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1. INTRODUCTION

Let C be a nonempty closed convex subset of a real Hilbert space H; and @ be a
nonempty closed convex subset of a real Hilbert space Hy, and A : Hy — Hs is a linear
and bounded operator. The split feasibility problem (for short, SFP) is to find z* € H;
such that

z*eC and Az*eQ. (1.1)

Throughout this paper, we denote the set of solutions of SFP (1.1) by I', i.e., I' = {z €
Hy : z* € C and Az* € @} and assume that I’ is nonempty. For related works, please
refer to [1-4].

Let H be a real Hilbert space with the inner product (-, -) and the norm || - ||. Let C be
a nonempty closed and convex subset of H. Let S : C'— C be a nonlinear mapping. The
fixed point problem is to find = € C such that Sz = x. We denote the set of solutions of
fixed point problem by Fix(5), i.e., Fix(S) = {& € C' : Sz = x2}. The mappings S is said
to be nonexpansive if

1Sz = Sy|| < |l —yl|, Ve, y € C. (1.2)
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Following, let Fy, Fy be two bifunction from C x C into R, where R is the set of real
numbers. Then we consider the mixed equilibrium problem (for short, MEP): finding
z € C such that

Fi(z,y) + Fa(x,y) + (Az, 2 —y) > 0,Vy € C, (1.3)

where A is nonlinear mapping from C into H. The set of solutions of the MEP (1.3)
is denoted by MEP(F}, F», A). If A = 0, we denote MEP(F}, F»,0) by MEP(Fy, Fy). If
A =0 and F» = 0, then the MEP (1.3) becomes the following equilibrium problem (for
short, EP): finding « € C such that

Fi(z,y) >0,Vy € C. (1.4)

The set of solutions of the EP (1.4) is denoted by EP(Fy). Let Fi(z,y) = (Az,y — x)
for all ,y € C. Then z € EP(F}) if and only if (Az,y — z) > 0 for all y € C. Numerous
problem in physics, optimization and economics reduce to find a solution of (1.4).

Recently, many authors considered the iterative methods for finding a common element
of the set of solutions to the problem (1.4) and of the set of fixed points of nonexpansive
mappings; see, for example, [5, 6] and the references therein.

Next, let A: C' — H be a nonlinear mapping. We recall the following definitions:

(1) A is said to be monotone, if

(Ax — Ay,z —y) >0, Va,y € C.

(2) A is said to be strongly monotone, if there exists a constant a > 0 such that

<A$ - Ay,x - y> > O[”I - y||2a Vx,y eC.
In such a case, A is said to be a-strongly monotone.
(3) A is said to be inverse-strongly monotone, if there exists a constant o > 0 such that

<A.’L' - Ay7x - y> > a||Aa: - Ay||27 VQj?y eC.
In such a case, A is said to be a-inverse-strongly monotone.
Recall that the classical variational inequality is to find u € C such that

(Au,v —u) > 0,Yv € C. (1.5)

We denote the set of solutions of the problem (1.5) by VI(C, A). One can easily see that
the variational inequality problem is equivalent to a fixed point problem. u € C is a
solution to the problem (1.5) if and only if u is a fixed point of the mapping Po (I — AT,
where A > 0 is a constant. The variational inequalities have been widely studied in
the literature; see, for example, the work of Kumam and Jaiboon [7]and the references
therein.

Recently, Ceng, Wang and Yao [8] considered an iterative method for the system of
variational inequalities(1.5). They got a strongly convergence theorem for the problem
(1.5) and a fixed point problem for a single nonexpansive mapping; see [8]for more details.

On the other hand, Moudafi [9] introduced the viscosity approximation method for
nonexpansive mappings (see [10] for further developments in both Hilbert and Banach
spaces).

A mapping f : C — C is called a-contractive if there exists a constant « € (0,1) such
that

1f(2) = FW)l < allz -y, Vo, y € C. (1.6)
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Let f be a contraction on C. Starting with an arbitrary initial ;1 € C, define a
sequence {z, } recursively by

Tpy1 = (1 —op)Txp + onfla,), n >0, (1.7)

where {o,} is a sequence in (0,1). It is proved [9, 10] that under certain appropriate
conditions imposed on {0, }, the sequence {x,} generated by (1.7) strongly converges to
the unique solution ¢ in C' of the variational inequality

(I-fla,p—q)>0,peC.

Let A be a strongly positive linear bounded operator on a Hilbert space H with constant
7; that is there exists 4 > 0 such that

(Az,z) > 7||z||?, Vo€ H. (1.8)
Recently, Marino and Xu [11] introduced the following general iterative method:
Tpt1 = (I — anA) Tz, + apyf(zn),n >0, (1.9)

where A is a strongly positive bounded linear operator on H. They proved that if the
sequence {a,} of parameters satisfies appropriate conditions, then the sequence {z,}
generated by (1.9) converges strongly to the unique solution of the variational inequality

(A=~fa",x —2") > 0,2 € C, (1.10)

which is the optimality condition for the minimization problem

1
min 5 (Az, z) — h(z),
where h is a potential function for ~f(i.e., h'(z) = vf(z) for x € H).

In 2007, Takahashi and Takahashi [12] introduced an iterative scheme by the viscosity
approximation method for finding a common element of the set of solution (1.4) and the
set of fixed points of a nonexpansive mapping in Hilbert spaces. Let S : C' — H be a
nonexpansive mapping. Starting with arbitrary initial 1 € H, define sequence {z,} and
{u,} recursively by

{ F(unay)+i<y*unaun*xn> >0, VyeC,

(1.11)
Tnt+1 = Oén’Yf(l‘n) + (1 - an)Suna Vn € N.

They proved that under certain appropriate conditions imposed on {a,} and {r,},
the sequences {x,} and {u,} converge strongly to z € Fix(S)N EP(F) where z =
Prix(s)nep(r) f(2)-

Next, Plubtieng and Punpaeng, [13] introduced an iterative scheme by the general it-
erative method for finding a common element of the set of solutions (1.4) and the set of
fixed points of nonexpansive mappings in Hilbert spaces.

Let S: H — H be a nonexpansive mapping. Starting with an arbitrary x; € H, define
sequence {x,} and {u,} by

{ F(Unay)+i<y_unaun_mn> >0, VyeC,

1.12
Tnt1 = apYf(zn) + (I — @y A)Suy,, Vn € N. ( )

They proved that if the sequence {a,} and {r,} of parameters satisfy appropriate
conditions, then the sequences {x,} generated by (1.12) converges strongly to the unique
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solution of the variational inequality
(A=~f)z,z —z) >0, Vz € Fix(S) NEP(F), (1.13)
which is the optimality condition for the minimization problem
1
min —(Az,z) — h(x),
z€Fix(S)NEP(F) 2
where h is a potential function for 7 f(i.e., h'(z) = vf(x) for x € H).

Furthermore, Bin-Chao Deang, Tong Chen and Qiao-Li Dong [14] introduced two
viscosity iteration algorithms (one implicit and one explicit) for finding a common element
of the solution set MEP(Fy, F) of a mixed equilibrium problem and the set T of a split
feasibility problem in a real Hilbert space. They derive the strong convergence of a
viscosity iteration to an element of MEP(F}, F») N T under mild assumpions.

Motivated by this result, we introduce the general iterative method for finding a com-

mon element of the solution set of a split feasibility problem and the set of a mixed
equilibrium problem in a real Hilbert space.

2. PRELIMINARIES

Let H be a real Hilbert space with the norm || - || and the inner product (-,-) and let
C be a closed convex subset of H. We call f : C' — H is an a-contraction if there exists
a constant « € [0, 1) such that

If(z) = f(y)] < allx—yl,Vz,y € C.

Let A be a strongly positive linear bounded operator on a Hilbert space H with constant
7; that is there exists 4 > 0 such that

(Az, ) > 7llz[|?, Vo € H.

Next,we denote weak convergence and strong convergence by notations — and —, respec-
tively. A space X is said to satisfy Opials condition [15] if for each sequence {x,} in X
which converges weakly to a point € X, we have

liminf ||z, — z| < liminf ||z, —y||, Yy € X,y # x.
n—oo n—oo
For every point x € H, there exists a unique nearest point in C', denoted by Pcx, such
that
o — Poall < o — yll, ¥y e C.

P¢ is called the (nearest point or metric) projection of H onto C. In addition, Pox is
characterized by the following properties: Pox € C and

(x — Pcx,y — Pcx) > 0, (2.1)

lz =yl > |z — Pex|® + |y — Pex|*, Vo€ H,y e C. (2.2)
Recall that a mapping T : H — H is said to be firmly nonexpansive mapping if
| Tz — Ty||? < (Tx — Ty,x —y), Yo,y € H.
It is well known that P¢ is a firmly nonexpansive mapping of H onto C and satisfies

|Pox — Poyl|* < (x —y, Pox — Pey), Vz,y € H. (2.3)
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If A an a—inverse-strongly monotone mapping of C into H, then it is obvious that A
is é — Lipschitz continuous. We also have that for all z,y € C' and A > 0,

I = Az — (I = XAy|* = o —y — M(Az — Ay)||?
= Jlz —yl* - 2X(Az — Ay,z — y) + N*| Az — Ay|?
< lz =yl + A\ = 20) [ Az — Ay (2.4)

Thus, if A < 2, then I — AA is a nonexpansive mapping of C' into H.

The following lemmas will be useful for proving the convergence result of this paper.

Lemma 2.1. Let H be a real Hilbert space. Then for all x,y € H,
(1) =z +yll? < llz|” +2(y, = + y);
(2) llz+yl* > ||z|1* + 2{y, z).
Lemma 2.2. ([16]) Let H be a real Hilbert space. Then, for oll x,y € H and g € [0, 1],
we have
1Bz + (1= B)ylI> = Bll=l* + (1 = B)|lylI* = B = B)|lx — y|I*.

Lemma 2.3. ([17]) Assume that F : C x C — R, let us assume that F satisfies the
following conditions:

(A1) F(z,x2) =0 for all x € C;

(A2) F is monotone, i.e, F(x,y) + F(y,x) <0 for all z,y € C;

(A3) for each x,y,z € C, limy, o F(tz+ (1 — t)z,y) < F(z,y);

(A4) for each x € C, y — F(x,y) is conver and lower semicontinuous.

Lemma 2.4. ([17]) Assume that F' : C x C — R satisfies (A1)-(A4). For r > 0 and
x € H, define a mapping T, : H — C as follows:

1
Lix)={2€C: Flz,y) + —(y — 2,2 —2) 20, Yy € C},
for all z € H. Then, the following hold:

(i) T, is single-valued;
(ii) T 4s firmly nonexpansive, i.e., for any x,y € H,
”TTI - Trl/H2 < <Trx -Ty,x— y>;
(i) Fix(T,) = EP(F);
(iv) EP(F) is closed and convez.
Lemma 2.5. ([11]) Let H be a Hilbert space, C' be a nonempty closed convex subset of

H, and f : H — H be a contraction with coefficient 0 < a < 1, and A be a strongly
positive linear bounded operator with coefficient iy > 0. Then, for 0 <~y < Z,

(@ =y, (A=vf)z = (A=~ )y) > (3 —ra)|x —y|?, @,y € H.
That is, A —~f is strongly monotone with coefficient 7 — ~vyau.

Lemma 2.6. ([11]) Assume A is a strongly positive linear bounded operator on a Hilbert
space H with coefficient ¥ > 0 and 0 < p < ||A[|71. Then ||[I — pA|| <1 — p7.

Lemma 2.7. ([18]) Let C be a nonempty closed convex subset of a Hilbert space H. Let
Fy: C x C — R be a bifunction such that
(f1) Fi(xz,z) =0 for all x € C;
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f2) Fi(x,-) is monotone and super hemicontinuous;
f3) Fi(-,x) is lower semicontinuous and convez.

2) Fy(x,-) is monotone and upper semicontinuous;
h3) Fs(-,x) is convex.
Moreover, let us suppose that
(H) for fized r > 0 and x € C, there exists a bounded set k C C and a € K such that for
all z € C\ K, —Fi(a,z) + Fa(z,a) + %(a — Zn,z2—x) <0, forr >0 and x € H. Let
T.: H— C be a mapping defined by

(

(

t

(hl) Fa(z,z) =0 for all x € C;
(h

(

T.(x) ={z € C: Fi(z,y) + Fa(z,y) + %(y —z,z—x) >0, YyeC}, (2.5)

called a resolvent of F1 and Fs. for all z € H.
Then

(i) T, #0;
(ii) T is asingle-valued;
(i) T 4s firmly nonexpansive;
(iv) MEP(F}, Fy) = Fix(T}.) and it is closed and convex.

Definition 2.8. Let C' be a nonempty closed convex subset of a Hilbert space H and
f:+H — H be a function.

(i) Minimization problem:
min f(r) = 3| Az ~ PoAd?
(ii) Tikhonov’s regularization problem:
. 1 2 1 2
min fo(¢) = 5|14z — PoAa|? + Sallz] (26)
where a > 0 is the regularization parameter.

Proposition 2.9. ([19]) If the SFP is consistent, then the strong lim,_,o o ezists and
is the minimum-norm solution of the SFP.

Proposition 2.10. ([19]) A necessary and sufficient condition for x,, to converge in norm
as a — 0 is that the minimization

lim dist(u,Q) = min |u— Pgul (2.7)
ueA(C) ueA(C)

is attained at a point in the set A(C).

Remark 2.11. Assume that the SFP is consistent, and let z,,;, be its minimum-norm
solution, namely x,;, € I' has the property

|Zmin|| = min {||z*|| : z* € T}.

From (2.6), observing that the gradient

Vfa(z) =Vf(z)+al =A"(I—-Py)A+al
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is an (a + ||A||?)-Lipschitzian and a-strongly monotone mapping, the mapping Pc (I —
AV fo) is a contraction with the coefficient

VI—AGa AT+ @)% <1 LoA,

where

(87
A —m——. 2.
O<A<{apE a2 28)

Remark 2.12. ([14]) The mapping T = Pc(I — AV f,) is nonexpansive.

Lemma 2.13. ([19]) Assume that the SFP(1.1) is consistent. Define a sequence {x,} by
the iterative algorithm

Tnt1 = Po(I =V fa,)n = Po((1 = Yaon)on — 1 A*(I = P)Az,),  (2.9)
where {a,} and {v,} satisfy the following conditions:
(i) 0<m < ”A”‘Ziﬁra for all n;
(ii) limy, oo ap = 0 and limy,— 00 v, = 0;
(iil) D07, s = 005

s : _ |'Yn+1_'7n|_7n‘an+1_an‘ _
(iv) limy oo = Gy =0.

Then {z,} converges in norm to the minimum-norm solution of the SFP(1.1).

Lemma 2.14. ([20]) Let {z,} and {yn} be bounded sequences in a Banach space X and
let {B,} be a sequence in [0,1] with 0 < liminf, o B, < limsup,_, . Bn < 1. Suppose
that Tpy1 = (1 — Bn)Yn + Bnxn for all integers n > 0 and limsup,_, . (|Yn+1 — Ynll —
|Zni1 — xnl]) < 0. Then lim, oo ||y — Zn|| = 0.

Lemma 2.15. ([15]) Let H be a Hilbert space, C a closed convex subset of H, and
S : C — C a nonexpansive mapping with Fix(S) # 0. If {z,} is a sequence in C weakly
converging to © € C and if {(I — S)x,} converges strongly to y, then (I — S)x = y;
inparticular, if y = 0, then x €Fix(9).

Lemma 2.16. ([10]) Assume {a,} is a sequence of nonnegative real numbers such that
Ap+41 S (]- - Un)an + ann7

where {o,} is a sequence in (0,1) and {b,} is a sequence in R such that
(1) 3ney on = 00;
(2) limsup,,_, o 0nby, <0 or > 07 [o,by] < 00.

Then lim,,_, o a,, = 0.

3. MAIN RESULTS

In this section, we introduce two algorithms for solving the mixed equilibrium problem
(1.3). Namely, we want to find a solution z* of a mixed equilibrium problem (1.3) and
x* also solves the following variational inequality:

' €{(yg —puB)x*,x —2*) <0,z €T, (3.1)
where B is a k-Lipschitz and n-strongly monotone operator on H with k£ > 0,7 > 0 and
0 < pu < 2n/k? and g : C — H is a B-contraction mapping, 8 € (0,1). Let Fy, F, :
C x C — R be two bifunctions. In order to find a particular solution of the variational
inequality (3.1), we construct the following implicit algorithm.
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Algorithm 3.1. For an arbitrary initial point xo, we defind a sequence {x,,}n>0 itera-
tively

X = (I —tuB)T Po(I — Ay V fa, )Tn, VYt € (0,1), (3.2)
for all n > 0, where {a,} is a real in [0,1], T, is defined by Lemma 2.7 and V f,,, is

introduced in Remark 2.11.

We show that the sequence x,, defined by (3.2) converges to a particular solution of
the variational inequality (3.1). As a matter of fact, in this paper, we study a general
algorithm for solving the variational inequality (3.1).

Let g : C — H be a (-contraction mapping. For each ¢t € (0,1), we consider the
following mapping S; given by:

Six = [tyg+ (I —tuB)T-Po(I — MV fa,)]z, x € C, (3.3)
Lemma 3.2. ([14]) S; is a contraction. Indeed,
1Stz — Syl < [1 = (7 = yB)illlz — yll, Va,y € H,

where t € (0, ﬁ
Lemma 2.13.

), and the sequence of {ay,} and {v,} satisfy the conditions (i)-(iv) in

From Lemma 3.2 and using the Banach contraction principle, there exists a unique
fixed point x; of Sy in C| i.e., we obtain the following algorithm.

Algorithm 3.3. For an arbitrary initial point xo, we defind a sequence {x,}n>0 itera-
tively

Tn = lenvg + (I — enuB)T-Po(I — AV fo,,)]Zn, © € C, (3.4)

for allm > 0, where {a,} and {e,} are two real sequences in [0,1], T, is defined by Lemma
2.7 and V fq,, s introduced in Remark 2.11.

At this point, we would like to point out that Algorithm 3.3 includes Algorithm 3.1 as
a special case due to the fact that the contraction g is a possible nonself-mapping.

Theorem 3.4. Let C be a closed convex subset of a real Hilbert space H. Let B be a k-
Lipschitz and n-strongly monotone operator on H with k > 0,1 >0 and 0 < pu < 2n/k?,
and the sequence of {an} and {vy,} satisfy the conditions (i)-(iv) in Lemma 2.13. Let
Fi,Fy: CxC — R be two bifunctions which satisfy the conditions (f1) — (fa), (h1) — (h3)
and (H) in Lemma 2.7. Let g : C — H be a [-contraction. Let S be a nonexpansive
mapping of C into itself. Assume that Q =Fix(S) N TN MEP(F, F,) # 0. For given
xg € C arbitrarily, let the sequences {x,} generated by

Tpt1 = OnTpn + (1 = 6,)Slenyg + (I — equB)T.Po(I — Ay V fo, )]@n, n >0, (3.5)
where {e,} and {0, } are two sequence in [0,1), satisfy the following conditions:
(C1) lim,yooen, =0 and > o0 &, = 00;

(C2) limy 00 0p, = 0 and 0 < liminf,, o 0, < limsup,, . dp < 1;
(C3) lim,—00 Ay, = 0.

Then the sequence {x,} converges strongly to x* which is the unique solution of the
variational inequality (3.1). In particular, if g = 0, then the sequence {x,} generated by

g1 = 0nTpn + (1 = 0,)S[(I — enuB)T Po(I — AV fa,, )] Tn, 1 >0,
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converges strongly to a solution of the following variational inequality:
(uBzx*,x — x*) >0, Vo € Q.
Proof. We devide the proof into five steps as follows.
Step 1. We first show that the sequences {x,} is bounded. Indeed, pick p € Q.
Let p = Po(I — AV fo,,)p- Set up, = Po(I — AV fa, )@, for all n > 0. Since Po(I —
AnV fa, ) is nonexpansive mapping, then from (3.5), we have
[tn = pll = [[Pc(I = AV fa, )0 — Po(I = AoV fo, )pll < |20 — pl,
and
[Znt1 = pll = [[6n2n + (1 = 6n)Slenvg(zn) + (I — enpB)Tru,] — pl|
60 (20 —p) + (1 — 6n) (S[an'yg(xn) + (I = enpuB)Truy,] — Sp) I
Hén(xn _p)” + H(l - 6n)(5[5n79(5€n) + (I - 5nMB)Trun] - Sp) ”
onllzn —pll + (1 = dn)lllenyg(an) + (I — enpB)Trua] — pll
Onll@n = pll + (1 = 6)[[(I = enpB)(Trun — p) + en(vg(zn) — nBp)||
Sullzn = pll + (1 = 8a) (1 = ent)|lun — pll + en¥Bllzn — pl|
+enllvg(p) — uBpl)
Sullzn = pll + (1 = 8a) (1 = ent) |20 — pll + en¥Bllzn — pll
+enllvg(p) — uBpl)
= (1 — (=981 - 5n)5n) |z — Pl

renl1 = 8,)(r — ) AL P

max{xn—p||,W}. (3.6

A IA

IA

IA

IN

By induction, we have
— uB
ln = ol < max{nxo -l W} ¥n >0 (37)

Hence {x,} is bounded and consequently, we deduce that {u,},{g(z,)} and {Vf(z,)}
are all bounded.
Now, we can choose a constant M > 0 such that

SUP{Hxn — U, [[uBTrun || + [[vg(@n) |, (| BTy — ’Yg(xn)”z} <M.
Step 2. We show that ||z, — u,|| — 0 as n — oo.

Let d, = epvg9(zyn) + (I — enuB)T uy, for all n > 0, then from (3.5) we get zp41 =
Ony + (1 — 0,)5d, for all n > 0 and

ldnt1 — dnll = lllent179(Xns1) + (I — eng1puB) Trtin 1] = [enYg(@n) + (I — enpuB) Truy]||
< tbng1 — unl| + 5n+1(||/‘B(Trun+1H + ”'Vg(fnJrl)H)

+ En(”:uB)(TrunH + ||'Vg($n)|‘)
< HPC(I - )\nvfan)anrl - PC<I - )\nvfoz”)mn” + M(5n+1 + En)
< @ngr — znll + M(ent1 +€n).
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This together with (i) implies that

lim sup (||dn+1 —dnl|l = |Znt1 — an) <0.
n—oo
Hence, by Lemma 2.14 we get lim,,—, o ||d;, — @, || = 0. Consequently,
nh—>H<>lo [@n41 — znl = nh_{go(l = 0n)[dn — @n|| = 0. (3.8)
By the convexity of the norm || - ||, we obtain
|2741 _pH2 = |[0pzn + (1= 6,)Sd, _pH2

< dnllwn —p||2 + (1= 8,)|1Sdn, — p”2
< Sulln =l + (1 = 6) | Toun — p — en(uBTrun — vg(zn))|?
= Sullzn —plI* + (1 = 6,) [llun — plI?
—2e, (UBT o — ¥g(@n), Tty — p) + 2| BT un — vg(xn)||?]
< Sullmn — pl* + (1= 62)lun — pl® + en M. (3.9)

Let y, = T,u, and by u, = Po(I — A,V fa, )Tn, we obtain

”yn _pH2

A

IN

IN

IN

T, — Tl

Jun ~ PP

Pc(I = AnV fa,)zn — Po(l — Aanan)PHz

(I = AV fa,)Tn — (I = AV fa, )P un — p)

S (T = A fa ) = (= M fa, ol + i~ I

~l(@n = p) = An(V fa, (@n) = ¥ fa, (p)) = (un — p)I*)

1

§(||$n = plI? + Jun = plI? = [[(2n — tn) = Aa(V fa (20) = V fa, (D)) IIP)
1

5 (I = plI? + llun = plI? = [l — unl|®

+2>\n<xn — Un, vfan (mn) - vfan (p)>

NN fan (@) = V fa, (D) (3.10)

Therefore, we deduce

lun — pII?

< lzn —p||2 — lzn — un||2 + 2\ 70 — un ||V fa, (2n) = V fa, (0) I
< Nan = pl? = llen = unll® + A M|V fa, (2n) = V fa, (D)l (3.11)

By (3.9) and (3.11), we obtain

Hanrl _pH2 < 5n||mn _pH2 + (1 - 5n)Hun —p||2 +enM

+(1— 571) [Hxn - p||2 - ||$n - un||2 + )‘nM”vfan ($n> = Via, (p)”]
+e, M

= ||lzn _pH2 -1~ 571)“9371 - un||2 + (/\n”vfan (T5) — V fon ()| +en) M.
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It follows that
(1= dn)l|zn — Un”2 < lzn —p||2 = [|Zns1 _pH2 + (/\nvaan (Tn) — V fan @) +en)M
< —Tngr — anQ + MallV fa, (0) = V fa, (D) + €n) M.

Wherewith liminf,, o (1 — &,) > 0,limy, 00 €5 = 0, limy, o0 |21 — 25| =0,
{Vf(zn)} is bounded and lim,_, A, = 0, we derive that

|z — unl| = 0asn — oco. (3.12)

Step 3. We show that ||y, — uy|| — 0 and ||Sy, — ynl| = 0 as n — oo, where y, = T,y
From (3.5), we have
[2n = ynll < lleni1 = zall + 1201 — ynll
< lznt1 = znll + 16025 + (1 = 60)S[envg(@n) + (I — €npB)yn] — ynll
<#ntr = @nll + 0nllzn = yall + (1 = 0n)llenyg(2n) — npBTrun||
S lzngr = znll + Onllzn — ynll
+ (1 - 5n)(5n75”xn — Up || + enllvg(un) — ,UBTrUn”)-

Therefore,

l2n — ynll < i1 — 2nll + en¥Blln — unll + enllvg(un) — pBTruy||.

1
1—06,
From lim,,_, o £, = 0 and {u,} is bounded, we obtain

|zn — ynl| = 0asn — oco. (3.13)
Since [|yn — tnll < |y — Tnll 4 |20 — un ||, and by (3.12), (3.13) it follows that
lyn — unl| = 0asn — oco.
Next, we will show that ||Sy, — yn| = 0asn — co. We have
[yn = dull = llyn = [env9(2n) + (I = €npB) Trun]]|
= [ —envg(en) + enpu BT un||
= llenv9(un) = envg(2n) + EnpBTrun — enyg(un)||
< lleny(g(un) = g(@n))ll + llen(wBTrun — yg(un))|
< enyBllun = zall + enllpBTrun — vg(un)l.
From &, — 0 and {u,} is bounded, we obtain
llyn — dn|| = 0asn — oco. (3.14)
On the other hand, we have
15dn — zniall = 1Sdn — (Onwn + (1 = 6n)Sdn)|| = 6nl|Sdn — 2.
From §,, — 0, we obtain
1Sd,, — pt1|| = 0asn — co. (3.15)
Since ||Sdy, — xn|| < ||Sdn — Zng1 ||+ |Znt1 — ||, then by (3.15) and (3.8) it follows that
1Sd,, — xn|| — 0asn — oco. (3.16)
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Since [|Syn — n|| < [|Syn — Sdnl| +[1Sdn — 2| < llyn — dn |l + [|Sdn — 24|, then by (3.14)
and (3.16) it follows that

I1Syn — n|| = 0asn — oo. (3.17)
Since [[SYn — ynll < 1SYn — Tull + [[2n — ynll, then by (3.17) and (3.13) it follows that

1SYn — ynll — 0asn — ooc. (3.18)
Step 4. We show that

limsup{(vg — pB)z*,y, — z*) < 0, where z* € Pqog(z™).

n—oo

Since {y,} is bounded, then we can choose a subsequence {y,, } of {y,}, such that

limsup((vg — puB)z*,y, — x*) < limsup((vg — uB)x*, yn, — %) <0.
n— oo

k—o0

Without loss of generality, we can assume that y,, — z* € C.

Next, we show that z* € Q = Fix(S) N TNMEP(F1y, F3). Indeed, first we show that
x* €Fix(S). Since S is nonexpansive, then by (3.18) and Lemma 2.15, we obtain that
x* €Fix(9).

Second, we show that * eMEP (F}, F3).

Since y,, = T uy, then we obtain

1
Fl(ynay) + FQ(ynay) + ;<y —YnsYn — un> Z OaVZ/ c C

From the monotoniccity of F} and F5, we obtain

1
;(y — YnyUn — Un) > Fi(yn,y) + Fa(yn,y),Vy € C.
Hence,
Y=Y ) 2 Fir(Yny» y) + F2(Yn,,v),Vy € C. (3.19)

Since w — 0 and y,, — z*, from (A2), it follows Fi(yn,y) + F2(yn,y) < 0 for all
y € H. Put z, =ty + (1 — t)a* for all ¢ € (0,1] and y € H, then we have Fj(z,x*) +
Fy(z¢,2*) < 0. So, from (Al) and (A4), we have
0= Fi(yt,yt) + Fa(ye, yt)
StFi(yey) + (1= O F(ye, %) + tFa(ye,y) + (1 — 0 Fa(ye, %)
< Fl(yt>y) + FQ(yt7y)
and hence 0 < Fy(yt,y) + Fa(yt, y). From (A3), we have 0 < Fy(z*,y) + Fa(z*,y) for all
y € H. Thus, * eMEP(F}, F3).
Third, we show that z* € T'. From Remark (2.12), we know that the mapping T =
Po(I — A,V f) is nonexpansive, then we have
|20 — Txpll < [|2n — un|l + lun — Tan||
= ||2n — unll + |Pc(I = AnV fa, )00 — Po(I = AV [z
= [|zn — unll + |1 = AaV fa,)Tn — (I = AnV f)2s]|
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So, from {z,} is bounded sequence, lim,_, @, = 0,lim, 06 Ay = 0,> 7 | @A, = 00
and Step 2 it follows that

lwn — Tzyn|| — 0asn — occ. (3.20)

Thus, taking into account z,, — «* and u,, — z*, and from Lemma 2.15, we get 2* € I".
Therefore z* € Q = Fix(S) N T'NMEP(Fy, F3). Since z* = Pog(z*). Indeed, we have

limsup((yg — uB)z",yn —x%) = lim ((yg — pB)z", yn, — z7)
n— 00 k—o0
= ((vg—pB)z*,w—2a") <0.
Step 5. Finally, we show that {x,} strongly converge to z* € Q.

(3.21)

Let z* € Q and y,, = Trup,, where u, = Po(I — A,V fo,, )xy, for all n > 0, then from (3.5),

we have

241 — 2*[|* = |0nan + (1 - ) [envg(@n) + (I = £npB)ya] — «*|?
= ||0n(@n — 2 0u) [(Slyn + €n79(2n) — npiByn]) — 2] |
= bullen — @ H2 n>H [S[yn + 2n19(@n) — enpBya] — 2*]||"

— (1 - || @n — &%) = Slyn + €n79(20) — EnptBya] — 2*||”

< Sullan — 22 + (1= 8,)|| [Slyn + nr9(n) — enpeBya] — 27|
= bnflon — 2|2 + <1 50)|| [STyn + £nv9(wn) — £aiBya] — Sz*]|°
< Onllen — 2|1 + (1= 0n)lyn — 2* + £n79(2n) — EnptBynl|®
< Opllwn — 2|2+ (1= 60) (lyn — *1” + 2079 (2n), yn — 2*)

— 260 (BYn, yn — &) + €1 |7g(2n) — pByn|?)

= 6n||37n - m*HQ + (1 - 5n)(HTrun - m*”Q + 25n7<9($n) - g(aﬁ*)7yn
— 26, (uByn — pBz", yn — z7) + 2, (vg(2”) — pBa”, yp — a¥)
+enlvg(xn) — nByal?)

— z%)

< Onllzn — 2P + (1= 6n) (lun — 2*)1* + 2e07[lg(xn) — g(z) || Trn, — 2|
— 2en||pByn — pBz* ||| Trun, — || + 2en(vg(2") — uBz™, yn — )

+ 5%”'79(3%) - MBTrunHQ)
<Oullan — 212+ (1= 8,) ([len — 2™ + 2epyBlwn — 27|12
- 28717—”5(:71 - m*HQ + 2571(’79(1:*) - MBw*vyn - $*> + E?LM)

= (1= 2ea (8 = 7))llwn — 2”|* + 2(1 = 8n)en(yg(z”) — uBz™, yn —

+e2(1—6,)M.
It then follows that
* H2

|Znt1 —x < (1 =on)lzn — $*||2 + onbn,

where 0, = 2e,(y8 — 7) and b,, = ((%67)) (vg(z*) — uBx*, Yy, — x*) + 8272215757))]\4

Let a,, = ||z, — x*||? then, we can write the last inequality as

An+41 S (1 - 07L)an + Unbn~

(3.22)
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Note that in virtue of condition (C1), >°>° | ¢, = co. Moreover

limsup — = — limsup 2(yf(z*) — Az*, xp1q — x*).
n—oo Tn Y Y nooo

By Step 4, we obtain
On
limsup — < 0. (3.23)
n—oo  Yn

Now applying Lemma 2.16 to (3.22), we conclude that x,, — z* as n — oo. The proof is
now complete. [

Putting S = I which is the identity operator in Theorem 3.4, we obtain the following
results.

Corollary 3.5. Let C be a closed convex subset of a real Hilbert space H. Let B be a k-
Lipschitz and n-strongly monotone operator on H with k > 0,1 >0 and 0 < pu < 2n/k?,
and the sequence of {an} and {vyn} satisfy the conditions (1)-(iv) in Lemma 2.13. Let
Fi,Fy: CxC — R be two bifunctions which satisfy the conditions (f1) — (fa), (h1) — (h3)
and (H) in Lemma 2.7. Let g : C — H be a B-contraction. Assume that Q@ = T'N
MEP(Fy, Fy) # 0. For given Yao € C, let the sequences {x,} generated by

Tpt1 = 6nTn + (1 = 0n)[envg + (I — enuB)T. Po(I — ApV fo,)|@n, n >0, (3.24)
where {en} and {6,} are two sequence in [0,1), satisfy the following conditions:
(C1) limy,yooen =0 and > 07 | &, = 00;
(C2) lim,, 500 6, = 0 and 0 < liminf,, o 0, <limsup,,_, . 0n < 1;
(C3) limy_o0 An = 0.
Then the sequence {x,} converges strongly to x* which is the unique solution of the
variational inequality (3.1). In particular, if g = 0, then the sequence {x,} generated by

Tnt1 = 0nZpn + (1 — ) [(I — enpuB)T-Po(I — AnV fa,, )]Tn, n >0,
converges strongly to a solution of the following variational inequality:
(uBzx*,x —z*) >0, Yz € Q.
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