Application to Solution for Matrix Equation


