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Abstract In this paper, quasi Einstein manifolds whose characteristic vector field £ belongs to k-nullity
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1. INTRODUCTION

An n-dimensional Riemannian or pseudo-Riemannian manifolds whose Ricci tensor S
satisfies the relation S = ug, where u is a non-zero constant are called Einstein manifolds
which are very essential tools for the differential geometry and mathematical physics
especially in the field of general theory of relativity. As a generalization of Einstein
manifolds, authors Chaki and Maity [8] have developed a type of manifold called quasi
Einstein manifold whose Ricci tensor S is defined by

S(U,X) =ag(U,X) + bnU)n(X), (1.1)

for all U, X in TM™, where a and b are non-zero smooth functions and 7 is a non zero
1-form such that

gV, ) =n(V), g(§,€&) =n(§) =1, (1.2)

for all V in TM", € is the associated unit vector field. The 1-form 7 is called the
associated 1-form and the unit vector field ¢ is called the generator of the manifold. Now

*Corresponding author. Published by The Mathematical Association of Thailand.
Copyright © 2022 by TJM. All rights reserved.



440 Thai J. Math. Vol. 20 (2022) /R.T. Naveen Kumar and V. Venkatesha

it can be easily seen that Ricci tensor of an n-dimensional N (k)-quasi Einstein manifolds
has precisely two distinct eigenvalues a and a + b, where a is of multiplicity (n — 1) and
a—+b is simple. In particular, if £ is a parallel vector field then the quasi Einstein manifold
is locally isometric to a product manifold of one dimensional distribution U and (n — 1)
dimensional distribution U+ [13]. The hypothesis of quasi Einstein manifolds have been
weakened by Chaki [19], Guha [19], De and Ghosh [10], Deszcz et. al., [12] and many
others with different geometrical properties.

Let M™ be an n-dimensional Riemannian manifold, then the k-nullity distribution [23]
is defined by

N(k):p—= Np(k) ={X € T,M [ R(U,V)X = k[g(V, X)U — g(U, X)V},

for all U, V. € TM™, where k is some smooth function. If the generator £ belongs to
some k-nullity distribution N(k), then the quasi Einstein manifold is called an N(k)-

quasi Einstein manifold [24]. An n-dimensional conformally flat quasi Einstein manifold
is an N(4£2)-quasi Einstein manifold has also been demonstrate in [21]. Now in 2007,
Ozgur and Tripathi [20] have indicated that in an n-dimensional N(k)-quasi Einstein

manifold k = Zfl{ and can not satisfy the conditions Z(§,U)-Z =0, Z(§,U)- R =0
and Z(§,U)-S =0, where Z is a concircular curvature tensor. Again in 2008, Ozgur [19]
shown that a conformally flat perfect fluid spacetime (M?, g) satisfying Einstein equation
with or without cosmological constant is an N(k)-quasi Einstein manifold. Later, De
and Mallick [11] have proved that a special para-Sasakian manifold with vanishing D-
concircular curvature tensor and a 4-dimensional Lorentzian space endowed with the
Lorentzian metric are N(k)-quasi Einstein manifolds. Recently, the notion of N(k)-quasi
Einstein manifolds with different geometrical and physical properties have been studied
by several authors viz., [1, 9, 17, 18, 21] etc.,

Motivated from the above studies, we continues the study of N (k)-quasi Einstein man-
ifold endowed with a conharmonic curvature tensor. After giving preliminaries in the
Section 2, in Section 3 we have shown that a conharmonically flat quasi Einstein mani-

n—2
Einstein manifold satisfying the conditions H(¢,X)- P =0 and H(¢, X) - Z = 0. In fact
Section 5 is devoted to the study of conharmonically pseudo-symmetric N (k)-quasi Ein-
stein manifold. Finally, in the last section we have describe conharmonically conservative
N (k)-quasi Einstein manifold.

fold M™ is an N (2Q—+b>—quasi Einstein manifold. In section 4, we consider N (k)-quasi

2. PRELIMINARIES

For a quasi Einstein manifold, the following relations holds true:

Q = al+E, (2.1)
S(U,&) = (a+d)nU),
= na-+b.

Now, it can be noticed that an N(K)-quasi Einstein manifold satisfies (See [20]):

RUVIE = 2 {wyu )V, (24

ROV = S22V — (U, V)E} = (&, U)V. (25)
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Definition 2.1. A Riemannian manifold (M™,g) is said to possesses a quasi-constant
curvature if the curvature tensor R is not identically zero and satisfies the relation

RX,Y,W,U) = «afg(U,Y)g(X,W)—g(Y,W)g(U, X)] (2.6)
+B[g(X, U)n(Y)n(W) + g(Y, W)n(X)n(U)
—g(Y, U)n(X)n(W) — g(X, W)n(Y)n(U)],

for every arbitrary vector fields X,Y, W and U, where a and 3 are smooth functions not
identically zero.

3. CONHARMONIC CURVATURE TENSOR ON N (k)-QUASI EINSTEIN MAN-
IFOLD

The notion of conharmonic curvature tensor H in an n-dimensional Riemannian man-

ifold (M™, g) is defined by ([14]):
AUVYW = RU,V)W— ﬁ{sm WU — S(U, W)V (3.1)
+9(V,W)QU — g(U,W)QV},

for all vector fields U, V, W on M", where R is a Riemannian curvature tensor @ is a
Ricci operator.

Proposition 3.1. In an N(k)-quasi Finstein manifold, the conharmonic curvature tensor
H satisfies

~ na+b
HU,V = — —n(V 2
V) = g (O = (V). (32)
~ na+b
i _ to _ - H .
COV = IS IV U V)G = ~HUOV. 63
(HU VW) = 00U, W)n(V) — oV, Wn(U)} (3.4)
Proof. From (2.2), (2.4), (2.5) and (3.1), the equations (3.2)-(3.4) follow easily. u
_ Let us consider an n-dimensional conharmonically flat quasi Einstein manifold, that is
HU, V)W =0.
Now by virtue of (1.1), (2.1) and (2.4), we have
2
RUVIW = = {g(V.W)U - g(U, W)V} (3.5)

b

5 gV W)n(U)¢ = g(U, W)n(V)¢

+n(V)yn(W)U — n(U)n(W)V}.
On plugging W = ¢ in the above equation, we obtain

2a+b
RUV)E = ——5{n(V)U -nU)V}, (3.6)

that is, in an n-dimensional conharmonically flat quasi Einstein manifold, the generator
& belongs to the (i“—f;)—nullity distribution. Hence this leads us to state the following

result:
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Theorem 3.2. An n-dimensional conharmonically flat quasi Einstein manifold M™ is
an N (272171-21)) -quasi Finstein manifold.

4. N(k)-Quast EINSTEIN MANIFOLD SATISFYING H(£,U) - P = 0 AND
HEU)-Z=0
The notion of projective curvature tensor P in an n-dimensional Riemannian manifold
is given by [20]:

P(U,V)W = R(U, V)W — %[S(V, WU — S(U, W)V, (4.1)

for all vector fields U, V and W on T M™.

Proposition 4.1. In an n-dimensional N(k)-quasi Einstein manifold, the projective
curvature tensor P satisfies the following:

P(U, V)¢ = 0, (4.2)
PEUIV = L {gUV)E-nUm(V)E=-PUEV,  (43)
WPWVIW) = L {g(V,Wn(U) — (U, W)n(V)}. (14

Proof. By the virtue of (2.2), (2.4), (2.5) and (4.1), it can be easily seen that the equations
(4.2)-(4.4) holds true. (]

Now we have prove the following theorem:

Theorem 4.2. An n-dimensional N(k)-quasi Finstein manifold satisfies the condition
H(,U)-P=0 if and only if na+b=0.

Proo, f. Let M™ be an n-dimensional N (k)-quasi Einstein manifold satisfying the condition
H(&,U)- P =0, we can write
0 = HEU)P(V,W)X — P(H(E,U)V, W)X (4.5)
—P(V,H(§,U)V)X — P(V,W)H (& U)X.

Now by using (2.5) in (4.5), we found that

0 = #Z;IJ_Q)[P(V’ W, X, U)¢ —n(P(V,W)X)U (4.6)
—g(U,V)P(&, W)X +5(V)P(U, W)X — g(U,W)P(V,€)X

+n(W)P(V,U)X — g(U, X)P(V,W)¢ + n(X)P(V, W)U,
which implies that either na +b =0 or
0 = PV,W,X,U)¢—n(P(V,W)X)U - g(UV)P(§, W)X (4.7)
+n(V)P(UW)X — g(U W)P(V,)X + n(W)P(V,U)X
—g(U, X)P(V,W)¢ +n(X)P(V,W)U.
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Taking inner product of above equation with respect to £ and then by using (4.2)-(4.4)
gives

b
0 = R(V,W,X,U)JrZJ_rl

{9(V, X)g(U,W) — g(W, X)g(U,V)} (4.8)

b
+—1 19O W)n(V)n(X) = g(U, V)n(W)n(X)}.
So by a suitable contraction of (4.8), we get
bg(Z, W) =0, (4.9)

which turns into b = 0. This contradicts to the assumption that M is an N(k)-quasi
Einstein manifold. The converse statement is trivial. Hence the proof. ]

Finally, we have described the concircular curvature tensor Z ([25]) in an n-dimensional
Riemannian manifold by
r

ZWVIW = RUVW = s

v, (4.10)

for all vector fields U, V., W on TM™, where r is a scalar curvature.

Proposition 4.3. In ann-dimensional N (k)-quasi Finstein manifold M™, the concircular
curvature tensor Z satisfies

ZUVE = (V) - ()}, (111)
HeUW = HgU.V)E— (V)V} = ~Z(U,V, (112)
WA VW) = gV W)n(U) — (U, Win(V)} (113)

Proof. By using (2.2), (2.4), (2.5) and (4.10), the equations (4.11)-(4.13) follow easily. m

Let us consider an N (k)-quasi Einstein manifold satisfying H(¢,U)-Z = 0, from which
it follows that

0 = HEU)Z(V,W)X — Z(H(E,U)V,W)X (4.14)
~Z(V,H(&U)W)X — Z(V,W)H(§,U)X.
By virtue of (2.5) in (4.14), we find
0 = %[2(% W, X, U)¢ — n(Z(V,W)X)U (4.15)
~9(U,V)Z(& W)X +n(V)Z(U, W)X = g(U,W)Z(V.) X
+n(W)Z(V, U)X — g(U, X)Z(V,W)& + n(X)Z(V, W)U],
which implies that either na +b =0 or
0 = Z(V,W,X,U)¢ —n(Z(V,W)X)U — g(U,V)Z(£, W)X (4.16)
+n(V)Z(U, W)X — g(U,W)Z(V,6)X + n(W)Z(V,U)X
—9(U, X)Z(V,W)& +n(X)Z(V,W)U.
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Taking inner product of (4.16) with respect to & and then by using (4.11)-(4.13), turns
into
na+b

= X —_—
0 R(V, W, ,U)+n(n_1)

{9(UW)g(V, X) —g(U,V)g(W, X)}  (4.17)

F{g(U,W)g(V, X) — g(U V)g(WW, X)}.
On contracting (4.17), we get
b(g(2, W) = n(Z)n(W)) = 0, (4.18)

which gives b = 0. This contradicts to the assumption that M™ is an N (k)-quasi Einstein
manifold. The converse statement is trivial.
Thus we can state the following result:

Theorem 4.4. Let M™ be a n-dimensional N(k)-quasi Einstein manifold. Then M™
satisfies the condition H(E,U) - Z =0 if and only if na+ b= 0.

Hence in view of theorem 3.2 in [22], theorem 4.2 and theorem 4.4, we can state the
following corollary:

Corollary 4.5. Let M™ be an n-dimensional N(k)-quasi Einstein manifold. Then the
following statements are equivalent:

(i)  H(EV)-S=0,
(i)  H(EV)-P=0,
(i3)  H(EV)-Z=0,
(iv) na+b=0,

for every vector field V. on TM™.

5. CONHARMONICALLY PSEUDO-SYMMETRIC N (k)-QUASI EINSTEIN MAN-
IFOLD

In 1992, Deszcz [15] was first to introduced and studied the idea of pseudo-symmetric
manifolds which is defined by

where L is some smooth function on M™ and U AV is an endomorphism defined by
(UAVW = g(V, W)U — g(U W)V.

An n-dimensional N (k)-quasi Einstein manifold M™ is said to be conharmonically pseudo-
symmetric if the condition

(R(U,V) - H)(X, Y)W = Lgl((UAV) - H)(X, Y)W, (5.1)
holds on the set Uy = {x € M : H # 0 at z}, where L is some function on Uy and

H is the conharmonic curvature tensor. In particular, if Lz = 0, then M" reduces to
conharmonically semi-symmetric manifold.
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Let us consider an n-dimensional conharmonically pseudo-symmetric N (k)-quasi Ein-
stein manifold. Now on plugging Y = ¢ in (5.1), we obtain

(RU,&)-H)(X,Y)W = Lg[UNHEX, )W) -H(UANOX, Y)W (52)
—H(X,(UNEW = H(X,Y)(U AEW].
Now the left hand side of (5.2), yields

D (X Y)W XY W0 - O YW (5.
+g(U, X)H (&,Y)W —n(Y)H(X, U)W + g(U,Y)H (X, )W

1(X,
—n(W)H(X,Y)U + g(U,W)H(X,Y)g].
Similarly the right hand side of (5.2), gives
Lyn(H(X,Y)W)U — H(X,Y,W,U)¢ —n(U)H(U,Y)W (5.4)
+g(U, X)H(E, Y)W —n(Y)H X 0w +9(UY)H(X, 6 )W
—n(W)H(X,Y)U + g(U,W)H (X, Y)e].
By counsidering (5.3) and (5.4) in (5.2), we get

0 = (Lg-H0) WO Y)W - ACXY. W00 (5.5)

n—1
—n(U)H (U Y)W +g9(U, X)
+g(UY)H(X, W — (W)
From (5.5), it is found that either Lz = 2t2 or
0 = nHXY)W)U - H(X,Y,W,U)¢ = n(U)H(U,Y)W (5.6)
+g(U, X)H (Y)W = n(Y)H (X, U)W + g(U,Y)H(X, W
—n(W)H(X, )U+g<U,W)I?(X,Y>f,

&Y )W —n(Y)H(X, U)W

H
H(X,Y)U + g(U,W)H(X,Y)¢].

which is equivalent to
0 = n(H(X, Y)W)n(U) - H(X.Y, w.U) - (U)n(ff(UY)V‘f) (5.7)
+g(U, X)n(H(E,Y)W) —n(Y)n(H (X U)W) —n(W)n(H(X,Y)U)
+g(UY )n(H (X, E)W) + g(U, W)n(H(X,Y)§).
In consequence of (4.2)-(4.4) in (5.7) and then with the help of (1.1) and (3.1), we obtain
RX,Y,W,U) = «alg(U,Y)g(X,W)—g(Y,W)g(U, X)] (5.8)
+Blg(X, U)n(Y)n(W) + g(Y, W)n(X)n(U)
- (Y»U) (X)n(W) = g(X, W)n(Y )n(U)],

where a = % and 8 = % are smooth functions on M"™ and are not identically
Z€ro.

Hence from (5.8) and (2.6), we can state the following;:

Theorem 5.1. Let M™ be an n-dimensional conharmonically pseudo-symmetric N(k)-

quasi Finstein manifold. Then, either Lz = f:b or M™ is a manifold of quasi constant

1
curvature.
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Further, if we consider Lz = 0 then we have a 4+ b = 0. This leads us to the following
corollary:

Corollary 5.2. An n-dimensional conharmonically pseudo-symmetric N (k)-quasi Ein-
stein. manifold turns into conharmonically semi-symmetric manifold, then the sum of the
associated scalars is always zero.

6. CONHARMONICALLY CONSERVATIVE N (k)-QUASI EINSTEIN MANIFOLD

Definition 6.1. An n-dimensional N(k)-quasi Einstein manifold will be called conhar-
monically conservative, if (divH)(U, V)W = 0.

From (3.1), we get

(divH)(U,V)W = (divR)(U, V)W — VuS)(V,W) (6.1)

1
2(n—2) I
—(VvS)(U,W) +dr(U)g(V, W) — dr(V)g(U, W)].

Again it is to be noticed that in a Riemannian manifold, we have

(divR)(U, V)W = (VyS)(V,W) — (Vv S)(U,W). (6.2)
Hence in view of (6.2), equation (6.1) turns into
@) UVIW = SE(ToS)(V.W) = (Vv S)( W) (63)
1

5t gy [ @V W) = dr(V)g(U. W),

Now consider conharmonically conservative N (k)-quasi Einstein manifold i.e.,
(divH)(U, V)W = 0. Then equation (6.3) reduces to

(VuS)(V,W) = (Vv S)(U, W) =

(A ()g(V, ) — dr(V)g(@ W] (64)

Using (1.1) in (6.4), we get
da(U)g(U, W) = da(V)g(U, W) + db(U)n(V)n(W) = db(V)n(U)n(W)  (6.5)
(Vo) (V)n(W) +n(V)(Von) (W) = (Vyn)(U)n(W)
0Ty W) = 5 [dr(O)g(V, W) — dr (V)g(U, W)

Let us take the associated scalar b is non zero constant. Then db(X) = 0 and hence
equation (6.5) becomes

0 = 272155[d“(U)9(‘4W)—da(V)g(Uyw)}+b[(VU77)(V)77(W) (6.6)

+n(V)(Vun)(W) = (Vyn)(U)n(W) —n(U)(Vyn)(W)].
Setting V =W = £ in (6.6), we get

W(Ven)(U) = 2>

2n —5
On contracting (6.6), we obtain

[da(U) — da(&)n(U))]. (6.7)

n

b{(Ven)(U) +n0(U) Y (Ven)(en)} -

=1

(n—=>5)(n—1)

5 g da(U) =0. (6.8)
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Using (6.7) in (6.8), we get

n

()Y (em(ed) = 20 Do) - 275 o) - da(emw)). (69
i=1
Setting U = £ in (6.9), we have
by (Vo) = 2 Do) (6.10)
By virtue of (6.7) and (6.10), it follows from (6.8) that
da(U) = n(U)da(§). (6.11)
Again setting W = £ in (6.6) and then by using (6.11), we get
H{(Vum (V) = (Vyvn)(U)} =0, (6.12)
which implies that
(Vun)(V) = (Vun)(V) = 0. (6.13)
On plugging U = ¢ in (6.13), we obtain
(Ven)(V) =0, (6.14)

which implies that V¢£ = 0 and hence we can state the following theorem:

Theorem 6.2. Let M™ be an conharmonically conservative N (k)-quasi Finstein manifold
admitting a non-zero constant scalar b, then the associated 1-form n is closed and the
integral curves of the generator £ are geodesics.

7. CONCLUSIONS

The hypothesis of quasi Einstein manifolds emerged in the course of exact solutions of
Einstein field equations. In this study, the existence of N(k)-quasi Einstein manifold as
a conharmonically flat quasi Einstein manifold are given. Next an N(k)-quasi Einstein
manifold satisfies H(&,U) - H = 0, H((,U)-Z = 0 and H(£,U) - S = 0, then the
associated scalars are relatively dependent to each other. Later we have studied that a
conharmonically pseudo-symmetric N (k)-quasi Einstein manifold and hence shown that it
is a space of quasi constant curvature. Finally we have proved that an N (k)-quasi Einstein
manifold is conharmonically conservative, then the integral curves of £ are geodesics.
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