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1. INTRODUCTION

In 1964, the principle of Banach contraction was described for contraction mappings in
spaces equipped with vector-valued metrics. Later, in [3] the results of Perov were gener-
alized by Filip et al. and they studied in generalized metric space (X, U) the FPP (fixed
point property) of a self-mapping. In the present paper, the results are a generalization
of Theorem 2.1 given in [3] and in the generalized metric space (X, U), we consider the
local FPP for four mappings. We also study on the generalized metric space (X, U), the
common FPP for four mappings.

In this article, R,N and C are the sets of all real, natural and complex numbers,
respectively.

Let (U, <) be an ordered Banach space, then the following usual properties for cone
Uy = {uel:0 < u}, where 0 is the zero-vector of U, are holds:

(1) Uy Nty = {0}
(2) U+ +Z/l+ C L{+;
(3) Uy C Uy, for ¢ > 0.

Suppose the mapping U : X? — U satisfies:

(1) Oz, 2%) > 6 for all 21,22 € X. U(z!,2?) = 0, if and only if 2! = 2%
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(2) O(z!,2%) = O(2?,2) for each 2!, 22 € X
(3) Uzt 2?) 2 U(zh, 2®) + U(23, x ) for cach rl 22 2% e X.
Then U is called a vector-valued metric on nonempty set X and (X, U) is called a vector-
valued metric space.
It was shown in [2, Theorem 2] that for lower semi-continuous function F' from complete
vector-valued metric space (X,U) on an order continuous and order complete Banach
lattice U, if function T : X — X satisfied in the following condition:

Ol T(eh) < F(a') - F(T(Y), Vo' € X,
then Fiz(T) # 0 ( here Fiz(T) is the set of fixed points of a maping T').

Definition 1.1. [5]. Let the mapping U:X?2 — R" satisfies:

(1) O(at,2?) >0 for all 2%, 2% € X. U(a: 2?) = 0 if and only if 2 = 2?;

(2) U(xl :c2) U(z%x )for each ! 2? € X;

(3) U(zh,2?) < U(zh, 2®) + U(23, x ) for each vl 22 2% e X.
Then, the set X equipped with vector-valued metric U is called a generalized metric space
and denoted by (X, U).

Let 21 be an element of generalized metric space X and r = (r;)"; € R", with r; > 0
for each 1 < i < n then B(z},r) = {z! € X : U(«1,2') < r} is the open ball to center z}
and radius 7, also B(z},r) = {z' € X : O(x},2') < r} is the closed ball to center 1 and
radius 7.

Let f: X — X be a single-valued map. Fiz(f) = {a! € X : f(2') = 2!} is the set
of all fixed points of f.

In this paper, M, ,(Ry) represents the set of all p X p matrices with components in
R4, O is the zero matrix and I is the identity p x p matrix. Let A € M, ,(R4), then A
is called convergent to zero, if and only if A™ — 0 as n — oo ( see [1—6, 12] for more
details).

Let o, 8 € R™, where a = (a1, a9, - ,an), 8= (081,82, -, 8n) and ¢ € R. Note that
a < B (resp. a < f), that is, a; < B; (resp. a; < ;) for each 1 < i < n and also a < ¢
(resp. a < c¢), that is, @; < ¢ (resp. «o; < ¢) for 1 <i < n, respectively. We define

a+ = (a1 + Bi,az + Pa, ..., + Bn),
and
a-fi=(ar-Br,ag Pa, ... 0 - Bn).
That are addition and multiplication on R™ (see [3]).
Now, we have the following equivalent statements that the proof them is the classic
results in matrix analysis (see [1, 6, 8, 11] ).

(1) A—0;

(2) A" — 0 as n — oo;

(3) for each A € C with det(A — XI) = 0, |A\| < 1, in other words, the eigenvalues of
A are in the open unit disc;

(4) the matrix I — A is nonsingular and
(IT—A) ' =T4+A+ -+ A"+

(5) A"¢ — 0 and gA™ — 0 as n — oo, for each ¢ € R"™.

Definition 1.2. Let (X, ) be a generalized metric space, and {x}} be a sequence in X,
then
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(1) for any € > 0, there is a positive integer N and z' € X such that O(zl,2!) < e
for all n > N, then the sequence {xl} is said convergent.

(2) for any € > 0, there is N such that U(zl,zl) < e for all m,n > N, then the
sequence {z}} is called a Cauchy sequence.

A sequence {x}} converges to a point x! € X if and only if U(z},x!) — 0 as n — oc.
Definition 1.3. [3] Let f; : X — X and fy : X — X are self-mappings. If x = fia! =

fax! for some ' € X then x! is said a coincidence point of f; and f,, where x is said a
point of the coincidence of f; and fs.

Definition 1.4. [3] Let f; : X — X and fo : X — X are self-mappings. Then f; and fo
are called to be w-compatible if commute at coincidence points.

2. MAIN RESULTS

Let (X,0) be a complete generalized metric space and f1, f2, f3, f4 be four self-
mappings in (X, ). To start, first, we have the following lemma.

Lemma 2.1. Let fi, fo, f3 and f4 be self-mappings on a complete generalized metric
space (X,0), satisfying f1(X) C f4(X) and f2(X) C f3(X). We define the sequences
{zL} and {22} in X by

{$§n+1 = fiw3, = fav3, 1 (2.1)
T3, 10 = fo3, 11 = f323, 49, Vn > 0.
Assuming that there is A € My, ,(Ry) such that A — 0 and
O(22,22 1) < AV(z2_,,22), Vn > 1. (2.2)
Then
(a) {22} is converges to a point in X and {f1, f3}, {f2, fa} have coincidence points

or
(b) {22} is a Cauchy sequence in X.

Further, if X is complete then 22 — 2% in X and
O(x2,23) < A™(I — A)~10(3, 22), Vn > 1. (2.3)
Proof. We have

U(l‘i, x?z—&—l) S

<AO(zd,2?) — 0 Vn>1, as n — o0.

(a) Let there is a positive integer n such that 23, = #3, ;. Then, from the definition
of {22} we get
f2x%n—l = f3x§n = flx%n = f4mén+17
that f; and f3 have a coincidence point x3,. Furthermore, by (2.2), one has

U(x%n+1,x§n+2) S AU(x%n7x§n+l) — 05
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and also m%nﬂ = x%nH, that is, flxén = f4a:§n+1 = fgxénﬂ = f3$%n+2, so fo and
f1 have a coincidence point z3, ;. Furthermore, (2.2) yields that z3, = 22, for every
2n < m, so {x2} is converges to a point in X.

Also, a similar result is established, if 23, ,, = z3,, for positive integer n.
(b) suppose that 23, # x3,, for all n > 1. Hence, from (2.2), we have

U(.T?L7$i+1) S A"U(xg,x%), n 2 1.

For each n,m > 1 with n < m, as a result

U(l‘i,l‘?n) < Z U(x?,.%‘?Jrl) < Z AlU(x?))mi)

m—n—1

= 1’0,1'1 Z Aj (24)

< A™MI-A)” 1U(x0,a:1)—>0, as n — oo.

Therefore, {22} is a Cauchy sequence in X. If X is complete, there exists a point 2% € X

such that the sequence 22, — 23 as m — oo. Thus

O(ap,a®) < Olah,zp,) +O(h,,2°%)
< An(I_A) 1U(x0,x1)+U(m$n,m3),
which yields (2.3). So the proof is complete. n

Theorem 2.2. Let f1, f2, f3 and fy be self-mappings of a complete generalized metric
space (X,0), satisfying f1(X) C f4(X), f2(X) C f3(X) and there exists a I # A €
My »(Ry) such that A — 0 and

O(ha', fo3%) < Augs o2 (fr, fa, fo. fa), (2.5)
where
Uy 2 (f1, fa, f3, fa) € {U(f3$1,f4$2)76(f13317fsxl)va(fﬂzaﬂlﬂ?z),
O(fiz!, faz®) ‘;‘ O(fox?, faz') }’

If one of fi(X) U fo(X) and f5(X) U fo(X) is complete, then {fy, fs} and {fo, f1} have
a unique coincidence point in X. Furthermore, if {f1, fs} and {fa, fa} are w-compatible
then f1, fa, f3 and fi have a unique common fixed point in X.

vzl 2? e X.

Proof. For each arbitrary point z} € X, We make the sequences {z}} and {22} in X
such that

1 _ 1 .2
fizg, = f412n+1 = T2p4+1>
1 _ 1 _ .2
foo, 1 = f3T5, 10 = 75, 9, Vn > 0.
First show that
2 2 2 .2
G(x2n+l7x2n+2) < AG(x2n>x2n+1)'

By (2.5), we have
(f17f25f37f4) n > ]-7

U(I§n+1,13n+2) = U(fllénv f?x%n-&-l) S Aul

lons3n 41
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where

uby LU f2 fos fa) € {U(fgvm%n?f‘lx%n-l-l)?U(flx%n7f3x%n)76(f2x%n+1’f4‘r%n+1)7

TanTan
[U(flx%rw f4x%n+1> + U(fo%nJrh f3m%n)] }
2
= {U(x%n7x§n+l)7U(x%n+1’x§n)7U(xgn+2’x%n+l)’
[U(‘r%nJrl? w%n+l) + U($%n+27 x%n)] }
2
= {U(‘rgn7$gn+1)7U(‘r%n+17$§n+2)7
[U(Z%TN $§n+1) + ZS(x%n+17 x%n+2)] }
5 .

’,1;n+1(f17f2uf37f4> = U(x%n"r%rwrl) then ObViOUS].y B(x%n+17x%n+2) S
AU($§n7x%n+l)' If ui12mflﬁén+1 (f17f2’f37f4) = U(mgnJrl’x%nJrZ) then U(x%n+1’$%n+2> S

2 2 : : 2 2 — 2 — 2
AU(Z‘Qn-i-lv x2n+2)7 that lmphes U('TQn-i—l) x2n+2) = 0 and so Loan4+1 = Lanp42-
If

Now, if ul,
13271

[U(‘T%na z§n+1) + U(I%n—i-h x%n-{—Q)}
2 )

(f1, f2, f3, fa) =

U1 1
Lon 1 Ton41

then we get

A
U(‘/L'gn+1’$%n+2) S §[U(x§n7x%n+l) +U<x§n+1?x§n+2)]
A 1
< gU(SC%nal"%nH) + iU(Ign+1ax§n+2)7
that implies
O(Jjgn-l—lvx%n-&&) S Aw(x§n7‘r§n+1)7 VTL Z O

Thus, condition (2.2) of Lemma 2.1 holds.

To show that {fi, fs} and {f2, f4} have coincidence points in X. Without loss of
generality, we assume that x2 # 22 41 for each n > 1. If there is equality for some n, in
this case from assertion (a) of Lemma 2.1, {f1, f3} and {f2, f4} have coincidence points in
X. Therefore, from assertion (b) of Lemma 2.1, the sequence {22} is a Cauchy sequence.

(1) Suppose that f3(X)Uf4(X) is complete. Then there is u' € f3(X)Uf4(X) such that
z7 — u' as n — oo. Furthermore, the subsequences {fs23, 5} = {fox3,.1} = {23,412}
and {fazd, 1} = {fizd,} = {23,,1} of {22}, converge to the point u'.

Since u! € f3(X) U f1(X), we have u' € f3(X) or ul € f4(X).

If u! € f3(X), then we can find u? € X such that fzu? = u! and assertion that

fiu? = u'. To show this, consider

U(f1u2au1) S U(flUQaféx%n-&-l) + U(fo%n-‘rl’ul)
S Aut2775%n+1 (f17f27f3af4) + U(f2x5n+l7u1)7
where
Wha gy, (P fo oo fo) € {O(fau?, furh, ). B2, f3u2), O(Fath . fithin)
2wl 3 ) ) ) 2n+1/» 1 »J3 ’ 2bon4+1y J442n+1)y

U(fluz, 4x%n+1) + U(fo%n—&-la f3u2) }
2 b)

(2.6)
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for each n > 1. Then, by (2.6), We have the following conditions:
(i) fuls (f1, f2, f3, f4) = O(f3u?, faxy,, 41) for all k > 1, then we have
2np+1

U(f1u27u1) < AU(f?)uQ: f4m%nk+1) + U(me%nk-l-lvul)v
hence, O(fiu?,ut) — 0, as k — oo.
(11) If ui2x$énk+1('f1’ f?v f37 f4) = 6(f1u27 f3u2)a then we have
U(fluzvul) < AU(f1u27 f3U2) + U(fQ'r%nkJ,-hul%
hence, O(fiu?,ut) — 0, as k — oo.
(i) If u}ﬁ’w% +1(fl, fos f3, fa) = U(fgxénkﬂ, f4x%nk+1), then we have
n
O(fiu®,u') < AB(fotgp 15 [T, 41) + O(fod, 1, u'),

hence, U(fiu?,ut) — 0, as k — oo.

O 2, 1 ) 1 ,
(iv) Ifuls o (fi, for f3. fa) = (fru?, faws,, 1) + O(f223,, 41, 50)
U™ Lo, 41 9
O 2, 1 +0 1 ,
= f4z2"’“+1)2 Uatomeer, &0 +U(f2$2nk+1a u')

, then we have

6(f1u27u1) < A

A 1
< aU(fluza f4x%nk+1) + iu(fo%nkJrl? SU) + U(f2$%nk+1’ ul)’

hence, O(fiu?,u') — 0, as k — oo.

Therefore, from (i)-(iv), we have U(fiu?,u') = 0. As a result, we have fiu? = fyu? =
u! and since u' € f1(X) C fi1(X), there exists u® € X such that fyu® =ul.

Now, we show that fou® = u!. Consider

O(fou’,ut) < O(fou?, fias,) + O(fizs,, u')
= U(flx%naféug)+U(f1x%n7ul)
1 s (1o f2s f3, fa) + O(frag,, u'),

IN

where

s U1 Fo fo, f1) € {OUswhy, 1), O frdy, o), O(fou, fru®),

O(f123,, fau®) + O(fau?, f33,) }
2 9

for each n > 1. Then, from (2.7), we have the following four:
(v) If uil w3 (15 f25 f3, fa) = U(fga:%nk7f4u3) for each k > 1, then
2ny g

zj(f?u u ) < AG(f3x2nkaf4u )+U(flz2nk7u1)7

hence, U(fou?,u') — 0, as k — oo.
(Vl) If u;% u3 (fl, f27 f3a f4) = U(flm%nka f3x%nk)7 then
np

U(f2u37 ul) < AU(flx%nkvf?)x%nk) + U(flx%nkvul)v

hence, U(fou?,ut) — 0, as k — oo.



Some Common Fixed Point Theorems for Four Mapping in Generalized Metric Spaces 431

(Vll) If uiénk ud <f17 f27 f33 f4) = U(fQ’LL?), f4u3)7 then

6(f2U3,'LL1) < AU(fQ'u'?)a f4u3) + U(flwénwul)
= AU(fZUSa ul) + U(flx%nk’ul)’

hence, U(fou?,ut) — 0, as k — oo.
. folnafus +Ufu37f“r1n
(ix) Ifui;nk,us(fl,fz,fﬁ),f@ = (123, fi) (fau”, Jazm,)

, then

2
U 1 , 3 U 37 1
U(fgu?’,ul) < A (flfCan f4u )"; (f2u 35E2nk) +U(f1$énk7u1)
A 1
< gu(flx%nk ) ul) + iU(fQUSa f3x%nk) + U(flxénk,U}),

hence, O(fou?,ul) — 0, as k — oc.

Therefore, from (v)-(ix), U(fou?,u') = 0 and following the same arguments as above,
we get fou = fiu = ul. Hence {f1, f3} and {f2, f4} have a common coincidence point
in X.

Now, if {f1, fs} and {fa, fa} are w-compatible, fiu' = fifsv = fsfiv = fau' := u}
and foul = fofsw = fifow = fou' :=u3. Then

G(U?a ug) = U(flula f2u1) S Auul,ul (flv f2a f3a f4)a
where
Wi (s for oo 1)) € {O(fsul, fau) B(frut, fou), O(foul, faut),

U(flula f4U1) + U(f2u17 f3u1) }
2

(2.8)
= O(uf,u3).

Therefore, U(u3, u3) < AU(u3,u3), which implies that u$ = u3 and thus fiu! = foul =
faul = fyul, that is, the point u! is a coincidence point of {fi, f3} and {fa, fa}. Now,
we show that u! = fou'. Indeed, we have

U(ulvau'l) = U(flu27f2u1) S Auuz,ul (fla f27f3af4)a

where

Wha (1 o oo 1)) € {00, fau) B(f1u?, fou?), O(foul, faud),

U(fluza f4u1) + U(f2u17 f3U2) }
2

= {U(u', fouh)}.

So U(ul, foul) < AUB(ul, foul), which implies that fou! = u! and thus u! is a common
fixed pOth of f17 fg, f3 and f4.

To prove the uniqueness of the point u!, we assume that u!'* is another common fixed
point of f1, f2, f3 and f4. By (2.5), it concludes that

U(ulvul*) = U(flula f2u1*) < Auul,ul*(f17f27f3a f4)7
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where

Uil’ul*(f17f27f3,f4)) S {U(fgul,f4u1*),U(flul,fgul),U(f2u1*7f4u1*)7

O(frut, fau'™) + O(fou', fau) }
2

= U(ula f2u1*)7

that implies that u! = u!'*.
(2) Let f1(X)U fo(X) is complete and u! € f4(X). In this case, the proof is similar to
the completeness of f3(X) U f1(X) and u' € f4(X). =

Corollary 2.3. Let f1, fo, f3 and fy be self-mappings on complete generalized metric
space (X, V), satisfying f1(X) C f4(X), f2(X) C f3(X) and for some m,n > 1 there is a
Ae M, ,(Ry) such that A — 0 and

O(f"at, f3'2®) < Augs oo (F", 3 37 1), (2.9)
where
uclcl,ﬂ(f{nannvfglvff) € {U( énwlv 2552)’6( {nml’ gnxl)vu( 2nx2a er)’
Bt fra?) + U(fpa, g"x1>}
2 )

If one of f1(X) U fo(X) and f3(X)U f4(X) is complete subspace of X then {f1, f3} and
{f2, fa} have a unique coincidence point in X. Furthermore, if {f1, fs} and {fa2, fa} are
w-compatible then f1, fo, f3 and fy have a unique common fixed point in X.

vzl 2? e X.

Proof. According to Theorem 2.2, it follows that {f{™, fi*} and {fJ, f#'} have a unique
common fixed point s € X. Now, we have

fils) = AUTE) = M (s) = M (f1(9)),
fals) = f(f5(9) = [ (s) = [ (f3(9))-
So fi(s) and f3(s) are again fixed points for the mappings fi” and f§*. Thus, fi(s) =

f3(s) = s. Using the same method to prove the Theorem 2.2, we get fao(s) = fa(s) = s.
So the proof is complete. n

Corollary 2.4. Let f1, fo, f3 and fy be self-mappings on complete generalized metric
space (X,0), satisfying f1(X) C fa(X), f2(X) C f3(X) and there is a A € My ,(R4)
such that A — 0 and

U(flxl,fQIQ) < AU(fB:Ela f4.’L’2), lew%'Q €X.

If one of f1(X)U f2(X) and f3(X) U f4(X) is complete subspace of X then {f1, f3} and
{f2, fa} have a unique coincidence point in X. Furthermore, if {f1, fs} and {fa, fa} are
w-compatible then f1, fo, f3 and fy have a unique common fixed point in X.

Corollary 2.5. Let f1, fo and f4 be self-mappings on complete generalized metric space
(X,0), satisfying f1(X) U fo(X) C fa(X) and there is a A € My, ,(R4) such that A — 0
and

O(fiz', f22®) < Augs o2 (f1, fo, f1),
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where
Uil,m2(f17f27f4)
e (! fuat) 0 i) O ),

val, z? e X.

O(frxt, fax?) + O(fox?, faz?) }
2 b

If one of f1(X)U f2(X) or f4(X) is complete subspace of X then {f1, fa} and {f2, fa} have
a unique coincidence point in X. Furthermore, if {f1, fa} and {f2, fa} are w-compatible
then the mappings f1, fo and fy have a unique common fized point in X.

Corollary 2.6. Let fi and f4 be self-mappings on complete generalized metric space
(X,0), satisfying f1(X) C fa(X) and there exists a A € M, ,(Ry) such that A — 0 and

G(flxlafle) S Auml,rz(fla,ﬂl)a (210)

where

U,}ﬁl,z2(f17f4)

€ {U(f4:v1, £122), 0, fua)), O(fra?, fra?), QU J12%) + Blf1a?, faz')

2 b
(2.11)

vzl 2? e X.

If f1(X) or fa(X) is complete subspace of X then {f1, fa} have a unique coincidence
point in X. Furthermore, if {f1, f4} is w-compatible then the mappings f1 and fi have a
unique common fized point in X.

Example 2.7. Let X = [0,00) and U : X? — R? with O(2', 2?) = (|2! — 2?|, |2 — 2?|).
Then (X, U) is a complete generalized metric space. Consider four mappings f1, fa, f3, f4 :
X — X defined by
1 1 1 1
fiz! = 3%, fox! = 2%, fax! = 5%, fax! = 5%, for all z' € X.
Clearly, fi1(X) C fa(X) and fo(X) C f3(X). Also, {f1, fs} and {f2, f4} have a unique
coincidence point in X. Furthermore, {f1, f3} and {fs, f4} are w-compatible, that is,

f1f3$1 = f3f1xl = Jfl and f2f41‘1 = f4f2,]j1 = ;1;1_

Now, for all 2,22 € X,
3zt 222 3zt 222 1

O(frz!, foa?) = (|i _ 2 J% - % )= g(\331:1 — 222, |3zt — 222|),
5a'  5z°  ba'  5a®

6(f3$17f4932):(|7*7|a| 9

3zt 5zt 3zt sat 19z 1921
1 1y _ _ T 2 )=
U(flx af3x )_ (| 52 22|a| 52 22 ) ( 102a 102)a
2x S5z 2x 5x 19z° 19z
O 2 2= - - == 5
(fa?, fi?) = (17 = 51,15 = 2 ]) = (e o)
3zt 5?22 _ St 2z2 5zl 3z 5a?

O(frx', fax?) + O(for®, fax') = (|? - T" |T 7\ +l==—bl= -0
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Ol

Let A= ( ) be a matrix convergent to zero. If ' > 22 then

Bl O

1
Ol foa?) = 2 (B! — 202, B’ — 222))
3zt 3zt
< (2 T
< (3%
1 1
SA(19:c 7193v )
10 10
= Ad(f1z", fsz')
:Auml,rz(fl,f2vf3af4)'

If 2! < 22 then

1
O(fixh, fo2?) = g(\3x1—2m2|,|3x1—2x2\)
222 222
< (22l T
< &,
1922 1922
< A(—— —)
15 ° 15

Ad(fox?, faz®)
= Aug1 2(f1, f2, f3, fa).-
Therefore, all the conditions of Theorem 2.2 hold. Then the mappings f1, f2, f3 and
f4 have a unique common fixed point.
Example 2.8. Let X = [0,1]U{2,3} and U : X? — R? with O(z!, 2?) = (Jz! — 22|, 2! — 2?]).

Then (X, U) is a complete generalized metric space. Consider four mappings f1, f2, f3, f1 :
X — X defined by

e 1 1
fot Lzl 2l e0,1] fort = 2 gl eo,1] forl = ezl elo,1]
', 2! €{2,3} z', 2! € {2,3} ', z' €{2,3}

fazt =

S, a2t elo, 1]
zl, 2! € {2,3}.

Clearly, fi(X) C fa(X) and fo(X) C f3(X). Also, {f1, fs} and {f2, fa} have a unique
coincidence point in X. Furthermore, {f1, f3} and {f2, f4} are w-compatible, that is,

flfo1 = f3f1$1 =z' and f2f4x1 = f4f2:131 =zl
Since U(f12, f23) = (|12 —=3|,|2 —3]) = (1,1) = U(2, 3) and U(f32, f43) = U(f12, f32) =
U(f23, f23) = 20(f12, f43) + O(f23, f32) = (1,1). Then, we have
U(f12, f23) > Auz 3(f1, fo, f3, f4),

0. .
where A = 1 | is a matrix convergent to zero. Therefore, Theorem 2.2 cannot be

Ol
IS

used for this example
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3. APPLICATION

Let X = L?(C) be the set of comparable functions on C = [0,1] whose square is
integrable on C'. Consider the following integral equations

xl(r):/Cgl(n&:rl(s))ds—&—u?(r),
302(1"):/ng(r,57361(8))61%5—&—uQ(r)7 (3.1)

where g1,92 : C xC xR — R? and u? : C — R are given continuous mappings. We will
study the sufficient conditions for the existence of a common solution of integral equations
in the frame of complete generalized metric spaces. We define U : X? — R? with

S(a!,0%) = (|2 () = 22(r)], | (r) = 22(r)] ).

Then U is a complete generalized metric on X. Assume that the following conditions
hold:

(i) For each r,s € C, we have

prsat(@) =ul) < [ msul)s
and
gg(r,s,xl(s)):u%(r) < /Cgl(r,s,u%(s))ds.

(#9) There is p : C' — Max2(C') that the following condition satisfies

/C l91(r, 5,6’ (5)) = g1(r, 5,0 ())lds < p(r)| fau' () = fau?(r)],

for all r,s € C with A > p(t) where A = < g 2 ) is a matrix that converges to
Z€rTo.
So the integral equations (3.1) have a common solution in L?(C).

Proof. Define (f1z')(r) = [, g1(r, s, ' (s))ds+u?(r) and (fsz')(r) = [, g2(r,s, 2" (s))ds+
u?(r). From (i), we have

(ha')e) = [ st @)ds +020)
> 2'(r) +u?(r)
> xH(r
and
(f4.’L‘1)(T) = 092(T75’x1(8))ds+u2(r)
1
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Hence f; and f; are mappings on X. Now, for all comparable z!,2? € X, we have

O(fat, fia?) = (|Aa' () = ()] Lfaa' () = fra®(7)])
= ( /Cgl(r,s,xl(s))ds—/gl(ns,xg(s))ds

C

)

)

/C oo, a ()ds = [ grlrs,a*(9)ds

C

< (/c |g1(r, s, 2" (s))ds — g1(r, s, 2%(s))| ds,
/ ’gl(r, 5,21 (s))ds — g1 (r, s,a:Q(s))| ds)
c
< ()| faat (r) = faa?(r)], p(t)| faa (r) — f4172(7")\)
< A(Ifsa' () = faa* ()], | faa () = fa ()] )

AD(faa', faz?)
= Auxl,xz (fla f4)a

where

uclrl,arz(flvf‘l) = U(f4$1,f4x2) € {U(f4$1,f4l’2)76(f11'1,f4$1),U(f1$2,f4(E2),

UO(fiz!, fax?) + O(fra?, faz') }
5 .

Thus equation (2.10) is hold. Now, by apply Corollary 2.6 we can get the answer of
common of integral equations (3.1) in L?(C). L]
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