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1. INTRODUCTION

There are many research articles about sequence of integers and applications thereof
(see [1-4]). In 2016, Srisawat and Sriprad[5] studied some identities involving Pell and
Pell-Lucas numbers by using matrix methods and they presented the solutions of some
Diophantine equations by employing these identities. The above articles were the moti-
vation to apply matrix methods to k-Fibonacci and k-Lucas numbers, and in this work
we are thus interested in discovering k-Fibonacci and k-Lucas identities, together with
some applications.

The k-Fibonacci sequence {Fy .} is an additive sequence similar to the Fibonacci
sequence, defined by the recurrence relation Fj, , = kFj n—1 + Fj n—2 for all n > 2 with
initial values Fj, o = 0 and F}; = 1. The first few terms of {Fy ,,} are 0,1, k, k% + 1,k +
2k,.... A number in the sequence is called a k-Fibonacci number and we denote the
n'" k-Fibonacci number by Fy n. The k-Fibonacci numbers for negative subscripts are
defined as Fj, _,, = (—1)7”+1Fk,n, similarly, the k-Lucas sequence {Ly .} is defined by
the same recurrence relation as the k-Fibonacci sequence, but with different initial values:
Liym = kLkpn—1 4 Lin—2, for all n > 2 while the initial values are Ly o =2 and Ly 1 = k.
The first few terms of {Ly ,,} are 2, k, k? +2, k3 + 3k, k* +4k*+2, . ... The numbers in this
sequence are called k-Lucas numbers and we denote the nt! k-Lucas number by Lin. The
k-Lucas numbers for negative subscripts are defined as Ly, _,, = (—1)_nLk7n. It can be
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seen that Ly , = Fj, nt1 + Fin—1 for all n € Z. For {F} ,} and {Ly }, the characteristic
equation is 22 — kx — 1 = 0 with roots a = &=vk+4 V2k2+4 and § = E=vk24d V2k2+4, while the Binet

formulae are Fy,, = a;:gn and Ly, = o™+ ", respectively, for all n > 0. (see [4, 6, 7]).

2. MAIN RESULTS

In this section, we will derive some identities for the k-Fibonacci and k-Lucas numbers
by using the matrix approach. We begin with the following lemma:

Lemma 2.1. Let Xbe a square matriz satisfying X? = kX + 1. Then X" = Fj, X +
Fyn—11 for alln € Z.

Proof. If n =0, then the assertion is obvious. Next, we will use mathematical induction
to show that X™ = Fj, , X + Fj, ,—11 for all n € N.

When n =1, we have X = (1)X + (0)] = Fj,1X + Fj 01, so the assertion is seen to be
true. Now assume that it is true for some positive n = m. We will show that it is true
for n = m + 1 as follows:

xXmtl = xmy
= (FemX 4+ Fom—11) X
= FymX? 4+ Frm1 X
=Fpm (EX +1)+ Fym1X
= Frm1 X + Feonl.

Hence, X" = Fj, n X + F); n—11 for all n € N. Finally, we will show that X" = Fj, _, X +
Fjy 11 for all n € N. Let us consider

(FinX + Fron1I) (Fr,—nX + Fy _(niy])
= FyonFo—-nX? + Fropn-1Fp -0 X + FonFr - (ni 1) X + Fron—1F% —(ny1) L
= (=), (kX +1) + Fypo1 (1) " P X
+ Fron (1) " Frn1 X + Fe1(=1) " Frna I
= (-1)"TRFEX + (1) T R T+ ()T B B X
+ (=) " FrnFrnp1 X + (1) "Frn1 Frnia ]
= (=1)"" (=kF}, = Fen—1Fen + FenFrni1) X
+ (=) " (-F 4 Frn—1Frns1) I
=(=1)""(—Frn kFrn + Frn-1)+ FenFrni1) X

. a — 571 2 anfl _ ﬂnfl an+1 _ Bn+1
e (‘( ) () (s ))I
= (_1)—n (_Fk,an,n+1 + Fk,an,n-i-l) X

n__ o n—=1lpn+l _  nt+logn—1
+(-n™" (2(0@ a(a'b_);)z il )I
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= () X+(-1)" ( (af)"™ (o — 2aﬂ+62)> I

(a = B)*
2
—n n—1 (Ol - 5)
=—(-1)""(-1) —SI=1
(a—B)
In a similar way, we have (Fk7_nX + Fk7_(n+1)1) (FpnX + F 1) = 1.
Thus, X" = Fj, _n X + F};,_n—11. This completes the proof of the lemma. n

From this lemma, we can easily derive Corollary 2.2. More details about the matrix F’
can be seen in [9].

k1

Corollary 2.2. Let F = [1 0

n __ Fkﬂ’H—l Fk,n
] . Then F™ = { Fion Fk,nl] for alln € Z.

The matrix Z considered in the following lemma will be used to obtain some identities
for k-Fibonacci and k-Lucas numbers further below.

k VEk2+4 Li.n Vk2+4Fy n
Lemma 2.3. Let Z = ﬁgﬁ i Then Z™ = \/ﬁﬂm Lf,n for all
2 2 2 2

n € 7.
k; + 1 k\/k22+4
EvVEk2+4 % +1

2
FynZ + Fj n—11. 1t follows that

Proof. Note that Z2 = = kZ + I. By Lemma 2.1, we have Z" =

[k VIR
gn — §Fk,n + Fk,n—l T—‘_Fk,n
- Vk2+4 k
L 2+ Fk,n §Fk,n + Fk,n—l
[kFy n+2Fk n_1 \/k2+4F
_ 2 2 k,n
- \/k2+4F kFp n+2Fkn_1
L 2 kin 2
[ Froni1+Frn1 \/k2+4F
_ 5 2 k,n
- k2+4 o Fynt1+Fr n—1
L 2 T 2
Lin VEk2+4Fy
— 2 2
| VE2H4F . Li.n ’
L 2 2
This completes the proof of the lemma. n

By using the matrix Z, we obtain the next two lemmas.

Lemma 2.4. For any integer n, the following equality holds:
L}, — (K+4) F;, =4(-1)"

2 2 2
Proof. Since det(Z) = —1 and det (Z™) = % - %7 it follows that LZ,n -

(k* +4) F?2 = 4(—1)", and the proof is complete. "

Lemma 2.5. Let m and n be any integers. Then the following equalities hold:

(1) 2Lk7m+n = Lk,mLk,n + (kz + 4) Fk:,kamy
(2) 2Fk,7n+n = Lk,an,m + Lk,’rrLFk,n-
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Proof. Since Z™t" = Z™Z" by Lemma 2.3, we have

Ly min VEZ+AF) in Ly,m VEZ+AFy, Lg,n VE2+4Fy, ,
Vi min Liin 1 = | VPP Lim ] lﬁm L
2 2 2 2 2 2
Therefore
2Ly min = LimLin + (K2 +4) FinFioon,
2Fk,m+n = Lkka,m + Lk,ka,n-
This completes the proof of the lemma. [ ]

Lemma 2.6. For any integer n, the following equalities hold:
(1) a” :aFk,n+Fk,n—1;
(2) ﬁn = /BFk,n + Fk,n—l-

Proof. Let A = {g 2], so that A2 = kA + 1. By Lemma 2.1, we then have that A" =
FynA+ Fypn_11. It follows that

a™ 0 B Oszm + Fk,n—l 0

0 ﬁn N 0 BFk,n+Fk,n—1
which implies that o” = aFj, 5, + Fi.n—1 and " = BFj » + Fj n—1, and thus completes
the proof. ]

By using Lemma 2.1 and Lemma 2.6, we obtain the following lemma.

Lemma 2.7. Let B = [‘i‘g} Then B™ = [;; Bon} for alln € Z.

Proof. Since B2 = kB + I, by Lemma 2.1 and Lemma 2.6 it follows that
B" = Fk,nB + Fk,n—lj

. aFk’n + Fk’nfl 0 B a” 0
Fk,n BFk,n + Fk:,n—l Fk,n 677
This completes the proof of the lemma. ]

Remark 2.8. For any integer n,
Fypmy2 +2F,n+ Fion—o=kFypny1 +4F,n — kFn_1
= kFjpi1 +4Fn — k (Fons1 — kFyp) = (K2 +4) Fi .
Next, using Lemma 2.7 and Remark 2.8 we obtain the following theorem:
Theorem 2.9. Let m and n be arbitrary integers. Then the following equality holds:
(1" LR o + (D) L+ (Z1)" L3y = (= 1) Ly Lo L + 4
Proof. Let B be the matrix of Lemma 2.7. Then

Vk2 4+ 4a™ 0
Lk,n Y k2 + 4671

Since (BmJrl + Bmfl) (B"+1 + B"il) = Bmtnt2 L gpmin 4 Bmin=2 we obtain by
Remark 2.8 that

V k? + 4Fk:,7n+n = anLk,’m - /BmLk,n-

Bn+1 + Bn—l —
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Hence,
(K2 +4) F2, 0 = \/WFk’mM) (MFk,nm)
= (&"Li,m — " L) (" Liu — " Lig,m)
= (@™ 4 B Ly Lien — (@B)" Ly, — (aB)" L,
= Livam Lin Lieinn — (=1)"LE , = (1) LE ..
Then by Lemma 2.4,
L} e = 41" = L L Lyt = (=1)" L3y = (=1)" L} . (2.1)
Hence, we can rewrite the above equation as follows:
(=D)L} i + (D™LE L+ (D)LY = (=)™ Ly Lo Lt + 4
This completes the proof of the theorem. ]
Theorem 2.10. Let m and n be arbitrary integers. Then the following equality holds:
()™ LR g+ (GO + ()T (R 4 4) FR,
= (1) (k* + 4) Fym FenLimin + 4.
Proof. By (2.1), Lemma 2.4 and Lemma 2.5, we obtain
L3 min — 4(-1)"™" = (2Lk mmn — (K* +4) FrmFrn) Linn
= (D" (W 4 4) FE +4(-1)") = (D)™ (B +4) F, +4(-1)")
which may be rewritten as
L} i — (1™ (K +4) Ly — (=1)" (K* +4) Lin
= (=1)"™"" (k? + 4) FymFonLiomn + 4(=1)""
Thus we have
()™ LY g+ (GO + ()T (R 4 4) FR,
= (=1)"™"" (k* + 4) FymFion Liymn + 4.
This completes the proof of the theorem. ]
Theorem 2.11. Let m and n be arbitrary integers. Then the following equality holds:
(=)™ (B 4 4) F g + (1" L+ (C1)™ (K +4) FL,
= (1) (k* + 4) Ly o Fym Fiometn — 4
Proof. By a similar argument as in Theorem 2.9, and since
(B"H +Bn—1> B™ = gmintl | gpmin—1 _ pm (B’”'l +Bn—1)
we obtain
Limtn =" Lin — VEk?>+48"F;,, and
VE2 40" Fym + 8™ L.

Lk,m-{-n
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Hence,

k m4n — (a Lk n—V k2 + 46nFl~c,m) (V k2 + 4aan,m + BmLk,n)
/ 4 (am+n 5m+n) Lk an m + (Oéﬂ)mL (k2 + 4) (O‘ﬂ)nFIim
m+n _ Qm-+n
= (K +4) (0‘ B ) LinFim + (@B)" L2, — (K> +4) (aB)"F2.,

= (K*+4) Ly, Fr ka min + (=)™ L; = (—1)" (K* +4) FZ ..
Then by Lemma 2.4,

(K +4) B2 o + 41"
= (K +4) LinFemFromn + (=) L7, — (=1)" (K* +4) F,,,,
and we can write
(=)™ (B +4) F ey + (D)L (—1)™ (K2 +4) FE,,
= (1) (k* + 4) Lo Fym Fimen — 4
This completes the proof of the theorem. ]

3. APPLICATIONS

In this section we give the solutions of some Diophantine equations by applying the
identities of Theorems 2.9-2.11.

Theorem 3.1. Let m and n be integers.
(1) If m and n are both even, then (z,y,2) = (Lkm, Lkn, Lkm+n) s a solution of
the equation 22 + x2 + 3% = xyz + 4.
(2) If m and n are both odd, then (z,y,2) = (L m, Lk.ns Lk,m+n) 5 a solution of the
equation z? — x? — y? = xyz + 4.
(3) If m is even and n is odd, then (x,y,2) = (Lkm,Lkn, Lkm+n) i a solution of
the equation 2% — % + y° = zyz — 4.
(4) If m is odd and n is even, then (z,y,2) = (Lgm, Lk n, Lim+n) i a solution of
the equation 22 + x? — % = xyz — 4.

Proof. The assertion follows from Theorem 2.9. [

Theorem 3.2. Let m and n be integers.

(1) If m and n are both even, then (x,y,2) = (Fr.m, Fin, Lim+n) s a solution of
the equation 2% — x2 — (k‘2 + 4) y? = (k2 + 4) ryz + 4.

(2) If m and n are both odd, then (x,y,2) = (Fk.m, Fin, Lkm+n) 15 a solution of the
equation 2> + x2 + (k‘2 + 4) y? = (k2 + 4) xyz + 4.

(3) If m is even and n is odd, then (x,y,z) = ka,Fk ns Lm+n) 18 a solution of
the equation 2% + x2 — (k:2 + 4) 2 = (k2 + 4) xYz —

(4) If m is odd and n is even, then (x,y,z) = (F, m,Fk n,Lk man) 18 a solution of
the equation z% — x% + (k2 + 4) pe (k2 + 4) xYyz —

Proof. The assertion follows from Theorem 2.10. n

Theorem 3.3. Let m and n be integers.
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(1) If m and n are both even, then (x,y,z) = (Lgn, Fk.ms Fom+n) 1S a solution of
the equation (k2 + 4) 22— 2?4 (k2 + 4) y? = (k2 + 4) xyz — 4.

(2) If m and n are both odd, then (x,y,2) = (Lin, Fiom: Fim+n) s a solution of the
equation (k2 + 4) 22+ 2% — (k2 + 4) y? = (k2 + 4) xyz — 4.

(3) If m is even and n is odd, then (x,y,2) = (Lin, Fim, Fim+n) 5 a solution of
the equation (k2 + 4) 22 —x? — (k2 + 4) y? = (k2 + 4) xyz + 4.

(4) If m is odd and n is even, then (x,y,2) = (Lin, Fkm, Fim+n) 5 a solution of
the equation (k2 + 4) 22+ 2%+ (kQ + 4) y? = (k2 + 4) xyz + 4.

Proof. The assertion follows from Theorem 2.11. [ ]

4. CONCLUSIONS

In this research, some identities for k-Fibonacci and k-Lucas numbers were studied
and discovered by using a matrix approach. Furthermore, these identities were applied
to present the solutions of some Diophantine equations.
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