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Abstract In this paper, an integral variant of the Lupag operators are investigated. The rate of
convergence of these operators with the help of K-functional is discussed. Asymptotic formula, rate of
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estimation of these operators.
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1. INTRODUCTION

In recent years, Patel and Mishra [36] generalized Jain operators as a variant of the
Lupag operators [30] defined by
8105 gy = S~ PEFRB) o nains) 5 (F .
P! (f,a:)—kz_o SR 2 flo ) 2=0, f:00,00) = R, (1.1)

where (nz + kB), = 1, (nx + kB)1 = nz and (nz + k)i, = nx(nx + kB + 1)(nx + kB +
2)...(nx+kB+k—-1),k>2.
By using analogous Abel and Jensen combinatorial formulas for factorial powers (see [10]).

In [8], the authors modified the operators (1.1) into following sense
(o)
ne(nz + 1+ kB) k-1 _(ns k
L (o) =) SRl mmtA (=) (12)
k=0

and L/ (f,0) = f(0) for real valued bounded functions f on [0, c0), where 0 < 5 < 1 and
B depending only on n. The authors called this operators as Lupag-Jain operators.
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Consider the weight function py : [0,00) — [1,00), pa(z) = 1 + 22T2(A > 0) and
p(z) = po(w) = 1 + 22, we define the space

By ([0,00)) = {f : [0,00) = R, |f(x)| < Myp(x),x = 0},
where My is a constant depending on f.

C,([0,00)) ={f € B, (]0,00)) : f is continous on [0,00)},

3 = T ACI
Ch(0.50) = {1 < €, (.00 s Jim T iy}
where ky is a constant depending on f. It is obvious that C’s ([0,00)) C C, ([0,00)) C

B, ([0,00)). The space B, ([0,00)) is normed linear space with with the norm | f||, =
/()]

Supzzo p(m) .

In order to approximate Lebesgue integrable functions, Durrmeyer [19] proposed an
integral modification of Bernstein polynomials, which was later studied in different forms
by many authors [7, 27, 31, 32, 41]. The Durrmeyer modification of Jain operators and
their generalizations was studied in [4, 9, 26, 35, 42]. We now propose the Durrmeyer
type integral modification of the operators (1.2) as follows: = > 0

1
o NT (nx+1+k) kl
n k:712_ nr+ n

k=1 :
<@ A e
. /0 B(n+1,k) (1+t)n+k+1dt+2 f(0), (1.3)

where n > 1, f € C,, ([0,00)). By using a bivariate kernel we can write (1.3) in a more
compact form, as follows

o0
DY (f x) = / H,(t,z)f(t)dt,n > 1,2 >0, (1.4)
0
where
1 kl 1
H . B ) nr|nr+ 14+ E k_12_ <nz+kﬁ> 1 tkfl 2777,15 .
n(t:@) = l; 2k k! B(n+1,k) (1 + t)ntk+1 - (®)-

In the above ¢ represents Dirac delta function for which

Amﬂﬂﬂﬂﬁ=f®)

The operators defined by (1.3) are the integral modification of the Jain variant of Lupag
operators for the case f = — having weight function of some beta basis function.
n

In the present manuscript, we introduce the operators (1.3) and estimate their moments.
Also, studied local approximation results, rate of convergence, weighted approximation
theorem.
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2. SOME MOMENTS

1
The moment of the operators (1.2) are studied in [8]. For the particular case 8 = —,
n
n € {2,3,...}, we obtain

2] ] nT (1] n’a? 2n’z
Ln (Lx)*le’ﬂ (tax)*n_len (t7l‘)* _1)2+(n_1)3'
Using the process given in [8] and [30], we calculate the following 3rd and 4th moments
of the operators (1.2) as
[1],.3 n3z3 6n32> 6n2(1+n)z
L = G i Ty
and
L] (4, 2) ntzt 12nz® 12032 +3n)z®  2n? (13+34n+13n%)z

R N R VN CE 1 (n—1y7
Lemma 2.1. The following equalities hold.

(1) Di/"(L2) =1,

(2) D" (t,x) = ==

n—1’
342 n(3n? —2n+1)z
3) DY™M#,2) = ——
Proof. Using Lﬁ](l,x) =1, we have
oo
DY) — / Ho(t, 2)tdt
0
< +1+k 1> 1
nz | nx —
-y sy (7o445) Bk 1)
2 2! B(n+1,k)
1
oona:<nx+1+k:n> ( +’f1>k
oo\ 2] na
= 2 n)Z =l 2) = :
Z 2k k! n (t,2) n—1
k=0
Lastly,
DY 2) = / H,,(t,z)t*dt
0
1
oomc(nx—l—l—i—k;) ( 1>
n b1 — nz+k—
> U
2k k!
k=1
[e¢] 1 tk,‘-‘,—l
X dt

o Blnt L) (L+ 6k

( +1+k1> 1
nx [ nx —
o n k712—(m+’“n) B(n—1,k+2)

2k ] B(n+1,k)

I
ing

n_ [ e 1 3
= L (2, Ly (t,x) =
n—1 ( I)Jrn—l (t,2) (n—1)3
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n(3n2—2n—|—1)x

(n—1)*
u
Further, the 3rd and 4th moments are obtained as follows
DY™3 x) = / H,, (t, )t3dt
0
nx {nx+1+ kl 1
_ i nJ)._1 2— (nz—i—kg) /00 1 k42 i
N P 2k k! o Bn+1,k) (14 t)rtk+1
n? [4] 3n [4]
= Ly (¢ Ly (¢
noDm— GOt om0
SR — I
(n—1)n-2""""
_ ndx3 N 3n3 (1 —2n + 3n2) x2
T -0 -1y
2n (1 —4n +9n% — 3 + 7n4) T
(n—2)(n—1)¢
Similarly,
DYt x) = / H,,(t, z)t"dt
0
nx {nx+1+ kl 1
_ i n/)r_4 2— (nz—i—k;) /OO 1 th+3 U
N P 2k k! o Bn+1,k) (14 t)rtk+l
n3 1 6n? (1]
= L (¢4 L (3,
G- 2m-3 OO e - Y
lin (51,2 6 [+)
Ly (t7, Ly (¢,
O ) 1) T R U cop oy oy S UG
n’z? 6n° (1 —2n + 3n2) z3

=)= =17  (n=3)n—2)n—1)°
n® (11 — 44n + 102n? — 92n® + 83n*) 22
(n—3)(n—2)(n—-1)7
2n2 (3 —Tn+19n2 +n3 + 1Tn* + 24n° + 3n6) T
(n—3)(n—2)(n—1)8% '

In the following lemma, we obtain central moments of the operators DY ", x).
Lemma 2.2. The following equalities hold.
1) DY"(t —3,2) = ——
(1) DY~ z,2) = — ",
n(3n2—2n+1)x n (n2—|—n—1)x2
(n—1)* (n—1)% 7

(2) D" ((t — )% 2) =
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(9) DY (¢ — ) 2) = (3n® +40n* — 7703 + 30n? + 11n — 6) =*
! ’ (n =3)(n =2)(n—1)°
6% (3n° + 31n® — 72n* + 63n® — 29n? + 6n)
(n=3)(n—2)(n—1)5

na?® (27n8 + 188n° — 362n* + 444n® — 341n? + 128n — 24)
* m—3)n-2(n-1)7

2n2x (3 —Tn+19n2 +n3 + 17n* + 24n° + 3n6)
* n—3)n-2(n 1) '

The proof follows from the linearity of D},,/ "

Remark 2.3. Let f be a continuous and bounded function on [0, 00). For n — oo, the
sequence {D}/ "(f,x)} converges uniformly to f(z) in [a,b] C [0, 00), which follows from
the well known Bohman-Korovkin theorem.

Theorem 2.4. For each f € Cl’j ([0,00)), we have
; n(re y_ -
Jim (1D (f,) = fllp =0
Proof. Using the theorem in [24], in order to prove the theorem, it is sufficient to show
that
lim ||D}/"(#,-) — '], =0, i =0,1,2.
n—oo

Since Dy/ "(1,+) = 1. The above conditions hold for i = 0, we can write

; Vn(t, ) —af, < lim sup —— —— =
lim [[Dy/"(t,) wllp_nlgngozgglwzn_l

Finally
342 n(3n?—2n+1)z
DU 2y — 22| < n — 2
1Dy (2, ) wIIpfiglgng CENE (n— 1)1 ‘
1 (n—2n%+3n%)z (1 —3n+ 3n?)z?

= su
IZI()) 1+ 22

)

n-Df (1P
which gives

: n2 N _ 2| —

Jim [|D;/"(#7,) — 27|, = 0.

This completes the proof of the theorem. [

3. MAIN RESULTS
Theorem 3.1. Let f € C,([0,00)) and has second derivative at a point € (0,00). Then

lim n [D,l/”(f,x) — f(x)} =af'(z) + Mfﬁ(f)-

n—»00 2

Proof. By Taylor’s expansion of f, we have

£ = @)+ @) = )+ 3" @)~ 2 + (6, 2) (6 - ), (3.1
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where 7 (¢, z) is the Peano form of the remainder, continuous and bounded on [0, 00) and
lims_,, r(¢,2) = 0. Operating D}m/n to the equation (3.1), we obtain

D" (f,2)—f(x) = Di/”(t*x’fv)f'(w)JrDi/”((t*:v)Q’fv)fT(x)*D}/"(r(t,w)@*fﬂ)%fﬂ)-
Using the Cauchy-Schwarz inequality, we have

DY (r(t,2)(t — x)? \/Dl/" ,x),x)\/D;/"((t_a:)4,x). (3.2)
We have r?(z,z) =0 and r (t7x) € C¥[0, 00)

lim DY™(r2(t,z),z) = r*(z,z) = 0. (3.3)

n—oo

uniformly with respect to = € [0, A]. Now from (3.2), (3.3) and from Lemma 2.2, we get
Tim DY/ (3 (t,2)(t - 2)%,2) = 0.

Thus

lim n [D}/"(f.2) = f(2)] = lim n [D}/"(t - z.2)f' (@)

I @) DY (0 2)%,)
—l—D,l/"(Tz(t, z)(t — )2, m)}

= ap' () + D gy

By C5 ([0,00)), we denote the class of real valued, continuous and bounded functions

f(x) for x € [0, 00) with the norm || f|| = sup,¢jg o) | f(@)]. For f € Cp([0,00)) and 6 > 0

th order modulus of continuity is defined as

wm(f,0) = sup sup |AFf(z)],

0<h<d z€[0,00)

the m

where Aj is the forward difference. In case m = 1, we mean the usual modulus of
continuity denoted by w(f,d) and defined as

w(f,0)=sup [f(z)— f(y)|

0<|z—y|<d
The Peetre’s K-functional is defined as
Ky(f,0) = inf  {[[f — gl +dllg"|},

9€C%([0,00))
where C%([0,00)) = {g € C5([0,00)) : ¢', 9" € C5([0,0))}.
Theorem 3.2. Let f € Cp[0,00). Then

DY () = F@)] < Con (£./50) 0 (1.5 ).
2

n(3n2—2n+1)x (n—|—2n—2)x
-DF (1P

,ne{2,3,...}.

where §,, =
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Proof. We introduce the auxiliary operators Dy/™ : Cp([0,00)) = Cp([0,00)) as follows

nx

DY () = DY (1) - 1 (4 ) + 1), (3.4

These operators are linear and preserve the linear functions in view of Lemma 2.2. Let
g € C%([0,00)) and x,t € [0,00). By Taylor’s expansion
t

o) =g(a) + (£~ 2)g' @) + [ (¢~ w)g" (w)du,

x

we have
t
DY (o) - g < DY (| [t wa i o)
zt
< oy (| [t wg i o)
nxx
n—1 nr _ "
+ /m (n—l u)g (u)du
nx
< DY (e g+ | [ ()l
T n—

Next, using central moments of operators, we have

~ [ T 2
\Drl/"(gﬂ) —g(z)] < D}l/” ((t — x)27:c) + (n—l) 1 lg”|
:n(3n2—2n+1)3«" (n*+n—1)a? r Ny
< [ +( 1)]m ||
n (B3n? —2n+ 1)z (n*+2n—-2)a?|
< L T lg”l
= Salg"l (3.5)

Since
DY/ (f, )l S/ Hy,(t, ) f(t)|dt <[ f]|.
0

Now, for the operators ﬁ}/ " we have

1D/ ™)l < 1D o) + 20111 < BlIFIls f € Cr([0,00)) - (3.6)
Using (3.5) and (3.6), we have

DY/ ™(f,2) = f(2)| < DY (f = g,2) — (f — 9) ()| + | DY/ "(g,2) — g(=)]

+r () - 1@

S4||f—g||+5n|g”|+’f(fc)—f( na )\

n—1
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T

<5C{If - gll + 6allg" [} + (f, ) .

n—1

Taking infimum over all g € C% ([0, 00)], and using the inequality Ky (f,d) < Cwa(f,V9),
d > 0 due to [14], we get the desired assertion. m

4. A-Statistical Approximation

In this section, we present the A-statistical approximation properties of generalized
Lupag-Jain-beta operators on the weighted spaces.
Let us recall the concept of A-statistical convergence. Let A = (a;,,) be a summability ma-

trix and let © = (z,,) be a sequence. We say that Az := {(Ax)]} is the A-transformation

of z, if the series
(Az); = Zajnxn
n

is convergent for each j. Further, we say that x is A-summable to L if the sequence Ax
converges to a number L. A summability matrix A is said to be regular if lim;(Az); = L
whenever lim,, z,, = L [10]. Let A = (a;,) be a non-negative regular summability matrix
and let K be a subset of positive integer. Then K is said to have A-density 4 (K) if the
limit

0a(K) := lijm;ajn

exists [11, 12, 22]. The sequence x = (x,,) is said to be A-statistically convergent to real
number « if for any ¢ > 0

li§n Z ajn = 0.

n:|x, —al|>e

In this case, we write sty — lima = « [20, 21]. If A is the identity matrix I, then
I-statistical convergence reduces to ordinary convergence, and, if A = Cq, the Cesaro
matrix of order one, then it coincides with statistical convergence. Many authors have
studied Korovkin type approximation properties of the statistical convergence for several
operators by following work of Gadjiev and Orhan [23]. ( see, for instance [1, 15, 29, 33,

9 9 ])

Now, we consider the following class of positive linear operators which includes the
operators given by (1.2);

D) =3

k=1

nx+ 1+ kp)

k—1o—(nz+kpB)
2k k! 2

AV th=! e
X/O B(n+17k)(1+t)n+k+1dt+2 f(0), (4.1)

wheren > 1, 0< 8 <1, f e CS ([0,00)) . If we take 8 = %, we obtain the operators
Drl/ ". From Lemma 1, we can easily obtain that
D2 (Lia) =1, (42)

Df(t;x)=1fﬁ,
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2
2
Dﬁ(ﬂ;x): ) 3+ ) 1t o 2
(1=p8)7" n(@=-5)" @1-5)
In order to get an approximation result, we consider S as a sequence of positive real
numbers such that 0 < g <1, 8 = S, and sty — lim 3, = 0.
n—oo

Here, we recall the weighted Korovkin type approximation theorem for the A-statistical
convergence given by Duman and Orhan in [16]

(4.4)

Theorem 4.1. [16] Let A be a non-negative reqular summability matric and let py p2 be
weight functions such that p1

pi(z) _
ol () (#5)

Assume that (T,),,~, 15 a sequence of positive linear operators from Cqr (R) into Bs; (R) .
One has -

sta — lign HTnf - f”p? =0,
for all f € Cpr (R) if and only if
sta — lim ||T5, F —Fv||pT: 0, v=0,1,2,
n
where

F,(z) = %g), v=0,1,2.

By using this theorem, we present the following result for (D) :

Theorem 4.2. Let A= (ajn) be a non-negative regular summability matriz and let (5,)
be sequence of positive numbers such that, 0 < 8, < 1, sty — lim B, = 0. Then for each
n—oo

fe C’g [0,00), we have
T B _ _
sta nh—>120 HDn f prA 0,
where py (z) = 1+ 22 X > 0.

Proof. Using Theorem 4.1, it is sufficient to prove that the operators (D£) verify the
conditions given in (4.5). Indeed, from (4.2), it is clear that

sta—lim || D (Fy) = Fol|, = 0.

From (4.3), we get

ﬂn Bn
o Al <o o7 (725 )|} < 2%

Since st4 — lim 3, = 0, we have
n—oo
sta —lim || DS (Fy) — Fy|| =0,
n P
Now, using (4.4), one can have

2z 1
L+a%n(1-8,)"

x2 (ﬂg - 36721 + 3571)
14 22 (1— 5n)3

Do (F2) = B|,, < sup {
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x Bn
R e A
L+2%(1-8,)
which implies

By — 385 + 3Bn 2 n Bn
(1 - Bn)g n (1 - /Bn)4 (1 - /Bn)Q
= K,.

1D (F2) = B,

Now, for a given € > 0, let us define the following sets:

M= {n:||Dj (F) = P, = ¢}

— 62_35%+3Bn €
Ml.—{n.(l_ﬂn)323}a

N ¢
Mg = {’I’L (1_5,”)2 Z 3}

Then, we see that M C My U My U M3. Therefore, we get

Z Aj.n < Z aj,n+ Z aj7n+ Z aj.n (46)

TL:HDS(F2)—F2HPZ€ neM; neMs neMs
and, taking the limit j — oo in (4.6), we have
sta —lim|| D} (F) - Bf|, =0.
n
This proves the theorem. [

Remark 4.3. Theorem 4.2 may be useful when the Theorem 2.4 doesn’t work. Indeed,
if 8,, does not converge to zero as n — oo, then, we can consider Theorem 4.2.

The following example shows that there exists a sequence (3,) such that A-statistical
convergence holds but ordinary convergence does not hold for (8,) .

Example 4.4. Let (8,) be the sequence defined by

{ L if n is a perfect square

Pn = —, otherwise.
Tt is easy to see that (8,,) is not convergent but statistically convergent, i.e., C;-statistically
convergent.
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5. KING TYPE OPERATORS

In recent years, the modification of King type which preserve the test functions has
been a significant subject of research. The early one is due to King [28] which consider
the modified Bernstein operators preserving the constant and the test function 22 on the
interval [0, 1]. Later some researches increased in this field and some classical operators
and several new sequences of operators which were constructed before were studied in
this direction.

In 2007, Duman and Ozarslan [17], introduced Szdsz-Mirakjan type operators pre-
serving the test function constant and x? on the interval [0,00) and showed the bet-
ter error estimation for the modified operators. One may see some of the results in
[2, 3, 5, 6, 13, 17, 25, 37] etc.

In this section, as in [18] for Szdsz-Mirakjan Kantorovich operators, we consider a similar
modification of the Lupas-Jain-beta operators which preserve the test functions ey and

e1. We introduce the operators for x € [0, 00), {5,11/" : C[0,00) — C0, oo)} )
n>

> (@) +1+kE), .
1/n —(nAn(z)+k=
Dy/™ (f;) E S Lo=(ndn(@)+h3) (5.1)

k=1

f@) !
B(n+1,k) (1+ t)”‘*‘k‘*‘l
Let’s find the function \,,, satisfying the condition
DY™(t;x) =z
for all € [0,00) and n > 1. From the definition of King-type Lupag-Jain-beta operators,
we can write

() = (ll)x, n>1, zel0,00),

n

dt + 27" @) £ (0).

where {), : [0,00) = R}, _ is the sequence of functions.

Noting the fact that when n — oo, A\, — =z, 5}/ " reduces to the classical Lupas-
Jain-beta operators. That is, classical Lupag-Jain-beta operators turn out to be a limit

element of Dl/n

Lemma 5.1. For each z € [0,00) and n > 1, we have

151/”(1;z) =1,

DY/"(t;x) = =, (5.2)
~ 3n? —2n+1

DYn(2. ) = " 2 .

Proof. Using the results for the Lupag-Jain-beta operators (5.1), it is found that
Dy™(1;2) =1,
Dy/"(t;w) = x,

~ n3 n n2 — N
BY"(%0) = s ) + n@n” 20+ 1) - _21)4+ D xn).



522 Thai J. Math. Vol. 20 (2022) /P. Patel et al.

In view of the definition of \,, we can obtain the moments of the operators.

Lemma 5.2. For every x > 0, we have
l~),1/”(t —x;x) =0,
1 9 3n2 —2n+1

ﬁ}/”((t—x)Q;x):n_lx + 17 =

6. BETTER ERROR ESTIMATION

The aim of the constructing new type operators concerning King type modification
is to deal with the best approximation. In this section, we concern with the rate of
convergence of the operators DY™ defined by (5.1). Then we will demonstrate that the
operators (5.1) have a better error estimation on the interval [0,00) than the classical
operators given by (1.2).

We have the following estimates for 571/ ™ and D,ll/ ™ in terms of the modulus of conti-
nuity w(f,d).

Theorem 6.1. For every f € Cgl0,00) and z € [0,00), we have

DI/ (£52) = £(@)]| < 26(f.puc),

2
1 Z‘2+ 3n“—2n+1

2
where p;, . = 725 CESIEE

Remark 6.2. For the classical Lupas-Jain-beta operators satisfy
D" (f12) = £(@)| < 20(f,m0.0),

2
2 n2+n—1 2 n(Sn 72n+1)
where Mz = (net)s © + O

In the following theorem, we present analogues theorem for ﬁ,l/ " to show a better
order of approximation.

Theorem 6.3. For every f € Cpl0,00), z € [0,00) and n > 1, we have
Prz < Nnz
and one can get the best approximation using 571/”.

Proof. The order of approximation to a function f € Cg[0,00), given by the sequence
Drl/ ™ will be at least as good as of Drl/ " whenever
1 9 3n2—2n+1 n24+n-—1 9 n(3n2—2n—|—1)

< .
n—1" + (n—1)3 = (n—1)3 v (n—1)* v

Let
3n—2 224 3n? —2n+1
(n—1)? (n—1)*

K,(z)=

For all z € [0,00) and n > 1, we can always write p,, , < 1, and this guarantees that
error estimations of King type operators are better than the classical operators. [



On Lupas-Jain-Beta Operators 523

ACKNOWLEDGMENTS

The authors are thankful to the referees for valuable remarks and suggestions leading
to a better presentation of this paper

REFERENCES

1]

A.M. Acu, C.V. Muraru, D.F. Sofonea, and V.A. Radu, Some approximation proper-
ties of a Durrmeyer variant of ¢g-Bernstein—Schurer operators, Math. Methods Appl.
Sci. 39 (18) (2016) 5636-5650.

O. Agratini, Linear operators that preserve some test functions. Int. J. Math. Math.
Sci. Artical ID 94136 (2016) 11 pages.

O. Agratini, Approximation properties of a class of linear operators, Math. Methods
Appl. Sci. 36 (17) (2013) 2353—-2358.

O. Agratini, On an approximation process of integral type, Appl. Math. Comput.
236 (2014) 195-201.

O. Agratini, Uniform approximation of some classes of linear positive operators
expressed by series, Appl. Anal. 94 (8) (2015) 1662-1669.

O. Agratini and S. Tarabie, On approximating operators preserving certain polyno-
mials, Automat. Comput. Appl. Math 17 (2) (2008) 191-199.

P. Agrawal and V. Gupta, Simultaneous approximation by linear combination of
modified Bernstein polynomials, Bull. Soc. Math. Grece 30 (30) (1989) 21-29.

G. Bagcanbaz-Tunca, M. Bodur, and D. S6ylemez, On Lupas-Jain operators, Stud.
Univ. Babeg-Bolyai Math 63 (4) (2018) 525-537.

M. Bodur, Modified Lupas-Jain operators. Math. Slovaca 70 (2) (2020) 431-440.

J. Boos, Classical and Modern Methods in Summability, Oxford University Press,
Oxford, 2000.

R.C. Buck, The measure theoretic approach to density, Amer. J. Math. 68 (4) (1946)
560-580.

R.C. Buck, Generalized asymptotic density, Amer. J. Math. 75 (2) (1953) 335-346.

D. Cérdenas-Morales, P. Garrancho, and F. Munoz-Delgado, Shape preserving ap-
proximation by Bernstein-type operators which fix polynomials, Appl. Math. Com-
put. 182 (2) (2006) 1615-1622.

R.A. DeVore and G.G. Lorentz, Constructive Approximation, Springer Verlag, New
York, 1993.

O. Duman, M. Khan, and C. Orhan, A-statistical convergence of approximating
operators, Math. Inequal. Appl. 6 (4) (2003) 689-699.

O. Duman and C. Orhan, Statistical approximation by positive linear operators,
Studia Math. 2 (161) (2004) 187-197.

O. Duman and M.A. Ozarslan. Széasz-Mirakjan type operators providing a better
error estimation, Appl. Math. Lett. 20 (12) (2007) 1184-1188.



524

Thai J. Math. Vol. 20 (2022) /P. Patel et al.

[18]

[24]
[25]
[26]
[27]
28]
[29]

[30]

[31]

[32]

O. Duman, M.A. Ozarslan, and B. Della Vecchia, Modified Szasz-Mirakjan-
Kantorovich operators preserving linear functions, Turkish J. Math. 33 (2) (2009)
151-158.

J. Durrmeyer, An inversion formula of the Laplace transform, Applications to the
theory of the moments, These of 3rd cycle Faculty of Sciences of the University of
Paris, 1967.

H. Fast, Sur la convergence statistique, In Colloq. Math. (1951), 241-244.

J. Fridy and H. Miller, A matrix characterization of statistical convergence, Analysis,
11 (1) (1991) 59-66.

J.A. Fridy, On statistical convergence, Analysis 5 (4) (1985) 301-313.

A. Gadzhiev and C. Orhan, Some approximation theorems via statistical conver-
gence, Rocky Mountain J. Math. 32 (2022) 129-138.

A.D. Gadzhiev, Theorems of the type of P.P. Korovkin type theorems, Mat.
Zametki 20 (5) (1976) 781-786.

V. Gupta and R.P. Agarwal, Convergence Estimates in Approximation Theory,
Springer, New York, 2014.

V. Gupta and G. Greubel, Moment estimations of new Szasz—Mirakyan-Durrmeyer
operators, Appl. Math. Comput. 271 (2015) 540-547.

V. Gupta and W. Heping, The rate of convergence of g-Durrmeyer operators for
0 < ¢ <1, Math. Methods Appl. Sci. 31 (16) (2008) 1946-1955.

J. King, Positive linear operators which preserve z2, Acta Math. Hungar. 99 (3)
(2003) 203—208.

A.S. Kumar and T. Acar, Approximation by generalized Baskakov—Durrmeyer—
Stancu type operators, Rend. Circ. Mat. Palermo 65 (3) (2016) 411-424.

A. Lupas, The approximation by some positive linear operators, In Proceedings of
the International Dortmund Meeting on Approximation Theory, Akademie Verlag,
Berlin (1995), 201-229.

V. Mishra and P. Patel, Approximation by the Durrmeyer-Baskakov-Stancu oper-
ators, Lobachevskii J. Math. 34 (3) (2013) 272-281.

V.N. Mishra and P. Patel, A short note on approximation properties of Stancu
generalization of g-Durrmeyer operators, Fixed Point Theory Appl. Article number:
84 (2013) 5 pages.

M. Mursaleen, F. Khan, and A. Khan, Approximation by (p, ¢)-Lorentz polynomials
on a compact disk, Complex Anal. Oper. Theory 10 (8) (2016) 1725-1740.

M.A. Ozarslan, O. Duman, and H. Srivastava, Statistical approximation results for
Kantorovich-type operators involving some special polynomials, Math. Comput.
Model. 48 (3-4) (2008) 388—401.

P. Patel and V.N. Mishra, Jain-Baskakov operators and its different generalization,
Acta Math. Vietnamica 40 (4) (2015) 715-733.

P. Patel and V.N. Mishra, On new class of linear and positive operators, Boll.
Unione Mat. Ital. 8 (2) (2015) 81-96.

L. Rempulska and K. Tomczak, Approximation by certain linear operators preserving
2?2, Turkish J. Math. 33 (3) (2009) 273-281.



On Lupas-Jain-Beta Operators 525

[38] D. Soylemez and F. Tagdelen, Approximation by Cheney-Sharma Chlodovsky oper-
ators, Hacet. J. Math. Stat. 49 (2020) 510-522.

[39] D. Séylemez and M. Unver, Korovkin type theorems for Cheney-Sharma operators
via summability methods, Results Math. 72 (3) (2017) 1601-1612.

[40] D.D. Stancu and M.R. Occorsio, On approximation by binomial operators of Tiberiu
Popoviciu type, Rev. Anal. Numér. Théor. Approx. 27 (1) (1998) 167-181.

[41] F. Tasgdelen, D. Soylemez, and R. Aktag, Dunkl-gamma type operators including
Appell polynomials, Complex Anal. Oper. Theory 13 (2019) 3359-3371.

[42] S. Tarabie, On Jain-beta linear operators, Appl. Math. Inf. Sci. 6 (2) (2012 )213-216.



	Introduction
	Some Moments
	Main Results
	A-Statistical Approximation
	King  Type  Operators
	Better Error Estimation

