Thai Journal of Mathematics
Volume 20 Number 1 (2022)
Pages 461-486

http://thaijmath.in.cmu.ac.th
ISSN 1686-0209

Convergence Results on Splitting Operator for
Convex Minimization Problem and Its Applications

Duangkamon Kitkuan! and Wiyada Kumam?2:*

1 Department of Mathematics, Faculty of Science and Technology, Rambhai Barni Rajabhat University,
Chanthaburi 22000, Thailand

e-mail : duangkamon.k@rbru.ac.th

2 Program in Applied Statistics, Department of Mathematics and Computer Science, Faculty of Science and
Technology, Rajamangala University of Technology Thanyaburi (RMUTT), Thanyaburi, Pathumthani 12110,
Thailand

e-mail : wiyada.kum@rmutt.ac.th

Abstract The purpose of this paper is to introduce a new iterative method that is a combination of
the modified Mann type forward-backward splitting with the viscosity approximation method and the
alternating resolvent method for finding the zero of sum of accretive operators in uniformly convex real
Banach spaces which are also uniformly smooth spaces. Our result is new and complements many recent
and important results in this direction in the literature. Moreover, we also applied our algorithm to

solving the convex minimization problem for solving image restoration.

MSC: 47TH09; 47H10

Keywords: inclusion problem; splitting algorithm; forward-backward algorithm; viscosity approximation

Submission date: 28.11.2019 / Acceptance date: 22.06.2021

1. INTRODUCTION

Image restoration is the solution of this ill-posed inverse problem which has been
extensively studied in various applications such as MRI, medical imaging, astronomical
imaging, remote sensing, video coding and image coding. Image restoration is a specific
branch in image processing, using the prior knowledge about convex optimization. As
mentioned earlier, the problem is about reconstructing an approximate original image
from the degraded one. We assume that the degradation process consists of only blurring
and the noise addition. These degradation ingredients are observed from statistical data,
and then is approximated by the operator R and noise v. Here, R : H — H is the blurring
operator, which is spatial invariant and linear.

Suppose that f,g : H x H — H are the spatial data for the original and the degraded

images, respectively. Also assume that R : H — H is linear and spatial invariant and
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v: H x H— H is additive noise. Then, the following relation:

g(xay) = R(f(x,y)) + U('Tay)

is the model of the degradation process. The image restoration problem is to approxima-
tively find the original image f that minimizes the least-square error of the degradation
related to the additive noise:

Min [|v|* = |lg — Rf||*.

In various cases, R might be calculated as a convolution in an integral equation. But
we shall not specify such restrictions so that we can work in a more general form of
degradation process.

Let E be a real Banach space. Suppose A : E — 2F is a set-valued operator and
B : E — FE is an operator. In this paper, we will consider the following inclusion problem
(assuming that the solution exists): find z € E such that

0 € Az + Buz. (1.1)

This problem includes, as special cases, convex programming, variational inequalities,
split feasibility problem and minimization problem. To be more precise, some concrete
problems in machine learning, image processing and linear inverse problem can be mod-
elled mathematically as this form.

This paper is devoted to designing and discussing an efficient algorithmic framework for
minimizing the sum of two proper lower semi-continuous convex functions, i.e.

z* = argmin (f1 o B)(z) + fa(z), (1.2)

zeR™

where T'o(X) is the set of proper lower semi-continuous convex function from X to
(=00, 4+00], f1 € To(R™), f2 € To(R™) and f> is differentiable on R™ with a %-Lipschitz
continuous gradient for some 3 € (0,400) and B : R” — R™ a linear transform. Many
problems in image processing can be formulated in the form of (1.2). For instance, the
following variational sparse recovery models are often considered in image restoration and
medical image reconstruction:

x : 1
x* = argmin pl|Bz||; + §||Aar:—b||§7 (1.3)
TER™

where ||-||2 denotes the usual Euclidean norm for a vector, A is a pxn matrix representing a
linear transform, b € RP and p > 0 is the regularization parameter. The term || Bx||; is the
usual I'-based regularization in order to promote sparsity under the transform B. Problem
(1.3) can be expressed in the form of (1.2) by setting fi = pl|-[|1 and fa(z) = 1| Az —b||3.
One of the main difficulties in solving it is that f; is non-differentiable. The case often
occurs in many problems we are interested in.

Another general problem often considered in the literature takes the following form:

x* =argmin f(z)+ h(x), (1.4)
reX

where f,h € To(X) and h is differentiable on X with a %—Lipschitz continuous gradient
for some 8 € (0,+00). Problem (1.2), which we are interested in this paper, can be
viewed as a special case of problem (1.4) for X = R™ and f = f; o B,h = f5. On the
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other hand, we can also consider that problem (1.4) is a special case of problem (1.2)
for X = R", fo = h,f1 = f and B = I, where I denotes the usual identity operator.
For problem (1.4), Combettes and Wajs proposed in [1] a proximal forward-backward
splitting algorithm, i.e.

Tpy1 = prox. (v, —YVh(z,)), Vn>1, (1.5)
where 0 < v < 23 is a stepsize parameter, and the operator prox; is defined by
prox; : X = X

. 1
v > argming ex £ () + 5 [lo — oI,

called the proximity operator of f.

It is well known that a forward-backward splitting method (please see, e.g., [1-6]) is a
classical method for solving problem (1.1). This forward-backward splitting method is
given by z; € F and

Tpy1 = (Id +r, A"V (Id —r,B)x,, Vn>1, (1.6)

where r,, > 0. This method generalizes the proximal point algorithm (please see [7—11])
and the gradient method (see, e.g., [12]). There have been many works concerning the
problem of finding zero points of the sum of two monotone operators (in Hilbert spaces)
and accretive operators (in Banach spaces). For more details, please, see [13-17] and the
references contained therein.

In 2012, Lépez et al. [18] proposed the following modification:

Tnt1 = anu+ (1 — o) i (2 — 10 (Bn + an)) +by), V> 1, (1.7)
where J7! = (Id+r,A)~" and {a,},{b,} C E stand for the computation, {c,,} C (0,1],
and {r,} C (0, +0).

Recently, Shehu and Cai [19] expanded algorithm (1.6) by combining it with the viscosity
approximation method

Tnt1 = anfan) + (1 — an)J;i (xn —rpBzy), Vn>1, (1.8)

where f : E — F is contraction with coefficient k € (0, 1), and a,, € (0,1). They studied
this algorithm in uniformly smooth Banach spaces, and proved that the sequence {x,}
generated by algorithm (1.8) converges strongly to a solution of problem (1.1).

Very recently, Shehu [20] introduced the following modification:

{yn = an f(wn) + (1= an)an (1.9)

Tpy1 = BnZn + (1 - Bn)J;}L (Yn — TnByn), Yn=>1,
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where f : E — E is contraction with coefficient k € (0,1), and {a,},{8.} € (0,1).
They studied this algorithm in a real uniformly convex Banach space which is also uni-
formly smooth, and proved that the sequence {x,,} generated by algorithm (1.9) converges
strongly to a solution of problem (1.1).

In this paper, motivated and inspired by above literatures, we are going to consider a
problem (1.1) and suggest the following algorithm: for an arbitrary initial 2y € E,

{yn = (1= Bp)an + BnJit (Id — 1 B)xy,

1.10
Tna1 zoznf(acn)—i-(l—an)Jé(Id—rnB)yn, Vn > 1. ( )

The strong convergence theorems of this iterative algorithms are obtain in Banach spaces.
Our algorithm combine between the modified Mann type forward-backward splitting with
the viscosity approximation method and the alternating resolvent method complements
many recent and important results in this direction in the literature. Moreover, we also
applied our algorithm to solving the convex minimization problem for application to image
restoration in the last section.

2. PRELIMINARIES

Let E be a real Banach space with norm || - || and let E* be its dual. The value of f € E*
at x € E will be denoted by (z, f). Let J denote the normalized duality mapping from
F into 2E" given by

J(@)={f € E": (x,f) = |z|* = IfI"}, VzeE,
where (-, -) denotes the generalized duality pairing. It is well known that if E* is strictly

convex then J is single-valued. In the sequel, we shall denote the single-valued normalized
duality mapping by j.

Let Sg = {z € E : |z|| = 1} and Fix(T) be the set of fixed point of the mapping
T : E — E. A Banach space F is said to be strictly convez if for x,y € Sg with z £y
and ¢t € (0,1),

(1 —=t)z+ty|| < 1.

A Banach space F is said to be uniformly convez if for any € € (0, 2] the inequalities
|zl <1,|lyll <1,||z —y|| > € imply that there exists a 6 = §(e) > 0 such that

e+l ) s
2

A Banach space E is said to be smooth provided the limit
t
Ll gyl + o]
t—0 t

exists for each z,y € Sg.

In this case, the norm of F is said to be Gateaux differentiable. It is said to be uniformly
Gateaux differentiable if for each y € Sg, this limit attained uniformly for x € Sg. It is well
known that every uniformly smooth Banach space has uniformly Gateaux differentiable
norm. A closed convex subset C' of a Banach space E is said to have the fixed point
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property for nonexpansive mappings if every nonexpansive mapping of a nonempty closed
convex subset D of C into itself has a fixed point in D.

A subset C of Banach space F is called a retract of F if there is a continuous mapping
Q@ from E onto C such that Qx = x for all z € C. We call such @ a retraction of F onto
C. It follows that if a mapping @ is a retraction, then Qy = y for all y in the range of
Q. A retraction @ is said to be sunny if Q(Qx + t(x — Qz)) = Qx for all z € FE and
t > 0. If a sunny retraction @ is also nonexpansive, then C' is said to be a sunny non
expansive retract of E [21]. In a smooth Banach space E, it is known (cf. [21], p. 48)
that @ : C' — D is a sunny nonexpansive retraction if and only if the following condition
holds:

(x —Q(x), J(z—Q(x))) <0, z€ C, z€ D.
A set-valued operator A : E — 2% with domain D(A) and range R(A), is said to be
accretive if, for all ¢ > 0 and every x,y € D(A),

o =yl <lle —y+t(u—0)l, ueAr,ve Ay
Furthermore, an accretive operator A is said to be m-accretive if the range R(I + AA) =
E for all A > 0. Given a > 0 and ¢ € (1,00), we say that an accretive operator A
is a-inverse strongly accretive (a-isa) of order ¢ if, for each z,y € D(A), there exists
Jq(x —y) € Jy(x — y) such that

(u—v,jglx—y) > aflu—v||? ueAx,ve Ay
When g = 2, we simply say a-isa, instead of a-isa of order 2; that is, A is a-isa if, for
each z,y € D(A), there exists j(z —y) € J(x — y) such that

(u—v,j(x—1y)) >alu—v|? € Azr,vec Ay.
Definition 2.1. A nonlinear operator T' whose domain D(T) C H and range R(T) C H
is said to be:

(i) monotone if

(r—y,Te—Ty) >0, Va,yeD(T);
(ii) B-strongly monotone if there exists 5 > 0 such that
(v —y,Te —Ty) > fllz —y|*, Va,y e D(T);
(#it) v-inverse strongly monotone(for short, v-ism) if there exists v > 0 such that
(x —y. Tz —Ty) > v|Te — Ty||*, Va,y e D(T).

In other words, T is monotone if its graph, G(T) = {(z,y) e Hx H :x € D(T),y € Tz},
is a monotone subset of H x H. A monotone operator T is called maximal monotone
if it is monotone and its graph is not properly contained in the graph of any other
monotone operator. Note that a v—inverse strongly monotone operator is monotone. We
know that T' is maximal monotone if and only if the range of Id 4+ T is equal to H (i.e.,
R(Id+T) = H). If T is maximal monotone and p is a positive number, then the resolvent
of T is defined by Jg(x) = (Id + pT)~!(z) that a single-valued operator JE :H— H .
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Definition 2.2. Let D be a nonempty subset of a Hilbert space H and let T': D — H.
Then,

(i) firmly nonexpansive if
1T = Tyl* + ||(Id = T)x — (Id = T)y|* < |z — yl*, Va,y € D;
(#4) nonexpansive if
[Tz =Tyl <llz—yll, Ve,ye D;
(#4i) quasi-nonexpansive if
[Tz —pll < llz=pl, VeeD,pecFix(T);
(iv) stricty quasi-nonexpansive if
[Tz —pll <llz=pl, VaeeD,peFix(T).
Definition 2.3. [22] Let T : E — E be nonexpansive, and let a € (0,1). Then, T is said
to be a-averaged, if there exists a nonexpansive operator R : E — FE such that
T=(1-a)ld+aR.

1
Remark 2.4. The firmly nonexpansive mappings are i—averaged.

Suppose that T : E — F is firmly nonexpansive. So, there exists a mapping defined by
R=2T —1Id: E — F such that

12T — Id)z — (2T — Id)y|* = |2(Tz — Ty) + (1 - 2)(z — y)|I”
=2||Tz — Ty|* + (1 - 2) [l — y|®
—2(1=2)[|Tz — Ty —a +y|?
< 2llz — y|* ~ lz — y|I®
= llz -yl
Hence, R is a nonexpansive mapping. By a simple transformation, we have
T=I1d—1d+T
=(1 1)Id+ 1(2T 1d)
B 2 2
1 1
=(1-2>)Id+ =R.

1
Consequently, T' is i-averaged.

Proposition 2.5. [23, 24] Let D be a nonempty subset of a Hilbert space H, let (a1, ag) €
(0,1), let Ty : D — D be ay-averaged, and let Ty : D — D be as-averaged. Set

o + ag — 20100

T=T1T5 and o=
1— 109

Then, o € (0,1) and T is a-averaged.
We know that the sunny nonexpansive retract mapping form a Hilbert space H onto a

closed convex subset C' C H is metric projection and we use Po to denote the metric
projection from H onto C.
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We now state some known results which will be used in the sequel.

Lemma 2.6. [25] A Banach space E is uniformly smooth if and only if the duality map
J is the single-valued and norm-to-norm uniformly continuous on bounded sets of E.

Lemma 2.7. [26] Let E be a Banach space. Then, for every x,y € E, we have

lz+ylI* < llel® + 20y, j (2 +y)),
forall j(x +y) € J(z +y).
Lemma 2.8. [27] Let C be a nonempty closed convex subset of a uniformly smooth Banach
space E and T : C — C be a nonexpansive mapping with o fived point. Let f : E — E
be a fizved contraction with coefficient k € (0,1). If there exists a bounded sequence {x,}

such that lim, o ||€n — Txn|| = 0, and p = limy_ 2; exists, where {z;} is defined by
ze =tf(zt) + (L = t)Tz. Then,

liyrglﬂsotipﬁ(p) —p,j(xn, —p)) <0.

Lemma 2.9. [20] Let E be a real uniformly convex with Fréchet differentiable norm.
Assume that B is a single-valued a-inverse strongly accretive mapping on E. Then, given
s > 0, there exists a continuous, strictly increasing and convex function 6 : RT — RT
with 6(0) = 0 such that for all z,y € E,
|ITsz — Toyll* < llz — yll* — s(2a — s¢)|| Bz — By||?
—0(|[(1d = J3)(Id — sB)x — (Id — J)(Id = sB)y]),

where Ty = JA(Id — sB) = (Id + sA)~'(Id — sB).

Lemma 2.10. [18] Let E be a real Banach space. Let A : E — 2F be an m-accretive

operator and B : E — E be an a-inverse strongly accretive mapping on E. Then, we
have

(i) forr >0, Fix(T,) = (A + B)~1(0);
(i7) for0<s<randz € E, ||z — Tsz|| < || — T,z||.
Theorem 2.11. [28] Let X be a real Hilbert space and let S : X — X be quasi-

nonezpansive, T : X — X be strictly quasi-nonexpansive and Fix(S) N Fix(T) # 0. Then,
Fix(ST) = Fix(T'S) = Fix(S) N Fix(T).
Remark 2.12. Let T,, = (1 — 0,,))Id + 0,,S,, with S,, nonexpansive on F,Fix(S,) # &
and 60,, € (0,1). Then, the following statements are reached:

(1) Fix(Sp) = Fix(T},);

(#4) T, is nonexpansive.

Lemma 2.13. [29] Let {a,} and {c,} be sequences of nonnegative real numbers such that

i1 < (1= 0p)an +bp+ ¢y, Vn>1, (2.1)
where {6,} is a sequence in (0,1) and {b,} is a real sequence. Assume > ., ¢, < 0.
Then, the following results hold:
(1) If by, < 0, M for some M > 0, then {a,} is a bounded sequence;
(id) If Yopy 6n = 00 and limsup,, . 3 <0, then lim, o0 an = 0.
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By employing the technique of Mainge [29], He and Yang [30] proved the following lemma.
Lemma 2.14. [30] Assume {s,} is a sequence of nonnegative real numbers such that
Sn1 < (1 =7)s$p +VnTn, Yn2>1,
and
Snt1 < Sp — M+ pn, YN >1,

where {vn} is a sequence in (0,1), {n,} is a sequence of nonnegative real numbers and
{mn}, and {p,} are real sequences such that

(i) 2%, A = 00

(1) limy, o0 pr = 0;

(141) limg—yo0 Nny, = 0 dmplies imsupy,_, o Tn,, < 0, for any subsequence
{nx} C {n}.

Then, lim,, . s, = 0.
Lemma 2.15. [31] Let ¢ > 1. Then, the following inequality holds:
qg—1

q
ba-T,

1
ab < —a? +
q
for arbitrary positive real numbers a and b.

3. ALGORITHM AND CONVERGENCE ANALYSIS

In this section, we start a new algorithm for solving (1.1), we know that a common zero of
sum of two operators i.e., A~10 N B0 which is a partial of a zero sum of two operators
that is (A + B)710 (i.e., A='0N B710 C (A + B)~10). Hence our problem different of
[32] which is extended and improved more general.

Next, we will start our main result as follows:

Theorem 3.1. Let E be a real uniformly convex Banach space which is also uniformly
smooth. Let A : E — 2F be an m-accretive operator and let B : E — E be an a-inverse
strongly accretive mapping. Assume that Q = (A+ B)™1(0) # @. Let f : E — E be a
fized contraction with coefficient k € (0,1). Let {x,,} be the sequence generated by 1 € E
and

{yn = (1= Bu)zn + BuJ}, (Id — 10, By (3.1)

Tni1 = f(2) + (1 — o) J2 (Id — 1, B)yn, Yn>1,

where Ji2 = (Id+r,A)~" and {r,}32, is a sequence of positive real number and {on, }52 4
and {B3,}52, are sequence in (0,1) satisfying the following conditions:
(1) limy oo vy =0 and Y2 | a, = 00;

(#4) liminf, o Bn > 0;

(#11) 0 < liminf, o0 7 < imsup,, . 7, < 22
for some constant c. Then, {x,}52; converges strongly to z = Qqf(z), where Qq is
the unique sunny nonexpansive retraction of E onto §; that is, z solves the variational
imequality

((Id = f)z,j(z —x)) <0, Vze. (3.2)



Convergence Results on Splitting Operator ... 469

Proof. Denote by S,, := Jé (Id—r,B), T, = (1 — 8,)Id + 8,5, and U, = S,T,,. Then,
(3.1) can be rewritten as

Tpt1 = anf(zn) + (1 — an)Upxn, Vn>1, (3.3)

Step 1. We prove that the sequence {z,,} dened by (3.1) is well dened
For each n > 1, and let S, := J; (Id — r,, B). Then, for all z,y € E, we have

Sz — Spyl|* = ||J;i (Id —rpB)x — J;‘}L (Id — r,B)y|)?
< llo —y — ro(Bz — By)||?
<|lz = yl|* = 2rn(Bx — By, j(x — y)) + erp || Bz — By|*
< ||z = y|I* = 2raal| Bz — By||* + cr; || Bz — By|?
<z —ylI* = 2a — erp)ry| Bz — By|?
<z —yl*.

Thus, S,, is nonexpansive for all n > 1.
Set R, = (Id — r, B). Since B is a-inverse strongly accretive mapping, we have

|Ru — Ray|> = |[(Zd — 20B)z — (Id - 2aB)y|P
— (@ — y) - 2a(Bx — By)|?
= |l — y|> + 40%|Ba - By|® -~ dale —y, Bz — By)  (3.5)
< |l — yl2 + 40%)| Ba — By|]? — 40?|[ Bz — By?
— o —y|%

Hence, R,, is nonexpansive. By a simple transformation, we have

Tn Tn
Id—r,B=(1- %)Id+ %IdfrnB

Tn Tn
=1-—)Id+ —(Id —2aB .
(1= 2)1d 4 2 (1d - 208) (3.
erL T'n.
—(1—")dy R,
( 2a) + QaRn
On the other hand, in view of r,, € (0, 2a), ;—; € (0,1). Consequently, Id — r, B is ;Z—

averaged. Set L, = 2J;: — Id. Since A is m~accretive operator and J;: is nonexpansive
mapping, we have

Lo — Loyl = (|27, — Id)x — (2J,2 — Id)y|?
=(y—2) —2(J = TRy
=llz —yl? + 4t e — JAyllP — 4y — 2, I e = Jty)  (37)
< e —yl* +4llz — ylI* — 4]z —y|?
= [lz — y|*.
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Hence, L,, is nonexpansive. By a simple transformation, we have

1 1
Jh = (L= )ld+ JId+ J7 —1d

Tn

1 1
=(1-5)d+ i(zj;‘; — Id) (3.8)
1 1
=(1-=)Ild+ =L,.
(1= 3Md+ 5Ly
1
Consequently, J;‘}L is §—averaged. By Proposition 2.5, we have S,, = J;‘}L (Id — rp,B) is
2
an %—averaged. For each n > 1, and let T}, := (1 — 8,,)Id + 5,S,. Since S, is a
a—Ty,

nonexpansive mapping, T, is f,-averaged. For each n > 1, and let U,, := S, T,. Then,
for all x,y € E, we have

[Unz — Unyll = |SnTnr — SnToyll
<z -yl

200 —
Thus, U, is nonexpansive for all n > 1. By Proposition 2.5, we have §,, = a—rnﬂn
4o — 1y, — 208,

(0,1) such that r, € (0,2a) and S, € (0,1) and so, U,, = S, T, is an 0,-averaged. Let us
define a mapping W,, : E — E as follows

Wo(x) := anf(x) + (1 — ap)Upz. (3.10)

€

For any z,y € E, we have
[Waz = Wyl = llanf(@) + (1 — an)Unz — an f(y) + (1 — an)Uny||
< an|f(@) = fW)l + A = an)|Unz — Uny||

< apkllz =yl + (1 = an)llz -y (3.11)
= (1 —an(l=k))[z -yl
=1 =gz -yl

for some € € (0,1). This implies that W, is a contraction mapping. So, there exists a
unique fixed point z, of W,,. Note that =, := z, satisfies (3.1).

Step 2. We prove that the sequence {z,} is bounded.
For each n € N, we put U,z = S,,T,x where S,, = J;,i (Id—r,B) and T,, = (1 — B,)Id +
BrSn and let {y,} be defined by

Firstly, we compute the following;:

[Zn+1 = Yntall = llon f(zn) + (1 — an)Unzn — an f(yn) — (1 — an)Unti|
< anllf(@n) = f(yn)ll + (1 = ) [|Unn — Unyn|
< ankllzn — yull + (1 — an)l|zn — ynll
=1 —an(=k))lzn — ynll-
(3.13)
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By the assumption and Lemma 2.13 (ii), we conclude that lim, ||z, — yn| = 0. Let
p € E, we have

p=S.p<=p=UId+r, A (Id—r,B)p
<~ p—rp,Bpep+r,Ap (3.14)
<= 0€ Ap+ Bp.
Thus, Fix(S,) = (A + B)~1(0) for all n > 1.
Let p € E, we have
=Twp<p= ((1 - Bn)ld + BnSn)p
—p= (1 *ﬂn)p“i’ﬂnsnp (315)
<~ p = Sup.
From (3.14), we have, Fix(T},) = (A+B)~ ( ) for all n > 1. By Theorem 2.11, Fix(U,,) =
Fix(S,T,) = Fix(S, )ﬂFlX( ) = (A+B)71(0). Takingp € Q = (A+B)~1(0) = Fix(U,,),
we next show that {y,} is bounded. Indeed,
||yn+1 - p” = ||O‘nf(yn) =+ (1 - an)Unyn - pH
< anllf(yn) = pll + (1 — an)[|Unyn — p||
< ankllyn = pll + anll f(p) = pll + (1 = @) lyn — p| (3.16)

£ (p) = pll

< (1= an(l—E)|yn — "
< (1= an(l=k)llyn = pll + an ==

for every n € N. Thus, by induction on n, we have

[y — pll < max{[lzy —pl, [[f(p) — pll/(1 = K)}. (3.17)
This shows that {y,} bounded by Lemma 2.13 (i) and {x,} is also bounded.

Step 3. We prove that z, — p = Qf(p) € Q = (A + B)~1(0) = Fix(U,).
Let p € Fix(U,) = Fix(S,T,), we have p € Fix(S,,) and p € Fix(T},). From Lemma 2.9
(¢ = 2) and Lemma 2.15 and setting w,, = Ty, Yy, we consider the following
lwn = pII* = 1 T0yn — 2l
= (1 = Ba)yn + BuSnyn — ol
= [[(1 = Ba)(yn — ) + Bu(Suyn — p)II?
< (1= Ba)llyn = plI* + Bull Snyn — Supll?
< (1= Ba)llyn = pI* + Bullyn — plI* = Burn (20 = 74.0) | Byn — Bpl|?
= Bnd(l[yn — TnAyn — Snyn + raAp|)
< llyn = plI* = Burn(2a — rnc)|| By, — Bpl®
= Bud(l[yn — TaAyn — Suyn + raApl))
(3.18)
and
1Spwn = pl* < [lwy = pl|* = 70 (200 = )| Bw, — Bp||?

3.19
— ¢(J|wp, — rrAw, — Spw, + TR Ap||). ( )
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By the definition of y,, 1, we have

[ynt1 = plI* = llem(f(yn) — ) + (1 = @) (Unyn — p)|I>
= (1 = an)(Snwn — p) + an(f(yn) — p)||2
< (1= ap)[|Snwy *pH2 + 200 (f(Yn) — P, J(Ynt1 — D))

< (1 - an)”Snwn _pH2 + 2an(<f(yn) - f(p);j(yn+1 _p)>
+ () = Py (ymss — )

< (1= ap)[|Snwy _pH2 + 200,k || yn — Pl Ynt1 — Il
+ 200 (f(P) = P, 5 (Yn+1 — P))

1 1
< (1= an)|[Snwn _pH2 + QO‘n(i”yn _pH2 + §||yn+1 _pH2>
+ 20, (f(p) = P, 5 (Yn+1 — p))-

(3.20)
After simplifying, it follows that
1 - 2k) 2
<1 220 n (g —
[Yn+1 —plI° < T ak lyn —plI° + 1_Oénk<f(p) P: 3 (Ynt+1 —p))

( )
( )rn (2 — 7€) || Bw,, — Bpl|?
— (1 = ) Bnd(|yn — 10 BYn — Snyn + . Bpl|)
— (1 = an)o(||Jwy, — rpBw,, — Spwy, + r,Bpl|).

(3.21)
We can check that an(%) is in (0,1), since {ay,} C (0,1) and lim, 0o @y, = 0.

L g 20 . .
Moreover, by condition (ii), ——— is a nonnegative real numbers. For each n > 1, we

1— ko,
set
sn = |yn — Pl
o, (1 — 2k
N an(l = 2F),
1—ka,
= 2 (F0) — P, i(yns1 — D))
Tn = 1— 2]€ p Dy 3\ Yn+1 p))s
M = (1 = @) Burn(2a — 1,6)|| By, — Bp|)? (3.22)

+ (1 = ) Bnd(lYyn — TnBYn — Snyn + raBpl|)
+ (1 — ay)rn(2a — rp,0)|| Bw, — Bp)||?
+ (1 = an)@([[wn — o Bwy, — Spwy + 1, Bpl|);
200y,
1o kay,
From (3.21), we have
Snte1 < (1 —=)8n + YnTn, VYVn>1, (3.23)

Pn (f(p) =P, §(Yn+1 — p))-
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and
Snt1 < Sp — N + Pn, Vn > 1. (324)

Since Y >° | a,, = o0, it follows that > >~ 74, = co. By the boundedness of {y,} and
lim, o o, = 0, we see that lim, ., p, = 0. In order to complete proof, by using
Lemma 2.13, it remains to show that limy_,oo 1, = 0 implies limsupy,_, . 7, < 0, for
any subsequence {ny} C {n}.

Indeed, if {ny} is a subsequence of {n} such that limy_, o 7, = 0, then by the assumptions
that 7, (2 — r,,¢) > 0 and the property of ¢, we can deduce that

limy ;o0 || Byn, — Bpl| = 0;

. (3.25)
g o0 [Yne — "0 BYne — Snp¥n, + mBp| = 0;
limg o0 ||Wn, — rnBYn, — Sn,Wn, + raBp|| = 0.
This implies, by the triangle inequality, that
1?mk—>oo HS”kynk - ynkH =0; (3.26)
limg o0 [ Sny Wn,, — wp, || = 0.
Since w, = (1 — Bn)Yn + BrnSnYn, we have

< (1 - /Bnk)HSnkynk ~ Yny ||
This together with (3.26) and (3.27) implies that

1UnYni — Yni | = 1S wny — yn, ||
< |[SnpwWny — W | + [y, = SngYne | + [1Sns Yni — Yl
< NS wny, — way |l + (1 = Ba) 190 Yni — Yne | + 10 Yny — Yny |
—0 (as k — 00).
(3.28)

Since liminfy_, o 7, > 0, there exists r > 0 such that r, > r, for all n > 1. In particular,
rn, > 1 for all k> 1.

||wnk — Yny ” = ”(1 - Bnk)ynk + Bnk Snkynk — Yny, ”

(3.29)
< Bnk ||Snky77«lc = Yny ”
Lemma 2.10 (44) yields that
A, A,
1S P, = |l < 1825w, = wny | + [, = Yo | (3.30)

< 2||Snkw'ﬂk — Yny || + /Bnk ”Snkynk ~ Ynp ”
Then, by (3.26) and (3.28), we obtain
limsup ”S:"Bwnk — Yny, ” < 2 lim HS'flkw”k — Yny || + lim ﬁnk ”Snkynk — Yny ”
k—o0 k—o00

k—o0
(3.31)
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It follows that

Jm (152w, — || = Jim U2y, — g || = 0. (3.32)
00 k—o0

Let
2z =tf(z)+ Q=) UMz, te(0,1). (3.33)

By Lemma 2.8, {z;} converges strongly as t — 0 to the unique fixed point z = Qf(z) €
Fix(S,) = (A + B)~(0), where Q : E — Fix(S,) is the unique sunny nonexpansive
retraction from E onto Fix(S,) = (A + B)71(0). So we obtain

12 = Y I” = [1ECf (2) = ymi) + (1= (U2 =y I
< (U=t |UAP 20 =y |I” +26(f (21) — 20, 5(20 = Yns)
+2t(zt — xp,, j(2e — Tny))
<=M 2 = U Py | + 11U Py, — b, ) (3.34)
+26(f (2) = 26,3 (2t = Yny)) + 2t 2t — Y, |?
< (1= (12t = Y | + 1T gy, =ty 1)
+28(f (2¢) — 22,5 (2 = Yni)) + 2tz — Y 1.
After simplifying we have
(2t = f(20),5(2t — ynp))

(1—1)2 (2t — 1) (3.35)
< (12t = Y[l + 10 Py, = ym, D? + [ERE
2t 2t
It follows from (3.34) and (3.28) that
. . 1
imsup(zs — (20,31 — ) < 5211 =17 + (26— DM, (3.36)
c— 00

1
where M = Supy>q se(0,1) |12t — Yny || Since lim; 0 E[(l -2+ (2t-1)]=0,2 > 2z =

Qf(z) ast — 0 and by Lemma 2.6 (i), we know that j is norm-to-norm uniformly
continuous on bounded subsets of F, we have

17(z = yni.) =3z =y )| = 0 (ast —0). (3.37)
Observe that
(20 = f(20): (2 = ymi)) — (2 = £(20),5 (2 = ymi))|
=z — 2+ 2= f(2), 3 (2 — yn,.)) — (2 = f(20),5(2 — yni))]
< Wz = 2,5(z =y + (2 = f(20),3 (2 = yni.) = 3(2 = yn))]
< llze = zllllze = yni [l + 112 = F I3 (2t = yni) = 32 = yn) -
This together with (3.36) and (3.37) shows that

(3.38)

lilrjasup(z — [(2),J(z = yn,)) = limsup limsup(z — f(2¢), j (2t — Yn,))

t—0 k—o0

= limsup limsup(z; — f(2t),j(2t — Yn,)) (3-39)

t—0 k—o0

=0.
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From {y,} is bounded, and so is {f(y.)}, by condition (7), (3.12) and (3.28), we have
[Ynit1 = Yni | = Nl f(yn) + (1 = @ )Uni Y = Y|

< A [1f Wne) = Uni I + (1= @ ) Uny Yy, — Y|l (3.40)
— 0,

as k — co. By combining (3.39) and (3.40), we get that

limsup<z - f(Z),j(Z - ynk+1)> S 0. (341)

k—o0
This implies that lim sup;_, oo 7, < 0. We conclude that lim,,_,~ s, = 0 by Lemma 2.14,
Yn — z (as m — 0), by the boundedness of {y,}, we have lim,_, ||Zn, — ynl|| = 0, so
lim,, o0 , = z € Q. This complete the proof of Theorem 3.1. [

If the mapping f maps every point in F to a fixed element, then we have the following
result.

Corollary 3.2. Let E be a real uniformly convexr Banach space which is also uniformly
smooth. Let A : E — 2F be an m-accretive operator and let B : E — E be an a-inverse
strongly accretive mapping. Assume that Q = (A + B)71(0) # @. Let {r,}>2, be a
sequence of positive real number and suppose that {c,}22 ; and {B,}52, are sequence in
(0,1) satisfying the following conditions:
(i) lim, oo oy =0 and Y| @t = 00;

(4) liminf, . Br > 0;

(#i7) 0 < liminf,, oo 7 < limsup,, ., < 270‘
for some constant c. For a fized element u € E and let {x,}52; be a sequence generated
by u,z1 € E,

{yn = (1 - /Bn)xn + /Bnt]é (Id - TnB)xn

3.42
Tpa1 :anqu(lfozn)J;:(IdfrnB)yn, Vn>1, ( )

where J;,i = (Id +r,A)~Y. Then, {x,}°2, converges strongly to z = Qqu, where Qq is
the unique sunny nonexpansive retraction of E onto §; that is, p solves the variational
iequality

(z—u,j(z—2x)) <0, Vae (3.43)

As well known, if H is a real Hilbert space, then it is a uniformly convex and 2-uniformly
smooth Banach space, the 2-uniform smoothness coefficient ¢ = 1. And the monotonicity
coincides with the accretivity. Hence from Theorem (3.1) we can obtain the following
result.

Theorem 3.3. Let H be a real Hilbert space, A : H — 27 be a mazimal monotone
operator and let B : H — H be an a-inverse strongly monotone operator. Assume that
Q:=(A+B)"Y0)# 2. Let f: H— H be a fized contraction with coefficient k € (0,1).
Let {x,,} be the sequence generated by 1 € H and

{yn = (1= Bo)@n + BuJA (Id — 1, B)z,

3.44
Tng1 = f(@y) + (1 — o) J2 (Id — 1 B)yn, VYn>1, (344)

where J2 = (Id+r, A)™" and {r,}52, is a sequence of positive real number and {on, }52
and {Bn}52, are sequence in (0,1) satisfying the following conditions:
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(1) lmy—yoo vy =0 and Y7 | a, = 00;
(#4) liminf, o Bn > 0;
(791) 0 < liminf, o0 7y < limsup,, . ™ < 2a.
Then, {x,}22, converges strongly to z = Po f(2), where Pq is the metric projection of H
onto ; that is, z solves the variational inequality
((Id— f)z,z—x) <0, Vze. (3.45)

Corollary 3.4. Let H be a real Hilbert space, A : H — 27 be a mazimal monotone
operator and let B : H — H be an a-inverse strongly monotone operator. Assume that
Q:=(A+ B)"1(0) # @. Let {x,} be the sequence generated by u,z1 € H and

3.46
Tpy1 = apu + (1 —an)Jé(Id—rnB)yn, Vn>1, (3.46)

where J,ﬁ: = (Id+r,A)~ and {r,}2 is a sequence of positive real number and {c, }
and {B3,}52, are sequence in (0,1) satisfying the following conditions:
(1) imy—yoo vy =0 and Y2 | a, = 00;
(#) liminf, . Bn > 0;
(#i7) 0 < liminf,, o 7 < limsup,, ., ™ < 2a.
Then, {x,}22, converges strongly to z = Pqu, where Pq is the metric projection of H
onto §; that is, z solves the variational inequality

(z—u,z—x) <0, Vxel (3.47)

4. COMPUTATIONAL EXPERIMENTS

Example 4.1. Let A : I3 — I3 be defined by Ax = 10z and let B : I3 — I3 be defined

by Bx = 4z + (1,1,1,0,0,0,...), where z = (z1,22,23,...) € l3. Find € I3 such that

0 € Ax + Bzx.

We see that A is an m-accretive and B is a 1/4-isa operator. Indeed, let x,y € I3, then
(Az — Ay, j(z —y)) = 10]lz — |7, > 0. (4.1)

We also have
(Bz — By, j(z —y)) = (4o — 4y, j(z — y))

= 4|z —yllZ, (4.2)
1
= e -y,

and R(Id+ rA) =3 for all » > 0. By a direct calculation, we have for r > 0
JA(z —rBzx) = (Id+rA)~(z — rBx)

14 43
r " (1,1,1,0,0,0,..), (4.3)

T1+10r" 14107
where x = (21, 22, 23,0,0,0,...) € l3. Since, in I3 and a = 1/4, we can choose r,, = 0.1 for
alln € N. Let 3, = 0.01 and «,, = 0.001. Starting x; = (4,10,7,0,0,0, ...) and computing
iteratively algorithm (3.1) in Theorem 3.1 and algorithm (1.6), we obtain the following
numerical results. From Table 1, the solution is (—0.07143, —0.07143, —0.07143, 0, 0,0, ...).
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TABLE 1. Numerical results of Example 4.1 for iteration process (3.1)

and (1.6)

n %, in algorithm (3.1) error in (3.1) | error in (1.6)
1 | (4.00000, 10.0000, 7.00000, 0, 0, 0, ...) 5 -

2 (0.30355, 0.85615, 0.57985, 0, 0, 0, ...) | 1.17683E+01 | 9.07345E+00
3 | (-0.03689, 0.01400, -0.01144, 0, 0, 0, ...) | 1.08386E+00 | 2.72204E+00
4 | (-0.06825, -0.06356, -0.06590, 0, 0, 0, ...) | 9.98239E-02 | 8.16611E-01
5 | (-0.07113, -0.07070, -0.07092, 0, 0, 0, ...) | 9.19382E-03 | 2.44983E-01
6 | (-0.07140, -0.07136, -0.07138, 0, 0, 0, ...) | 8.46753E-04 | 7.34949E-02
7 | (:0.07143, -0.07142, -0.07142, 0, 0, 0, ...) | 7.79863E-05 | 2.20485E-02
8 | (-0.07143, -0.07143, -0.07143, 0, 0, 0, ...) | 7.18256E-06 | 6.61455E-03
9 | (-0.07143, -0.07143, -0.07143, 0, 0, 0, ...) | 6.61516E-07 | 1.98436E-03
10 | (-0.07143, -0.07143, -0.07143, 0, 0, 0, ...) | 6.09259E-08 | 5.95309E-04
11| (-0.07143, -0.07143, -0.07143, 0, 0, 0, ...) | 5.61129E-09 | 1.78593E-04

|£ns1 — an|

1010

=@=our algorithm

—eo— forward-backward algorithm

107%F

10!
Number of iterations

10

FIGURE 1. Error of ||x,4+1 — 2,1, of different algorithm shown in Table. 1

5. APPLICATION

In this section, we shall utilize the generalized viscosity implicit rules presented in the
paper to study the convex minimization problem and convexly constrained linear inverse
problem. Throughout this section, let C' be a nonempty closed and convex subset of a
real Hilbert space H. Note that in this case the concept of monotonicity coincides with
the concept of accretivity.

5.1. APPLICATION TO THE CONVEX MINIMIZATION PROBLEM

Let h : H — R be a convex smooth function and g : H — R be a proper convex and
lower-semicontinuous function. We consider the following convex minimization problem
of finding z* € H such that

h(z*) + g(z*) = 222 {h(x) + g(a:)} (5.1)



478 Thai J. Math. Vol. 1 (2022) /D. Kitkuan and W. Kumam

This problem (5.1) is equivalent, by Fermat’s rule, to the problem of finding z* € H such
that

0 € VA(z*) + dg(z*), (5.2)

where Vh is a gradient of h and Jg is a subdifferential of g. Set B = Vh and A = Jg in
Theorem 3.3. If VA is (1/L)-Lipschitz continuous, then it is L-inverse strongly monotone.
Moreover, d¢g is maximal monotone. Hence from Theorem 3.3 we have the following result.

Theorem 5.1. Let h : H — R be a convex and differentiable function with (1/L)-
Lipschitz continuous gradient Vh and g : H — R be a proper convex and lower semi-
continuous function such that h+g attains a minimizer. Let f : H — H be a k-contractive
mapping with k € (0,1),{Bn} and {a,} be sequence in (0,1). Let {x,} be the sequence
generated by x1 € H and

{yn — (1= Ba)tn + B J29(Id — 1, Vh)a,,

5.3
Tni1 = anf(zy) + (1 — ozn)J?f(Id -1y, VRh)yn, Vn>1, (5:3)

where J29 = (Id+r,0g9) " and {r,}3, is a sequence of positive real number and {ou, }52
and {Bn}52, are sequence in (0,1) satisfying the following conditions:
() limy oo vy =0 and Y07 |, = 00;
(i) liminf, o Bn > 0;
(i17) 0 < liminf, o 7, <limsup,_, . rn < 2L.
Then, {x,} strongly converges to a minimizer of h + g.

5.2. APPLICATION TO SIGNAL PROCESSING

For consider some applications of our algorithm to inverse problems occurring from
signal processing:

b= Ax + v, (5.4)

where z € R” is recovered, b € R* is noisy observations, A : R® — R is a bounded

linear observation operator. It determines a process with loss of information. For finding

solutions of the linear inverse problems (5.4), a successful one of some models is the convex
unconstrained minimization problem, see more detail in [34].

5.3. APPLICATION TO IMAGE RESTORATION PROBLEMS

In this section, we apply our algorithm to image deblurring. General image recovery
problem can be formulated by the inversion of the following observation model:

b= Az + v, (5.5)

where x € R™, v and b are unknown original image, unknown additive random noise and
known degraded observation, respectively. A linear operator A depends on the concerned
image recovery problem.

This is approximately equivalent to several different formulations available for optimiza-
tion problems. In the literature, there is a growing interest in using /; norm for solving
these types of problems. The [; regularization can remove noise in the restoration process
that it is given by (see [33])

(1
min { 2|4z — b3 + Azl }. (5.6)
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Next, an iteration is used to find the solution of the following convex minimization prob-
lem:

1
Find = € argmin {§||A3: — b3+ )\n||x||1}, (5.7)
IERTL

where b is the degraded image, and A an operator representing the mask. Therefore,
we use our Theorem 5.1 to solve (5.7). We set g(z) = ||z|1, h(z) = 3||Az — b]|3 and
An = 0.023. We define the gradient as:
Vh(z) = A*(Axz —b).

The image went through a random blur and random noise. It is followed from Theorem
5.1, weset f(z) = 5,8, = 0.1 and a;, = 1/(10n+1). In algorithm (1.6), we set A, = 0.1.
The improvement in signal to noise ratio (ISNR) is used to measure the quality of the
restored images. They are defined as follows:

—blI?
ISNR = 10log ””37”22
|z —2nl3
where z,b and x,, are the original image, observed and estimated image at iteration n,
respectively. The original, observed and restored images are given in Figure 2 (grey image)
and 4 (color image).
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FIGURE 2. Figure (A) shows the original image, (B) shows the crop
original image, figure (C) shows the image degraded by a random blur
and random noise, figure (D) shows the crop image degraded, figure (E)
shows the restored image by forward-backward (1.6), figure (F) shows the
crop restored image by forward-backward, figure (G) shows the restored
image by our algorithm (5.3) and figure (H) shows the crop restored
image by our algorithm.

Next, we compare algorithms between our algorithm and forward-backward in Table
2 and Figure 3.

TABLE 2. Numerical results of ISNR in Figure 2.

n The improvement in signal to noise ratio (ISNR)
forward-backward algorithm (1.6) | our algorithm (5.3)

1 0.25040 0.12804
10 1.26985 1.55567
20 1.97277 2.59079
30 2.51430 3.32105
40 2.95140 3.86967
50 3.31486 4.30754
60 3.62476 4.67321
70 3.89473 4.98815
80 4.13418 5.26502
90 4.34968 5.51188
100 4.54594 5.73422
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—e—our algorithm
—e—forward-backward algorithm

10! 10
Number of iterations

F1cure 3. ISNR of different algorithm shown in Figure 2
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(1)

FIGURE 4. Figure (A) shows the original image, (B) shows the crop
original image, figure (C) shows the image degraded by a random blur
and random noise, figure (D) shows the crop image degraded, figure (E)
shows the restored image by forward-backward (1.6), figure (F) shows the
crop restored image by forward-backward, figure (G) shows the restored
image by our algorithm (5.3) and figure (H) shows the crop restored
image by our algorithm.

In addition, we use two state-of-the-art metrics for image quality: the structural simi-
larity index (SSIM) defined by

(2ppapa, + C1)(2040, + C2)
(12 +p3, +C1)(0F + 02 +C2)’
where p, and p,, are averages of  and z,, respectively, o, and o, are the variance of
x and z,, respectively and o, is the covariance of # and z,,. The positive constants C
and Cs can be thought of as stabilizing constants for near-zero denominator values. The
one important property of SSIM is

SSIM(z, zp,) =

lim SSIM(z,x,) =1 if and only if lim x, = z.
n— o0 n—00

All algorithms are implemented under Windows 10 and MATLAB 2017b running on a
Dell laptop with Intel(R) Core(TM) i5 CPU and 4 GB of RAM. The stopping criterion
of the algorithm is
[Znt1 — Tall2 <1074
@412
Finally, we use method SSIM for comparing between our algorithm and forward-backward
in Figure 5.
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(c) SSIM=0.9532

FIGURE 5. Figure (A) shows the original image, figure (B) shows the
image degraded by a random blur and random noise, figure (C) shows
the SSIM of figure (B) image, figure (D) shows the restored image by
forward-backward (1.6), figure (E) shows the SSIM of figure (D) image,
figure (F) shows the restored image by our algorithm (5.3) and figure (G)
shows the SSIM of figure (F) image.
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6. CONCLUSION

In this work, we introduce a new iterative method that is a combination of the
modified Mann type forward-backward splitting with the viscosity approximation method
and the alternating resolvent method for finding the zero of sum of m-accretive operators
in uniformly convex real Banach spaces. The results obtain in this paper extend many
recent ones in the literature.
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